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Abstract
Probability is a complex concept, which makes it difficult for teachers to teach and
students to understand. Research on teaching and learning of probability across various

levels of education has been mostly done in western countries, and there is a need to
investigate the topic in other countries, like Indonesia (Shaughnessy, 1992). This doctoral
research project has two general aims: (1) to explore Indonesian junior secondary school

students’ and in-service mathematics teachers’ probabilistic reasoning across a variety

of probability contexts and problems, and (2) to investigate whether a simulation-based,
hands-on teaching programme can help Indonesian eighth-grade junior secondary school

students understand some probability concepts, address some of their probabilistic

misconceptions and improve their metacognitive judgments better than business-as-

usual teaching practice. This research comprised two main studies conducted in four
phases.

The first main study was a survey investigating the accuracy and confidence of

eighth-grade junior secondary school students and in-service mathematics teachers
when dealing with various probability problems associated with four well-known

probabilistic misconceptions: representativeness heuristic, equiprobability bias, ratio
bias and the Falk phenomenon. This survey was conducted in two phases, denoted as

phase 1 and phase 2. In phase 1, I designed and tested an 11 multiple-choice-item
probability questionnaire, which included requests for justifications and confidence
ratings, in a small-scale pilot study involving 6 eighth-grade students. In phase 2, the
questionnaire was revised and administered to 160 Indonesian secondary school

students (aged 13-14) and 64 Indonesian in-service mathematics teachers, followed by

one-to-one semi-structured task-based interviews with selected participants from both
groups.

The second main study consisted of teaching experiments investigating whether a

simulation-based, short-term teaching programme can help Indonesian eighth-grade

junior secondary school students understand some probability concepts better. These
teaching experiments were also conducted in two phases, called phase 3 and phase 4. In

phase 3, I designed and trialled a simulation-based, hands-on teaching sequence in a
iv

small-scale pilot teaching experiment with 6 eighth-grade secondary school students. In
phase 4, I conducted whole-class teaching experiments, in the form of a quasi-

experimental study, involving 66 eighth-grade students in two classes. The study was

carried out as a pre-post nonequivalent-groups design, where one class acted as an

experimental class and the other as a comparison class.

Findings from the survey studies revealed that both junior secondary school

students and in-service mathematics teachers exhibited the four probability
misconceptions when solving probability items of the questionnaire. The confidence

assessment, asking participants to indicate a confidence rating alongside each of their
responses, showed that both students and teachers tended to be overconfident with their
responses, indicating that they were not aware of their lack of probabilistic knowledge.
Many of the students and teachers who had high levels of confidence for their incorrect

responses also showed evidence of probability misconceptions, not just unsystematic
errors due to the lack of probability knowledge. Furthermore, a considerably higher

percentage of teachers than students had responses associated with equiprobability bias
and the Falk phenomenon, which confirmed previous claims that these misconceptions
are related the education level of people.

The intervention studies showed that encouraging students to learn proportional

reasoning prior to learning probability, and to conduct hands-on simulations when

learning probability concepts, improved their probabilistic reasoning and reduced their
susceptibility to certain probability misconceptions, including the representativeness
heuristic, ratio bias, and Falk phenomenon. However, the studies also indicated that
neither of the two teaching approaches helped students to overcome their
equiprobability bias or to improve their metacognitive calibration.

I conclude that both students and teachers need better probability instruction, to

improve not only their probability conceptions but also their metacognition. Future work

in these issues is discussed in the final chapter, alongside the theoretical implications and
practical applications of this work.
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Chapter 1
Introduction
As chance phenomena permeate today’s lives and environments, citizens need to

overcome their deterministic thinking in order to adequately function in society
and to make decisions that involve uncertainty (Gal, 2005). For example, people

commonly deal with real-life decisions involving unpredictable events, such as
choosing jobs or avoiding road accidents. In a school context, students also study

different subjects that require the application of probability concepts and

understanding of probabilistic reasoning, such as weather forecasting in

geography or the movement of molecules in science. Even in social activities, such
as games and sports, students need probabilistic knowledge. In many areas of

modern science, such as medicine, scientists and medical practitioners also
require a sound understanding of probabilistic concepts and reasoning in order to
understand medical diagnoses or explain to patients the levels of risk of different
treatments (Gigerenzer et al., 2007; Spiegelhalter et al., 2011; Swift et al., 2009).

