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Foreword

The material in this refresher course has been designed table you
to cope better with your university mathematics programme.When
your programme starts you will nd that the ability to di erentiate and
integrate con dently will be invaluable. We think that thiss so impor-
tant that we are making this course available for you to worktough
either before you come to university, or during the early gfas of your
programme.

Preliminary work

You are advised to work through the companion bookléin Algebra
Refresherbefore embarking upon this calculus revision course.

How to use this booklet

You are advised to work through each section in this booklat or-
der. You may need to revise some topics by looking at an ASdkewer
A-level textbook which contains information about di erehation and
integration.

You should attempt a range of questions from each section, Gcheck
your answers with those at the back of the booklet. The more gations
that you attempt, the more familiar you will become with thes vital
topics. We have left su cient space in the booklet so that yowcan do
any necessary working within it. So, treat this as a work-bko

If you get questions wrong you should revise the material aimgl again
until you are getting the majority of questions correct.

If you cannot sort out your di culties, do not worry about this. Your
university will make provision to help you with your problesnThis may
take the form of special revision lectures, self-study remn material or
a drop-in mathematics support centre.

Level

This material has been prepared for students who have comptean
A-level course in mathematics
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Reminders

Use this page to note topics and questions which you found dult.

Seek help with these from your tutor or from other universitgupport services as
soon as possible.
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Tables

The following tables of common derivatives and integralseaprovided for revision
purposes. It will be a great advantage to know these deriweds and integrals because
they are required so frequently in mathematics courses.

Table of derivatives

f(x) f9x)
e nxn 1
In kx E

X
ekx kekx
ax a*lna
sinkx k coskx
coskx k sinkx
tan kx k se@ kx

Table of integrals

z
f (x) f (x)dx
Xn+1
n
X (n6 1) 1 + C
L1 N
X *= = Injxj + ¢
X o
e (k60) e
sinkx (k 6 0) coikx
ink
coskx (k60) smkx + C
k
se¢kx (k60) tar:( X+ ¢
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1. Derivatives of basic functions

Try to nd all the derivatives in this section without refering to a table of derivatives.
The derivatives of these functions occur so frequently thgbu should try to memorise
the appropriate rules. If you are really stuck, consult thalble on page 4.

1. Dierentiate each of the following with respect tox.

@x ®x ©6 @°%x @x*' Ox

(g)x_13 (h) X (i) x¥3 () 191—2 () x = () X0—171

2. Dierentiate each of the following with respect to .

(a) cos (b) cos4 (c) sin (d) sin% (e) tan () tan

(g) sin( 8) (h) tanz (i) cos3 () cos % (k) sinG7
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3. Find the following derivatives.

e =)

@ 5@ O L@ @ gEh @

@ (&) () S(e*™) (@ 23

4. Find the following derivatives.

d 2X

(@) d%(ln x)  (b) %(InSz) © 4 N5

[ooRe
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2. Linearity in di erentiation

The linearity rules enable us to di erentiate sums and di erences of functionsand
constant multiples of functions. Speci cally

d d d d d
ST g0 = () (gx); 3 (KF00) = ko (F (0):
1. Dierentiate each of the following with respect tox.
(@) 3x +2 (b) 2x %2 (c) cosx sinx (d) 3x 3+4sin4x

(e) 2e* + e (f)% 4 3inx (g) 4x> 3tan8 2e*

2. Find the following derivatives.
! !

|
— = 4 _ — = -
(@) . 5t 5 (b) . ZCOSZ 3e (c) Ix c
d 2 x 3 d 1 ,., 1 ,5
(d) Ix 9tan > 40058< (e) = 4z 3e
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In Questions 3-5 you don't need the product rule, quotient ke or chain rule to
di erentiate any of these if you do the algebra rst!

