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• GGB-file 

• Explore 

• What do you notice? 

• Proof? 

Example 1: Strange property 

Derdegraads.ggb
Derdegraads.ggb
Derdegraads.ggb
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Example 1: Strange property 
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Example 2: Hard equations 

http://www.dwo.nl/site/index_en.html
http://www.dwo.nl/site/index_en.html


Example 3: Line game 
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Arcavi, Drijvers, Stacey 2017, p. 111 

GGB-file 

WDA-LijnLijn.ggb
WDA-LijnLijn.ggb
WDA-LijnLijn.ggb
WDA-LijnLijn.ggb
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Example 4: Parabola 

Drijvers, Goddijn, & Kindt, 2011 p. 15 

Parabool.ggb
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What do we call an Algebra Artefact? 

 A “thing”, a “tool” for doing algebra 

 Can be material, digital, …. 

 Today I focus on digital algebra artefacts 

 AAs allows for “outsourcing” procedural work 

 The use of AAs may both require and foster the 
development of  algebraic thinking and symbol sense  

9 



What do we mean by symbol sense? 

 Arcavi (1994): A “non-algorithmic” feel for algebraic 
expressions and formulas 

 

 

 

 Drijvers, Goddijn, Kindt (2011): 
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An artefact / tool: the hammer 

8 december 2016 Drijvers | Embodied Instrumentation 11 

 

One single tool for everything: 

“I suppose it is tempting, if the 

only tool you have is a hammer, 

to treat everything as if it were a 

nail” 

- Abraham Maslow (1966) 

The Psychology of Science 



Tools can be versatile:  
the multi-purpose Swiss army knife 

8 december 2016 Drijvers | Embodied Instrumentation 12 



Tools matter: they stand between the user and 

the phenomenon to be modelled, and shape 

activity structures. (Hoyles & Noss, 2003, p. 341) 

8 december 2016 Drijvers | Embodied Instrumentation 13 

Tools matter 
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Tools matter: they stand between the user and 

the phenomenon to be modelled, and shape 

activity structures. (Hoyles & Noss, 2003, p. 341) 

Tools matter 
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Tools matter: they stand between the user and 

the phenomenon to be modelled, and shape 

activity structures. (Hoyles & Noss, 2003, p. 341) 

“These boots are made for walking” 



There is a subtle interplay 

between a user’s knowledge 

and her tool use 

 

Read more?  

Monaghan, Trouche, & Borwein 

(2017). Tools and Mathematics. 

Instruments for learning. 

16 

Cognitive tools 



Three didactical functions of AA 

  

Didactical functions of Algebra Artefacts 

Didactical functions  

of Algebra Artefacts 

in math education 

I. Do algebra 

II. Practice skills 

III. Develop concepts 

Learn algebra 

Drijvers, P., Boon, P., & Van Reeuwijk, M. (2011). Algebra and technology. In P. Drijvers 

(Ed.), Secondary algebra education. Revisiting topics and themes and exploring the 

unknown (pp. 179-202). Rotterdam: Sense. 
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The subtle interplay (1) 

http://www.dwo.nl/site/index_en.html
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Roorda, Vos, Drijvers, & Goedhart, 2016 

8 december 2016 Drijvers | Embodied Instrumentation 20 

The subtle interplay (2) 



 

 

 

 

 

 

 

 

 

 
(Drijvers, 2003; Drijvers, Godino, Font & Trouche, 2013) 
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The subtle interplay (3) 
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The subtle interplay (4) 



The subtle interplay:  
the instrumental approach 

 Distinction artefact – instrument 

 Instrument: mixed entity of  artefact and scheme 

 Dialectics between technical and conceptual (MTB p. 247) 

 Instrumental genesis: the co-emergence of techniques and 
schemes (Artigue, 2002; Drijvers, 2003; Kieran & Drijvers, 
2006; Trouche, 2005) 
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Artefact and instrument 

 Artefact: the object or ‘thing’ 
 A good artefact does not 

guarantee nice music! 
 Cognitive scheme =  

Technique + Concepts 
 Instrument =  
 Artefact + Schemes 
 
 



Technique 
Type of tasks Cognitive scheme 

Solve an equation 

Instrument 

Artefact 

Artefact and Instrument 



Scheme and technique 

 Scheme: an invariant organization of behaviour for a class of 
situations (Vergnaud, 1987, 1996) 

 Technique: an invariant type of user – artefact interaction, 
reflecting 

 An instrumentation scheme includes conceptual and 
technical element 

 A technique can be considered as the observable part of a 
scheme. 

 Descriptions of (the development of) schemes help us to 
capture and exploit the potential of Algebra Artefacts 
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Empirical evidence for the power  
of Algebra Artefacts? An example 

 RQ: What is the effect of learning and practicing of algebraic 
skills in a digital environment as compared to a traditional 
learning environment? 

 Topic: linear and quadratic equations in grade 8 

 ICT: Freudenthal Institute’s Digital Mathematics 
Environment (DME)  

 Sample: 842 13-14 year old high-achieving students 

28 

Drijvers, P., Doorman, M., Kirschner, P., Hoogveld, B., & Boon, P. (2014). The effect of online tasks  

for algebra on student achievement in grade 8. Technology, knowledge and learning, 19, 1-18. 
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http://ws.fisme.science.uu.nl/dwo/en/student/#TreeModulePlace:89157


Drijvers, P., Doorman, M., Kirschner, P., Hoogveld, B., & Boon, P. (2014). The effect of online tasks  

for algebra on student achievement in grade 8. Technology, knowledge and learning, 19, 1-18. 

Results 



Possible explanations 

1. Spill-over effect? 

2. Too superficial learning? 

3. Too limited, mainly strategic, feedback?  

4. Lack of integration of computer work and paper-and-pen 
work? 

31 



Review studies: small effects 
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Drijvers (in press) 



 

 

 

 
 

 

(OECD, 2015, p. 3) 
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Interpretation of limited evidence: 
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Digital assessment 

 Challenging with respect to  
• Students’ construction room in assessment environments for 

algebra 

• User-friendliness with respect to entering and manipulating 
algebraic expressions (-> hand writing recognition?) 

• For automated “intelligent” scoring of student responses. 
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 A formula editor  

 A graphing module  

 An expert system (ITS / CAS) to interpret 
student input in an “intelligent” way, so 
that scoring and/or feedback can be done 
in a close-to-human way 

 

Drijvers, P., Ball, L., Barzel, B., Heid, M. K., Cao, Y., & Maschietto, M. (2016). 
Uses of technology in lower secondary mathematics education; A concise 
topical survey. New York: Springer 

  36 

h
ttp

://w
w

w
.s

p
rin

g
e

r.c
o

m
/u

s
/b

o
o

k
/9

7
8

3
3

1
9

3
3

6
6

5
7

 

Criteria for assessment tools for algebra 

http://www.springer.com/us/book/9783319336657


Example 1: Making a square 
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Example 2: Parallel lines 

   38 



Overall conclusion  

 The use of AAs may both require and foster the 
development of algebraic thinking and Symbol Sense;  

 Stronger empirical evidence on how and why this works is 
needed; 

 There is work to be done on assessing algebra with artefacts 
in a way that resembles the teaching and learning process.   

39 



Commercial break: 
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