Big ideas in probability, such as randomness and uncertainty, play an important
role in scientific thinking, because many physical processes involve random

movement of particles, and need to be analysed using probability (Bryant & Nunes,

2012). The usefulness of probability in decision making, scientific disciplines, and
many professions, explains why probability has been included in school

mathematics curricula in many countries and why students continue to study
these topics up to the university level (Batanero & Diaz, 2012).

Probability appears in many mathematics curricula across the world,

including England (Department for Education, 2014), the US (Common Core State

Standards Initiative, 2017), and Indonesia (Kementerian Pendidikan dan

Kebudayaan, 2018b). However, there is a lack of initial and continuing
professional development for teachers to teach probability (Batanero & Diaz,

2012; Estrada et al., 2018). The current practice of teaching probability in many
mathematics classrooms degenerates to memorizing formulae, solving
1

stereotyped problems and carrying out routine applications (Chernoff & Sriraman,

2014; Greer & Mukhopadhyay, 2005). This approach fails to prepare students well
for more complex probability concepts in tertiary levels and may lead them to
make incorrect probabilistic judgements (Kahneman et al., 1982). Furthermore,

weak subject knowledge among pre-service mathematics teachers is a problem,

with recent research suggesting that they make similar incorrect judgements to
their students when solving probability problems (Chernoff & Russell, 2012;

Prodromou, 2012). Researchers have devised instructional activities (e.g. Canada
& Goering, 2008; Foster & Martin, 2016; Shaughnessy & Arcidiacono, 1993),

computer environments (e.g. Konold & Miller, 2018; Pratt, 2018; Stohl & Tarr,
2002) and pedagogical guidelines (e.g. Jones et al., 1997; Tarr & Jones, 1997) to

help students understand some of probability concepts such as randomness,

fairness, experimental and theoretical probabilities, sample space and conditional
probabilities. However, there is still a scarcity of research investigating how these
developments might help students overcome their probability misconceptions.

1.1 Probability Education in Indonesia

In 2013, the Indonesian government, through the Ministry of Education and

Culture, developed a new Indonesian curriculum called Curriculum 2013. It has
been revised several times and implemented in about 52,000 (25%) schools in the

country across all level of schooling in the 2016/2017 academic year

(Kementerian Pendidikan dan Kebudayaan, 2016). However, since being
implemented, many stakeholders have criticized the contribution of the new
curriculum to the national education goals.

In Curriculum 2013, ranging from Year 8 (aged 14-15 years old) in junior

secondary schools to Year 12 (aged 18-19 years old) in senior secondary schools,
statistics and probability topics are included in mathematics as one of the key

concepts that students need to learn. Although ‘probability’ is not explicitly

defined in the curriculum, children are mandated to be taught this topic in Year 8
and Year 12 (Kementerian Pendidikan dan Kebudayaan, 2018b). The relationship
between probability and statistics, and the non-deterministic nature of
probability, are not explicitly addressed in the curriculum. This may be a problem
2

for teaching practice, where teachers tend to teach probability concepts similarly

to how they teach other mathematics topics, and perceive probability as a
relatively unimportant part of mathematics (Batanero et al., 2016; Gattuso &
Ottaviani, 2011).