3. Expand the powers or roots and hence nd the following dertes.
| |
— 1 d '

d d R—-
@ ¥  Og @ gm O

1,4 d
_ _ 2t
2e‘/ (d) p 5e

4.  Simplify or expand each of the following expressions, aneithdi erentiate with
respect to x.

X X2 p_ 2 3

@) ~— B x("X x) (@) x o X
1 e 2x
@d) (& 1E &) ©) — =
5. Use the laws of logarithms to nd the following derivatives.
11 11

d 9=2 d 1 d t3 d 5 173

(@) ax In x (b) ax In pﬁ (c) a In = (d) o In te
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1. Find the following second derivatives.

(a) (X5)
(d) (8 13y)
d? _
()] dx2 x> 32

3. Higher derivatives

2

®) 5

d2
©) 42

M 5

(cos X)

1

(e?‘ + e *+sinx +cosx) (i)

3x

3x3

© (ezz
M 5 o qz(inat P&
dtzz % sin

www.mathcentre.ac.uk

¢ mathcentre 2003

e 22)




4. The product rule for di erentiation
The rule for di erentiating the product of two functions f (x) and g(x) is

% (f ()g(x)) = FLx)g(x) + T (x)g¥x):

1. Dierentiate each of the following with respect tox.

(a) x sinx (b) x3cos X (c) x e X
@ Pxnax (@ @ x)sinéx  (f) % tan% cos%

2. Find the following derivatives.
X

(@) di(sin cos) (b) %(sinZt tan5t) (c) %(sinz In4z) (d) % e 2 0052

(e) dgx(eﬁx In 6x) () dg(cos cos3) (9) %(Int In 2t)
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5. The quotient rule for di erentiation
The rule for di erentiating the quotient of two functions f (x) and g(x) is

d 0 _ 109900 f gt

dx g(x) (9(x))?
1. Dierentiate each of the following with respect tox.

p

x4 2 X 3x2  2x3 1+ X
@1 O O O 53 ©) P
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2. Find the following derivatives.
| | | |
d sinx d Inx d 2 d & d x*
@ dx X (b) dx x4 © d tan2 @ dz p_i ©) dx In2x

3. Find the following derivatives.
| | |
d sin2 d e d Inx d In3x
@ & sns ®) & tanx © & cosx @ & nax
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6. The chain rule for di erentiation

The chain rule is used to di erentiate a \function of a functon":

d — . .
o (F(90) = FY90)):g1x):

1. Dierentiate each of the following with respect tox.

(@) (4 +3x)? b) (1 x43 © ﬁ o P T
€ x = - ) @2 3x+5)°7 (g) PR (h) Pt
X 4x2 x4
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2. Find the following derivatives. (Remember the notation fgoowers of trigono-
metric functions: \sin?x" means (sinx)?, etc.)

d, . d, . d . d

(a) d—(sm2 )  (b) d—(sm 2) (c) d—(sm(sm ) (d) d—X(tan(3 4x))
d d d, .

(e) E(cos’3 5z) (f) = % (9) a(sm(z t  3t?)

3. Find the following derivatives. (The notation expx" is used rather than \ e* "
where it is clearer.)

@ 3 oY) () L (EPEos)  (©) 4 (cosE™) (@) 1 (n(sin 4x))

(e) %(sin(ln4x)) ()] %(In(e?‘ e ) (9 % pe?*t 3cos3
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7. Di erentiation of functions de ned implicitly

1. Find fj—){ in terms of y whenx andy are related by the following equations. You

; dy — q =dx
will need the formuladx =1=5-

@x=y y° (|O)><=y2+\:—/L € x=e+e¥ (d)x=In(y e?)

2. Find ("j—i in terms of x and/or y when x and y are related by the following
equations.
(@) cosx =tany (b) x+y?=y x2 (c) y siny =cosx

d e x=e¥+2y (@ x+e&=Inx+ny @) y=(x y)°
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8. Di erentiation of functions de ned parametrically

If x andy are both functions of a parametet, then

dy _dy
dx dt dt
1. Find (‘j'—i in terms oft whenx andy are related by the following pairs of parametric
equations.
(@) x =sint; y =cost (b) x =t %; y=1 t?
C©x=€e+t, y=¢€+t2 (dx=Int+t, y= Int

2. Find g—; in terms oft whenx andy are related by the following pairs of parametric
equations.

(@) x=3t+ 13 y=2t2+1t* (b) x =cos2; y=tan2t
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9. Miscellaneous di erentiation exercises

1. Find the following derivatives, each of which requires onétbe techniques cov-

ered in previous sections. You have to decide which techmgs required for each
derivative!