Several studies have compared probability topics in the curriculum and in

mathematics textbooks in Indonesia, Singapore and the United States (e.g. Siregar,

2015; Yang & Sianturi, 2019). Siregar (2015) compared the Indonesia Curriculum
2013 with the Singapore 2013 syllabus and the US 2010 Common Core State

Standards 1, focusing on probability and statistics for 9-12 grade students. She
found that the 2013 Indonesian curriculum focuses on basic concepts of
probability and statistics, whereas the US and Singapore curricula cover more

advanced concepts, such as hypothesis testing, the binomial and Poisson
distributions, and the central limit theorem. Yang and Sianturi (2019) compared
probability topics presented in mathematics textbooks in Singapore, the US and
Indonesia. They found that probability topics in Indonesian textbooks had lower-

cognitive demand than those in Singapore textbooks, and both used fewer
diagrams than the US textbooks. The Indonesian Curriculum 2013 highlighted the
importance of connecting mathematics topics, including probability, to various

contexts in daily life. This is in line with the notion of mathematics literacy
proposed in the Programme for International Student Assessment (PISA)
mathematics framework (OECD, 2016), which is defined as

capacity to formulate, employ and interpret mathematics in a variety of
contexts. It includes reasoning mathematically and using mathematical
concepts, procedures, facts and tools to describe, explain and predict
phenomena. It assists individuals to recognise the role that mathematics
plays in the world and to make the well-founded judgements and decisions
needed by constructive, engaged and reflective citizens (p. 65).
However, Indonesian mathematics textbooks, both those published by the

US Common Core State Standards is not a national curriculum, like in other
countries, because of the US constitution, but it is adopted by almost all states.
Currently, 41 states and 4 territories have adopted and implemented the
curriculum.
3
1

government and those from private publishers, mainly contain abstract

statements and rarely offer tasks that allow students to apply concepts to real-life
problems (Fauzan, 2002; Mailizar & Fan, 2014; Wijaya et al., 2015). The

applications of probability presented in the textbooks are mainly games of chance,
using common random generators such as dice and spinners. Figure 1.1 shows a

typical presentation in an Indonesian mathematics textbook published by the

Ministry of Education and Culture of Indonesia, and is one of the most popular
Grade 8 mathematics textbooks in the country. This textbook was also used by the

teacher and in the comparison class of this study (see Section 6.1.1). The topic is
theoretical and experimental probabilities, and the textbook presents the formula

for finding the theoretical probability of an event. This example shown in Figure
1.1 illustrates how probability is presented in a mechanistic way (see Treffers,

1987) in the mathematics textbooks in Indonesia, in which the textbook provides
quick moves toward formalization and focuses on tasks with low cognitive
demand.

Figure 1.1
Example of how probability is introduced in Indonesia mathematics textbooks
(Kementerian Pendidikan dan Kebudayaan, 2014, p. 157)

(My translation) There is no agreement to determine the probability value in the
4

dialogue above. This is because they do not have the same reference in
determining probability value. The probability value that is discussed above is the
value of subjective probability. Therefore, the probability value can be different
among people.
In this chapter, we will also discuss about “probability”. Literally, it is the same
probability, but the probability that will be discussed in this chapter is different.
In this chapter, you will learn about theoretical probability of an experiment.
Theoretical probability is also known as classical probability, in some books it is
just called probability. If there is a problem asking only “probability”, then it
means theoretical probability. Theoretical probability is a ratio between the
number of favourable outcomes and the number of all possible outcomes in a
single experiment. In the experiment, the set of all possible outcomes is called the
sample space (usually, symbolized as S). Whereas every single possible outcome
in a sample space is called an element. An Event is a subset of the sample space S.
An event A can happen if it contains elements in sample space S. For example, n(A)
states the number of elements of event A, and n(S) is all elements in sample space
S. The theoretical probability of event A, that is P(A) is formulated as,

Research into the teaching and learning of probability in Indonesia is also

limited. I searched for published research articles in several major leading
journals in mathematics education and statistics education, such as Mathematics
Education Research Journal, Educational Studies in Mathematics, Journal for
Research in Mathematics Education, Statistics Education Research Journal, and

Teaching Statistics; books reviewing research in mathematics education in

Australia and Asia, such as Research in Mathematics Education in Australasia 20082011, Research in Mathematics Education in Australasia 2012–2015; digital
libraries including JSTOR; and online databases, including Scopus and Zentralblatt
MathEduc. However, I did not find any published research articles or books about

the practice of teaching and learning of probability concepts in Indonesia. Using
Google Scholar, I found several research articles about probability teaching and
learning in Indonesia (e.g., Sari et al., 2017; Veloo & Chairhany, 2013) but they

were published in questionable journals 2. The only scholarly work about
Questionable journals are journals that published articles without performing
peer-review and quality checks, meaning that the findings may be considered
5
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probability teaching and learning in Indonesia is a doctoral thesis of Hadi (2002),

who adapted some probability materials from Mathematics in Context book Take
a Chance (Jonker et al., 1997) as a part of professional development programme

for introducing the Realistic Mathematics Education approach to Indonesian
mathematics teachers.

This contrasts with other mathematics topics such as algebra (Jupri et al.,

2014), ratio and proportion (Ekawati et al., 2015), decimals (Widjaja et al., 2008),

geometry (Ng, 2012) and fractions (Patahuddin et al., 2018; Sembiring et al.,

2008), where several research involving Indonesian students have been
conducted and published in some reputable and leading journals in the field. There
is also a very limited number of papers about probability education research in

Indonesia that have been presented at well-known mathematics and statistics
conferences, such as the International Conference on Teaching Statistics and
International Congress on Mathematical Education. In the latest ICOTS 10

conference, for example, there were four papers written by Indonesian
researchers, but none of them discussed probability.

Indonesian students’ difficulties in learning probability concepts are

reflected in several international comparative studies in which Indonesian
students had lower average scores than students from other countries. For
example, in the 2011 TIMSS study3, Indonesian 8th grade students’ average score

in the domain of data and chance was significantly lower than that of students
from other participating countries (Indonesia ranked 32nd out of 42 countries, see
Mullis et al., 2012). Furthermore, compared to other Southeast Asian countries,
Indonesian students performed less well than students from Singapore, Malaysia,

doubtful (see, for example, Butler, 2013; Frandsen, 2019). Indonesia is now
considered as one of the countries in the world most afflicted with predatory
journals (Macháček & Srholec, 2021; Purnell, 2021).
3 Indonesia participated in both TIMSS 2011 and 2015. However, TIMSS 2015 only
involved fourth-grade students, where data and probability topics were not
included in the test.
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and Thailand. The same pattern was found in PISA 2012 4, where Indonesian
students’ average score in the domain of uncertainty and data was far lower than

that of students from OECD-member countries (OECD, 2014). Compared to
neighbouring countries, Indonesian students also performed less well than
students from Singapore, Vietnam, Malaysia and Thailand.

Shaughnessy (1992) and Jones et al. (2007) pointed out the limited amount

of probability research outside of western countries and questioned whether
similar student difficulties appear across different cultures or whether the culture

of students and teachers might affect their probabilistic reasoning. To date, there

is hardly any research about the current probabilistic understanding of secondary
school students in Indonesia and the difficulties and misconceptions they have

when dealing with probabilistic problems. This research with Indonesian junior

secondary school students and in-service mathematics teachers will add to the few
cross-cultural studies in secondary school students’ probabilistic conceptions and
might also offer new insights on the influence of culture (e.g., religion-based
beliefs and cultural values) on students’ probabilistic thinking.

1.2 Context of The Study: The Education System in Indonesia
It is important to understand the geographical and educational contexts of the

present study. Figure 1.2 shows the archipelago of Indonesia which occupies

16,056 islands in 2021 and has five main islands and four archipelagos (BPS-

Statistics Indonesia, 2021b). The country is home to 270.2 million people, half of
whom live in Java island (BPS-Statistics Indonesia, 2021a).

4 Indonesia

participated in both PISA 2015 and 2018, but the focus of these two
tests was not on mathematics. So, there is no information on how students
performed in domains of mathematics such as uncertainty and data handling.
7

Figure 1.2
Map of Indonesia

(Source: geographicguide.com)
Figure 1.3 outlines the education system in Indonesia, which operates

under the auspices of both the Ministry of Education and Culture and the Ministry
of Religious Affairs. Both ministries provide two streams of education – academic
and professional (vocational) – and each of these streams involves private and
public (government-funded) education.