(a) dix(x%an 4x) (b) %(tan34t) (©) d%(exp(B tan4x)) (d) dg >

tan4
d d y*+y 4 d . d 1
(e) d_x(eXp(X €)) (f) d_y W (9) d_x(2 x?) (h) dx Inx_ x
,!
() % 5 () %(In(ln t)) (k) % In 1+§

2. Find the following derivatives, which require both the pradt and quotient rules.
|
d xcosx d ¢ d sin3 cos2
(@) dx 1 cosx () dz zinz ©) d tan 4
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3.  Find the following derivatives, which require the chain euhs well as either the
product rule or the quotient rule.

0 P 1
d d, . d 1 x2 >
(@) a(e tin(e' + 1)) (b) d—(S|n23 cod 3) (c) d_x@ T2 A
d d d 1 X
(d) d—(exp( cos )) (e) X (xInx)3 (f) x P Ty
d 1 |
()] @ _p—y2 yZ 1

4. Find the following derivatives, which require use of the dhaule more than once.

(a) %(p cos x) (b) % exp (x x?)¥* (c) di In tan}
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5. Find the following second derivatives.
2

@ 5 (1 1+x2) ®) 5 (eXp(Zz)) © 5

d? 1

) @ a2 (T x4e

: 1
6. Remembering that coseg = ——, secx =
sinx

following derivatives.

(a) %(cosech) (b) di(se(f )

1 COSX
—— andcotx = ——, nd the
COSX sinx

(c) %(p 1+ cot 2)

(d) dg(cosec2 cot? ) (e) %(In(secxﬂan X)) (f) dg(tan(sec ))
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10. Integrals of basic functions

Try to nd all the integrals in this section without referrirg to a table of integrals.
The integrals of these functions occur so frequently that ywoshould try to memorise
the appropriate rules. If you are really stuck, consult theables on page 4.

1. Integrate each of the following with respect to.

@x  ®F  ©x*  @x° @©°%x nx2 ("
M5 0 0 ez OPs Mx? (xS

2. Integrate each of the following with respect t.

(a) cos X (b) sin 2 (c) sin%x (d) cosg (e) % (f) e

@e*  MWed 0 G K5 oos(7)
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11. Linearity in integration

The linearity rules enable us to integrate sums (and di erences) of functions,nd

constant multiples of functions. Speci cally
Z Z Z Z z

(f(x) og(x))dx = f(x)dx g(x)dx; kf(x)dx = k f(x)dx

1. Integrate each of the following with respect t.

(a) 7x* (b) 4x" (c) x¥2+x¥® () 1% () P X 191—Y (f) x2+ %
1 1 . L 11 2

(g) x3+ v (h) =3 (i) 11 ) 03 (k) 2x ” mn7x 11

2. Integrate each of the following with respect t.

(a) 3x +cos4x (b) 4+ sin 3x (c) % +sin g (d) 4€ + cosg

(e) e * +e* (f) 3sinx +2sin3x  (Q) % k constant (h) 1 g

(i) 1+ x+ x2 () % 7 (k) 3cos3x () 32x? 3x 172
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3. Simplify each of the following expressions rst and then iegrate them with
respect to x.

@6+ O x+Dx 2 © 42 @ Pxeax 3
y N e e X +4 X2 +3Xx+2
@ e e O @ () 2
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12. Evaluating de nite integrals

1. ZEvaluate each of th% following de nit(% integrals. .

1 3 2 1
@) 7x4dx (b) a'dt (c) (x¥?+xP)dx (d) 17 3dt
0 2 1 2
Z3 Z5 1 Z3 Z -y
(e) (2s+8s%ds (f) pdx (@  (t?+2t)dt (h) cos X dx
1 1 0 0
Z 1=2 Z 4 1 Z =4 Z 1
0] e*dx ()] p=dx (K) (2 +sin )d () (¢f+e ¥)dx
0 2 e 0 0
2. For the function f (x) = x?+3x 2 verify that
VA 2 Z 3 Z 3
f (x)dx + f (x)dx = f (x)dx
0 2 0
z 1 Z 1
3.  For the function f (x) =4x2 7x verify that f(x)dx = f (x)dx.
1 1
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13. Integration by parts

Integration by parts is a technique which can often be used iategrate products of
functions. If u and v are both functions ofx then

v u
u—dx = uv v— dx
dx dx
When dealing with de nite integrals the relevant formula is
Zy Zy
\; du
u— dx = [uv]? v—— dx
a dx [ ]a a dx

1. Integrate each of the following with respect to.
(a) xe (b) 5xcosx  (c) xsinx (d) xcosx (e) xInx (f) 2xsin§

2. Evaluate the following de nite integrals.
Z . 2 VA 2 1 VA 3

@) X cosx dx (b) 4xe’dx  (c) Ste 2dt (d) X In x dx
0 1 1 1

3. In the following exercises it may be necessary to apply theéegration by parts
formula more than once. Integrate each of the following withespect to x.

(a) x%e (b) 5x?cosx (c) x(In x)? (d) x3e * (e) x? sin%
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4. Evaluate the following de nite integrals.
z_, Z

1 1
(a) x2 cosx dx (b)  7x2edx (c)  t%e %dt
0 0 1

va
5. BywritingIlnxasl Inx nd Inxdx.

L
. Int o ,
6. Let| stand for the integral - dt. Using integration by parts show that

| =(nt)* | ( plus a constant of integration)

Hence deduce that = 1(Int)®+ c.

L
7. Let | stand for the integral € sintdt. Using integration by parts twice show
that

| =elsint € cost | ( plus a constant of integration)
7 .
. éd(sint cost
Hence deduce that € sintdt = ( > ) +C
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14. Integration by substitution
1. Find each of the following integrals using the given subsiiton.
(@) ’ cosk 3)dx; u=x 3 (b) ’ sin(2x +4)dx; u=2x+4
(c) ’ cos(t + )dt; u=1It + (d) ’ e* “dx; u=9x 7
(e) ’ x(3x2+8)3%dx; u=3x*+8 (f) ’ xpmdx; u=4x 3

Z 1 Z 1
() xe X°dx, u= x2 () sinx cosxdx, u=cosx
z z
t _ ) _
(K) pmdt, u=1+t 0] 2X+1dx, u=2x+1
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2. ZFind each of the following integrals uzsing the given subsititon.
X p

(a) pﬁdx; z= x 3 (b)) (x 5)*x+3)%dx u=x 5

3. Evaluate each of the following de nite integrals using theigen substitution.

Z -y 9
(@) cos )dx; z=Xx b (x 8P°(x+1)%dx; u=x 8
0 8
Z 3 _
(c) t t 2d, bylettingu=1t 2, and also by lettingu = IOt 2
222 Z _
(d) t(t>+5)%dt, u=1t2+5 (e) tanx seéxdx, u=tanx
1 0
Z 2 o P z, Pt
M %Y—de, u="P"x @) %—Edt, u="t
=4 1
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4. By means of the substitutionu = 4x2 7x + 2 show that
z
8x

— - 2 .
e X+ 2 7X+2dx In j4x© 7x+2j+cC

5.  The result of the previous exercise is a particular case of am general rule
with which you should become familiar: when the integrandkiss the form
derivative of denominator
denominator
the integral is the logarithm of the denominator. Use this te to nd the following
integrals, checking eacg example by makir%g an appropriatmstit%tion.