Indonesia’s education system comprises five levels: early childhood,

primary (grades 1-6), junior secondary (grades 7-9), senior secondary (grades 10-

12), and higher education. Education is compulsory for students from grades one
to nine (six years in primary schools and three years in junior secondary schools),

and this is termed ‘basic education’. Prior to primary education, children may
attend non-compulsory kindergarten, which is offered by both public and private

institutions. Most schools in Indonesia follow the curriculum released by Ministry
of Education and Culture, but Islamic schools teach religious studies, in addition
to this curriculum.

8

In 2019/2020 academic year, there were 170,028 public schools in

Indonesia, 25,122 of them (14.8%) being junior secondary schools (BPS-Statistics

Indonesia, 2021b). The average student-teacher ratio was 15 for junior secondary

schools and there were about 29 students per classroom in the 2019/2020
academic year (Kementerian Pendidikan dan Kebudayaan, 2020).

Probability was first introduced in the junior secondary school

mathematics curriculum when the government implemented a new curriculum in
1975, adapting the modern mathematics movement or “new math” (Mailizar et al.,
2014). In the Curriculum 2013, probability was introduced to students in primary

schools (Yang & Sianturi, 2019). However, the government decided to revise
Curriculum 2013 and take probability out of the primary school curriculum in

2018, and since then it has been first taught in eighth grade of junior secondary
schools (Kementerian Pendidikan dan Kebudayaan, 2018b). Although the

government did not publish the rationale for removing probability in primary
school mathematics curriculum, several authors argued that the curriculum

changes in Indonesia were influenced by internal factors (e.g., quality of
mathematics learning outcomes, criticism from educational stakeholders, social

phenomena) and external factors (e.g., performance of students in international
assessments, trends of curriculum changes in other countries) (Mailizar et al.,
2014; Zulkardi & Putri, 2019).
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Figure 1.3
Education system in Indonesia (adapted from Ministry of Education and Culture,
2018, p. 15)
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1.3 Purpose and Research Questions
The studies reported in this thesis have two main purposes: (1) to explore

Indonesian junior secondary school students’ and in-service mathematics

teachers’ probability conceptions and metacognitive judgements across a variety
of probability contexts and problems, and (2) to investigate whether a simulationbased, hands-on teaching programme can help eighth-grade junior secondary
school students understand some probability concepts better, address some of

their probabilistic misconceptions, and improve their metacognition. In this

thesis, metacognitive judgements refer to participants’ knowledge of their

accuracy when responding to various probability problems. I used confidence

ratings, one of mainstays in metacognitive literature, to reveal participants’
metacognitive judgements (see Section 2.7 for more details). To achieve these
purposes, I seek to answer the following research questions:

1. What conceptions do 13-14-year-old junior secondary school students and inservice mathematics teachers in Indonesia display when dealing with various
probability problems?

2. To what extent do metacognitive judgements differ between 13-14-year-old
junior secondary school students and in-service mathematics teachers when
solving probability problems?

3. To what extent and in what ways does a simulation-based teaching

intervention improve 13-14-year-old eighth-grade secondary school students’
probability conceptions and metacognitive judgements? In particular, how do
students’ reasoning and metacognitive judgements differ between the
experimental and comparison classes after the intervention?

1.4 The Structure of The Thesis

This thesis consists of seven chapters. In Chapter 1, I provide an overview of my

research reported in this thesis, including discussion of probability education and
the education system in Indonesia. This chapter ends with a discussion of the

purpose, research questions, and the structure of the thesis.
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In Chapter 2, I review the literature on probability education and

metacognitive judgements. I provide an overview of research on probability
teaching and learning, followed by a discussion of various common probability

misconceptions of students and teachers. I then discuss the use of simulations in
probability instruction, frameworks for assessing probabilistic reasoning, and the
relation between proportional and probabilistic reasoning, before exploring the

meaning of randomness in probability. The following sections discuss the use of

confidence-based assessment and the relationship between confidence and
accuracy for measuring people’s metacognitive judgements.