@ ——dx B —dx  (© = @ -2

dx

X+ 1 3 x> 2%+ 1

6. Use the technique of Question 5 together with a linearity mito nd the following
integrals. For example, to nd dx we note that the numerator can be made

X2
equal to the derivative of the denominator as follows:
2 X 1% 2 1,
= _ = ZIni i+ C:
] 2 7de 5 X2 7dx > |I;jX 71+c
X sin 3 3
(@) X2+1 dx (b) 1+cos3 d (© 1+ e dx
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15. Integration using partial fractions
1. By expressing the integrand as the sum of its partial fractie, nd the following

integrals.
z
x+1
@ oy
Xx+1
@ T ox 2%
z 4x
X2

dx

(@) )

z

(b) X+1

X2+ X
Ox + 25

) X2+10x+9 X

Z  15x+51

(h) X2+ 7x+10 X

2 Bx+6
X2+3x+2
5« 11
) x2+10x+9dx
0
sz 1

()

2. By expressing the integrand as the sum of its partial fractis, nd the following

de nite integrals.
222 8

a dx

(@) 1 X2+2x

Z2 5x +7

b xFnxrz &

Zo 7 11
1X2 3x+2

(€)
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3. By expressing the integrand as the sum of its partial fractis, nd the following
integrals.

A Z
X 4x + 6
@ w1 ™ 0 e ™

z

©) % 23

NG 6x+9dx

4. By expressing the integrand as the sum of its partial fractis, nd the following
de nite integrals.
21 x+8 21 2x+19 Z2 8x

(@) ox2+6x+9dx (b) 1x2+18x+81dx © 0 x2+2x+1dx
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Z %2+6x+5

. Fi .
5 ind X+ 2)(x+1)2 X
Z 2
: Bxc+x 34
6. Find x 20X 3)x+4) dx.
pA 2
7. FEind Z 1 4

2x+1D)(x+1)(3 x)
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8.

of the denominator. Find

In this example note %hat the

degree of the numerator is greatthan the degree

X3

x+D(x+2) &

2x3+1 . .

9. Show that can be written in the form

(x+1)(x+2)2

1 N 15 9
x+1 (x+2)2 x+2
Z

2x3+1

Hence nd X+ 1)(x+2)2 dx.
L Ax3+10x+4 . . o .

10. Find ——————dx by expressing the integrand in partial fractions.

2X2 +

www.mathcentre.ac.uk
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16. Integration using trigonometrical identities

Trigonometrical identities can often be used to write an iegrand in an alternative

form which can then be integrated. Some identities which aparticularly useful for
integration are given in the table below.

Table of trigonometric identities

sinA sinB

Z(cosA B) cos@A+ B))
Z(cos(A B)+cos(A + B))
sinA cosB = 1 (sin(A + B) +sin(A B))
sinA cosA = 1sin2A
co$ A = 2(1+cos2A)
sifA=3(1 cosd)
SiIP A +Ccos’A =1
tan’A =seA 1

COsA cosB =

1. In preparation for what follows nd each of the following irggrals.
z z z z
(@ sin3xdx (b) cos&dx (c) sin#dt (d) cosé&dx
Z
2. Use the identitysin® A = 5(1 cos?A)to nd sin? x dx.

y4
3.

Use the identitysinA cosA = SsinZA to nd  sint cost dt.
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Z Z Z
4. Find (a) 2sin‘tcosddt (b) 8cos & cos & dx (c) sintsin7dt

Z
5. Find tan®tdt.

(Hint: use one of the identities and note that the derivativef tant is seét).

z
6. Find codtdt. (Hint: square an identity forcos A).

7. (&) Use the substitutionu = cosx to show that
z

sinx co$ x dx = cod*l x+ ¢

z
(b) In this question you are required to nd the integral sin®tdt. Start by writing

+1

the integrand assin*t sint. Take the identity sin’t = 1  co$t and square it to
produce an identity forsin*t. Finally use the result in part (a) to nd the required

integral, sin°t dt.
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17. Miscellaneous integration exercises

To nd the integrals in this section you will need to select amappropriate technique
from anyzof the earlier techniques.

1. Find (9x 2)°dx.

2. Find p_l— dt.
t+1

Z
3. Find t*Intdt.

Z p_
4. Find (5 t 3t3+2)dt.

www.mathcentre.ac.uk 35 ¢ mathcentre 2003




z
5. Find (cos3+3sint)dt.

6. By taking logarithms to base e show thag* can be written ase*'"2, Hence nd
a“ dx wherea is a constant.

7. Find xe¥* dx.

z 2X

8. Find X+ 2D(x 2)dx.
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z
9. Find tan seé d.

z_,

10. Find sin® x dx.
0

11. Using the substitutionx =sin  nd 1 x2dx.

z
12. Find € sin2xdx.
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4

13. Find x 9

X(x 1)(x+3) d.

Z

14, Fing r2X 10 9

(x  3)(x+3)

Z
15. Let |, stand for the integral x"e®dx. Using integration by parts show that
x"e* n . . . .
In = > Elnzl' This result is known as aeduction formula . Use it repeatedly
to nd I, thatis x*&dx.

Z,

. 1 . .
16. Find o mdt, by |ett|ng t=2sin .
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Answers

Section 1. Derivatives of basic functions

1. @1 (b) 6x° () 0 (d)
() x? (f) 3x & @ = (h) 79"
() 1% () x = () X =) o

2. (@) sin (b) 4sin4 (c) cos (d) 2cos%
(e) seé (f) sec () 8cos(8)= 8cos8
(h) %seé; () 3 sin3 G) 2sin 3 = Z2sin3

(k) 0:7cos0O7

3. (@) & (b) 2% (c) 7e ™ (d)
3In3

4. @y B © 4

Section 2. Linearity in di erentiation

3

1. a) 3 b) 2 2x C) sinx  cosx d) 9x 4+16cos«
e)2er 2% f) L 32 g)2mx* 24seé8x 106>

X

lg ¥3 () 2¢22° () 1lLide Y (g)

2. (@)t B+t (b) ising+ e =* € £2°  (d) Lse@ % +6sin8x
(e) %Zl=3 + ge 4z=3
R
3. (@ek (b) 24P+ Z () ie¥ (d) 2°5e?

4. @ 2+3 OPx X (© S+ B+ax (d) 6> 5 +36>

X X

(€) 4™ 2
5. @z (® % @©% 3 (@3 3

Section 3. Higher derivatives

1. (a) 20x3 (b) 9cosX (c) 46> 4e % (d) 0
p_
€ 2 18 () &+ -2t 2 (g) 3x 2 L 72 (h) &+ e sinx
(i) 2sinz2+ 5
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Section 4. The product rule for di erentiation

1. (a) sinx + x cosx (b) 3x?cos X 2x3sin

(€) ix “Pe ¥ 3x e X (d) 5= Indx + -

(e) (2x 1)sin6x +6(x%> Xx)cos & (f) & tan% cosy + 5 sed%+sin%
2. (a) cog  sin? (b) 2 cos 2tan 5t + 5 sin 2t se@ 5t

(c) coszIn4z + =0z (d) e 2 cosk +sin %

(e) 6e In6x + % (f) sin cos3 3cos sin3

(@) t(n2t+Int)

Section 5. The quotient rule for di erentiation

1L () &% (b) 2C2¢ © @z
(@ Bomliod @) Pre1 g {Px xp

2 (a) xcosiz sin x (b) (1 z§1|n X)X 7=3 (C 2 tanZtanzzzzsec?Z
@ 5Oz A @ 2

3. @) 2cosZsin§itr]255tcosEtsin2t (b) 2e tapa;(zf 2X se@ x
CES O

Section 6. The chain rule for di erentiation

1.  (a) 6(4+3x) (b) 1231 x*)?2 ©) a5
(d) 2 © L1+i x 1 () sax 3@ 3x+5%2
@ 1 & Pl () G E=

2. (a) 2sin cos (b) 2 cos 2 (c) cos cos(sin )

(d) 4seé(3 4x) (e) 25coébzsin5z  (f) 3shx
(9) (1 6t)cos(2 t 3t?)