Chapter 3 explores the methodological and statistical issues associated

with the study. This begins with a section on combining methods in educational

research, followed by a discussion of mixed-methods research and design-based

research. I then explore the validity and reliability of the research and discuss the
research design and the research participants, before considering their

implications for data collection and data analysis for both the survey and
intervention studies.

Chapter 4 explains the two pilot studies and their implications for the

survey and intervention studies. The first few sections discuss the pilot study of

the probability questionnaire and the rationale for revising several items for the

survey studies. I then discuss the pilot study of the teaching intervention along

with its implications for revising the teaching materials in the following sections.

Chapter 5 discusses the first main studies (i.e., survey studies) exploring

probability conceptions and metacognition of both secondary school students and

mathematics teachers in Indonesia. Analysis of the study results begins with a

descriptive analysis of the data, followed by quantitative and qualitative analyses
of both students’ and teachers’ responses concerning each of the four common

probability misconceptions. I then present the metacognitive analysis of the

participants’ responses using calibration and resolution metrics, before
summarising these results in a discussion section.

Chapter 6 presents the results and findings of the second main study (i.e.,

intervention study) investigating how the two different teaching approaches

might help secondary school students in Indonesia to reduce their susceptibility
12

to several common probability misconceptions and improve their metacognitive

judgements. Both frequentist and Bayesian statistical analyses were used to
compare the accuracy and confidence of students in the experimental and

comparison groups. I also discuss students’ written justifications and

metacognitive judgements before and after the intervention. This chapter ends
with a discussion section summarising the results and findings of the intervention
study.

Finally, Chapter 7 concludes the thesis by summarising the findings of the

studies and answering the proposed research questions. This chapter also
discusses the contributions of the studies to the relevant research fields, explains
some limitations of the studies, explores directions for possible future research in
these topics, and provides practical implications for probability instruction,
teacher education, textbook authors and curriculum designers.
Table 1.1
Outline of the studies

Instruments

Data

Research
Questions

Probability questionnaire,
interview scheme

Judgements in multiple-choice items,
written justifications, confidence
scores, and audio interviews

1&2

Instructional sequence,
students’ mathematics
textbook, mini-interviews
scheme, pre-, post-, and
delayed post-tests,

Students’ written work, pre- and
post-tests results, audio and video
recordings of every lesson, audio and
video recordings of mini-interviews
with students during instruction
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Chapter 2
Review of Literature
In this chapter, I review two bodies of literature: one on probability and one on

metacognition. I first survey the literature on probability education, beginning
with an overview of research on probability teaching and learning, probability

misconceptions of students and teachers, the use of simulation in probability
teaching and learning, and frameworks for assessing students’ probabilistic

reasoning. Then, I turn attention to metacognition by discussing two common

measures of metacognitive aspects of people, and how these measures can be
used to explain the relationship between students’ and teachers’ accuracy and
confidence when responding to various probability problems.

2.1 Overview of Research on Teaching and Learning of
Probability
In order to understand the research on probability teaching and learning, it is
important to distinguish the various meanings of probability. Currently, there are

at least seven different interpretations of probability, derived from different

philosophical perspectives (Batanero & Diaz, 2007). The classical (also called
theoretical) and frequentist (also called experimental) meanings are the most

common interpretations of probability found in the school mathematics curricula

in many countries (Batanero et al., 2016). The classical meaning, given by
Abraham de Moivre and refined by Laplace, defines probability as “a fraction of
the number of favourable cases to a particular event divided by the number of all

cases possible” (Batanero et al., 2016, p. 3). The frequentist meaning, however,

views probability as “the hypothetical number towards which the relative
frequency tends when a random experiment is repeated infinitely many times”

(Batanero et al., 2016, p. 4). These different meanings of probability might be one
of possible reasons for the difficulty of students to learn and teachers to teach the
14

topic within school mathematics curriculum.

Research on probabilistic thinking and the teaching and learning of

probability began with the early work of Jean Piaget and Barb Inhelder in the

1950s. This and subsequent research investigated people’s intuition and

difficulties when dealing with probability problems (Jones et al., 2007). Piaget

and Inhelder (1975) applied their theory on stages of development
(preoperational, concrete operational and formal operational) to probability.
They also suggested that combinatorial reasoning, skill of reasoning regarding

the counting process and techniques of combinatorial problems or situations

(see, for example Hart & Sandefur, 2018), is the basis for students’ understanding
of probability concepts and predicted that students around age 11 or 12 are able

to work out all possible combinations in a simple sample space. They concluded
from their studies “that the notions of chance and probability are by nature
essentially combinatorics” (p. 128).

During the 1970s-1980s, Efraim Fischbein (1975) introduced the notion

of primary and secondary intuitions. Primary intuitions are derived from the

experience of the individual without the need for any systematic instruction,
whereas secondary intuitions are systematically constructed through the

teaching process and relate to a specific context or task. This Post-Piagetian
Period was also dominated by the work of Daniel Kahneman and Amos Tversky

in categorising heuristics (simple, intuitive rules guiding decision-making) that

lead people into incorrect judgements when dealing with probability problems
or uncertainty situations. These heuristics and false judgements will be described

further in Section 2.2. In his recent book, Thinking, Fast and Slow, Kahneman

(2011), using the terminology of Stanovich and West (2000), adopted dual

process theory to further explain the probabilistic thinking of individuals.
Kahneman (2011) defined System 1 thinking as automatic, quick and requiring

little or no effort with no sense of voluntary control and System 2 thinking as

effortful, often requiring complex computations, and associated with subjective
experience of agency, choice, and concentration. Kahneman argued that most of
decision-making and judgements, including those involving heuristics discussed
15

in his early work, are largely operated subconsciously under System 1 and will
be taken over by System 2 when things get difficult which demand conscious

attention and require careful application of scientific theory and procedures. In

the psychology literature, however, particularly in the topic of dual-process
theory, some researchers argued that the terminology System 1 and System 2 is
misleading and prefer to use Type 1 and Type 2 instead (Evans, 2019, 2020;
Evans & Stanovich, 2013; K. Stanovich, 2011).

From the 1990s onwards, as probability became a mainstream strand of

the school mathematics curriculum in many countries, research expanded to
investigate the teaching and learning of probability across different school levels

(Chernoff & Sriraman, 2014). Steinbring (1991) built an instructional theory of

teaching and learning probability by emphasizing the relationship between

empirical and theoretical probability. Gal (2005) proposed the idea of probability

literacy, defined as “the knowledge and dispositions that students may need to
develop to be considered literate regarding real-world probabilistic matters” (p.
40). More recently, mathematics education researchers developed their own
theories, models and frameworks to explain people’s normative incorrect

probabilistic reasoning, such as the fallacy of composition (Chernoff & Russell,

2012), which occurs when comparing relative probability when someone “infers
something to be true about the whole based upon truths associated with parts of
the whole” (p. 263, original emphasis).

2.2 Students’ Probability Misconceptions
There is abundant research, both in psychology and in mathematics education,
about students’ probability conceptions, particularly incorrect ones, when
dealing with various probability problems. Shaughnessy (1977) and Borovcnik

and Kapadia (2014) argued that these incorrect conceptions may be related to
people’s inadequate understanding of probability concepts or their desire for

deterministic explanations. Many researchers over many years have devised
theories and models to explain these incorrect conceptions, and they have used
different terms, such as misconceptions, alternative conceptions, heuristics,
16

biases, beliefs, intuitions, and fallacies. Chernoff and Sriraman (2014)

complained that these terms are liberally used in mathematics education
research and argued that

in many instances (exceptions noted), mathematics education research topics,
when utilized in research investigating probabilistic thinking, are used with
(academic) impunity, that is, they are exempt from the academic scrutiny applied
in other areas of research in the field of mathematics education” (p. xvi).