3. (@) 2yexp( y?) (b) 3sin3Xexp(cos X) © 3¢ sin(e)
(d) 4C0SX — A cot 4X (e) %COS(ln ) (f e X

sin 4x ex e X

(g) §e3‘ +9sin3t

2 e 3cos3
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Section 7. Di erentiation of functions de ned implicitly

1L @15 0)zr; © sae O L
2. @& M2 Orny @s (@ 3 1=¢ ¢
3 2
M) w3
Section 8. Di erentiation of functions de ned parametrica lly
1L (3 tant (b) &5 (0) 3 ()
2. @3z )
Section 9. Miscellaneous di erentiation exercises
1. (a) 3x?tan 4x + 4x3 sec 4x (b) 12tar? 4t sec 4t (c) 12 exp(3tan&)sed 4x
(d) 3tan4tan]§24 se 4 (e) (1 e?‘)exp(x ex) (f) 3y4+52/;+;3y1)42 3y 6
(@) (2XIn2)x2+2**1x (h) x(lnx X)2 (i) ( 3In5)5 *
0) e K) 1=
2. (a) cosx(lcoizgx)ésinx (b) eZ(ZI(r;Izn ZI;122 1)
(C) (3cos3 cos2 2sin3 sin2 )tan4 4sed4 sin3 cos2
tanZ 4
3. (@ e'ln(e+1)+ ;4 (b) 6sin3 co$3  12sif3 cos3
(c) ?ﬁlxig)‘:)iz (d) (cos sin )exp( cos )
(e) 3(xInx)?(1 +In x) (f) ﬁexp X
9) o=
_ _ 2(1=
4. (a) Feoxshx () L(x x?) (1 A)exp (x  x3)F* © i
5. (a) W (b) (2 +47%) exp(z?) (c) 6sin cog  3sirt
(d) (fz%t;ﬁ (148)):;)5
6. (a) 2cot2x cosec2x (b) 2seé tan (c) ?&%
(d) 2cosec® cot*  3cosed¢ cot? (e) secx (f) seéd(sec )sec tan

oLl

www.mathcentre.ac.uk 41 ¢ mathcentre 2003



Section 10. Integrals of basic functions

1. (@ %+c (b) ¥+ ¢ © 2~ +c d) =~ +c  (e) same as (c),
() 2x2+c (@ *5-+c () zm+c ) %z+tc () Grte
(k) same as (f) () 2x 2+c (m) +f+c (n) 3X7
2. (@) tsinx+c, (b)) 3cosx+c (c) 2cosix+c (d) 2sin+c
(e) Injxj + ¢ (f) 3e*+c (99 3e*+c (h)3e3+c
(i) 26" + ¢ () eX+c (kysameas (g) () isin( 7x)+ c= 2sin7x+ ¢

Section 11. Linearity in integration

3x4=3 X43

1. (@ %+ (b) %+ € 27+ =2+ ¢ (d) = 4 ¢,
(e)@ ¥+ c (f) X £ +Injxj+ c (g)% 2+c (hy @>+c
() 11x + ¢ () 116‘:;7+c (k) X2 2Injxj+ c ) 2 1x+c
2. (@) %+ lsinax+c (b) 4x icosX+c (€) ¥ 2cosi+c
(d) 4 +2sin% +c € &+ +c (f) Seosx  2eosx 4 ¢
(@) Linjxj+ c (h) x 4lnjxj+c () x+5+%+c
Q) finjxj 7x+c (k) sinix + c ()L 6x2+c
3. (@) 23+3x%+c b) £ % 2x+c () o+ 2+
d) X 27 6x+c (e)ﬁ e+ c (f)% e+ c
(g) x+4Injxj+ c (h) = C X+ C

Section 12. Evaluating de nite integrals

©

L @I o % @8+ 2 @2a ") (0168
(f) ¢ (9) 18 (h) 3 () e 1) G) 2! e?
K 7 P5+1 ()& el
Z
2 Ctedx= 2 Zozf(x)dx=1—;‘, o Ctodc= 2 Then M T2 38
Z, g Z 8
3. lf(x)dx = 3 . f (x)dx = 3
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Section 13. Integration by parts

1. (a) xe¢ e +c (b) 5cosx +5xsinx + ¢ (c) sinx xcosx+ ¢
(d) scosX + Ixsinx+c () 3x%Inx  Zx*+cC (f) 8siny 4xcosk+ c
2. @5 1 (b) 4€
() Le? 3¢ (d) 2In3 2
3. (a) &(x> 2x+2)+ ¢ (b) 5x2sinx  10sinx + 10X coSX + C

(©) 3x*(Inx)?  2x%Inx+ 7x2+c  (d) e*(x3+3x2+6x+6)+ C
(e) 2x%cos@x)+16cos(Gx)+8x sin(zx)+ c

4. @ - 2 (b)7e 14 (€) Se?2+ie

5. xInx X+ c

Section 14. Integration by substitution

1. (@) sin(x 3)+c (b) Jcos(x+4)+ c (€) tsin(t + )+c
@3 Tre @ F@ G re () ST e
@ szt e (h) s5tg *+ © (i) leX+c
() ==>*+c (k) A+ t?)2+c () 2+ shnjx+1j+c
3=2
2. (a) w + 6p X 3+c
(x 5) 8(x 5)P° 64%x 5)°
+ + +
(b) == 3 5 ¢
which can be expanded tc—%L X/ %xﬁ + 3—59x5 +55 x4 £25x3 375x2 +5625%x + C
3 1p z b 907
(@ 3 (b) 5
© % @
€) 3 (f) 2

@ 2e? )

5. @ Injx+1j+c M) Injx 3Jj+c () Inj3xx+4j+c (d) Inj2x+1j+c

6. @ imjx2+1j+c (b) ilnjl+cos3j+c (c) 3Injl+eXj+c
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Section 15. Integration using partial fractions

1. @ Injxj+In jx+1j+c (b) 2Injx +1j+Injxj+ cC
(c) 4Injx +2j+In jx+1j+c (d) 2Injx 1) 3Injx 2+ c
(e) 7Injx +9j+2Injx+1j+ ¢ ) 7Injx+9j] 2Injx+1j+c

(9 2Injx+2) 2Injx 2j+c (h) 8Injx +5j+7Injx+2j+ ¢
(i) 3Injs 1j 3lnjs+1j+c

2. (@ 9In3 17In2 (b) 2In3+3In2

(c) 3In3 In2
3. (@ njx 1 H+c (b) 4Injx+1j Z+c
(€) 7Injx 3+ Z+c

4, (@ In3+2In2+ 3

= (b) 2In5 4In2+
(©) £ 8In3

5. Injx +2j+In jx +1j 5 +c.
Injx +4j+2Injx 3j+2Injx 2+ c

7. Injx 3+ iinj2x+1j 2Injx+1j+c

8. Ix?2 3x  Injx+1j+8Injx+2j+c

9. 2x Injx+1j 25 9Injx+2j+c

X+2

10. x> x+4Injxj+ 2Injx+1j+c

Section 16. Integration using trigonometrical identities

1. (@ Licosx+c (b) isin&+c (c) icost+c (d) &+ ¢
in2
% S|n4X + C.
3. lcos2+c.
4. (@) 450810 jcosd+c (b) EsinB+ Asin1X+c

1 oj 1 oj
(c) zsin& sin8+c

tant t+ c

3 1 1 H
st+ Zst+ ﬁsm4t+ C.

cost + %cos°’t fcost+c

™~
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Section 17. Miscellaneous integration exercises

(9x 2)°
1. =4

p >4 pc P
2. 2t 2Inj t+1j+c (Hint letu="t+1.)
3. HtInjtj xt°+c.

— 4
4. 232 L +2t+c
5. isin3 3cog+c
6. Lehasrc= =2 +¢
7. el X L +c
8. Injx+2j+Injx 2j+c
9. stan? +c.
10. 2=3.
. P~z

11. arcsinx + *1X + ¢,
12. te(sin2x  2cosX) + ¢
13. 3Injxj 2Injx 1 Injx+3j+c.
14. x?+2x  2Injx+3j+Injx 3J+c
15. e%[2x* 4x3+6x2 6x+3]+ cC

p_
16. 3

12"
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