Smith et al. (1994) argued that the variation of terms used in describing students’
incorrect conceptions reflects the different epistemological orientations
employed by researchers in the field. For example, the prefix mis emphasizes the
negative aspects of students’ responses and ideas, whereas the qualifier

alternative suggests a more neutral epistemological view where students’ prior
ideas are not always seen as mistaken notions that need to be repaired or
replaced (Smith et al., 1994).

There have been efforts to classify these different theories and models,

along with their different terms, based on different conceptual assumptions.

Shaughnessy (1992) classified theories and models into four types, based on the
conceptual understanding of stochastics, namely non-statistical, naïve-statistical,

emergent-statistical and pragmatic-statistical. Savard (2014) categorised the

theories and models into probabilistic and deterministic conceptions, based on

their epistemological differences. Batanero et al. (2016) classified these theories
and models into intuitions and learning difficulties. More recently, Chernoff et al.

(2018) categorised probability comparison theories into heuristic and informal

reasoning and argued that these are based on Pierce’s notion of abductive
reasoning.

Many researchers do not follow these classifications and instead put all

theories and models under the heading of misconceptions (e.g. Fischbein &
Schnarch, 1997; Gauvrit & Morsanyi, 2014; Shaughnessy, 1977). Although there

are some criticisms of the term misconceptions used to characterise students’

incorrect conceptions when learning particular topics like probability (e.g. Smith
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et al., 1994), I prefer to use this term in order to align with most of the research
about students’ probabilistic understanding, both from psychology and from

mathematics education. Alternative terms, such as informal or alternative
conceptions, are sometimes preferred because these terms indicate a more
positive perspective on students’ ideas. However, misconception is widely used
to encapsulate students’ incorrect responses when dealing with various

probability problems or their conceptions that violate probability concepts.
Therefore, all theories and models about people’s incorrect conceptions may be

categorised as misconceptions. The most widely discussed theories and models
will be explained in the following section, including the representativeness

heuristic, equiprobability bias, ratio bias, the Falk Phenomenon (effect of the time
axis) and the outcome approach.

2.2.1 Representativeness Heuristic
The representativeness heuristic, studied by Kahneman and Tversky (1972), is

evaluating “the probability of an uncertain event, or a sample, by the degree to
which it is: (i) similar in essential properties to its parent population; and (ii)

reflects the salient features of the process by which it is generated” (p. 431). For

example, in tossing a coin several times, people tend to think that a sequence

which has equal numbers of heads and tails is more probable than a sequence

which does not. This is because the ratio of heads to tails is the same as that in its
parent population and reflects the random process by which it was generated.
People also tend to expect that the event of tossing a coin should reflect the
fairness of the coin by having 50% heads and 50% tails, even in a small sample

size. This invalid reasoning is known as a belief in the law of small numbers;
applying the law of large numbers even where there is a small sample size
(Tversky & Kahneman, 1971), and it is one type of invalid reasoning derived from
the use of the representativeness heuristic.

Another misconception accounted for by the representativeness heuristic

is to ignore the independence of successive events in a random situation (Bryant

& Nunes, 2012). For instance, in a sequence of tossing a fair coin, those who are
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exhibiting the representativeness heuristic tend to think that if the last six throws

are tails, then the next toss is very likely to be heads, so that results are evened

out. This is an example of the negative-recency effect, also known as the gambler’s
fallacy, in which people expect that after many of one outcome, another different

outcome will be more likely subsequently. Conversely, people who expect that
after a sequence of particular outcome, similar outcome will come out in the next

trial are said to exhibit the positive-recency effect, also known as the hot-hand
fallacy.

Many adults (Ayton & Fischer, 2004; Stöckl et al., 2015) and children

(Fischbein & Schnarch, 1997) exhibit these misconceptions. Chiesi and Primi
(2009), in their cross-sectional study, found that the negative-recency effect was

stable across students of different ages. However, Kustos and Zelkowski (2013),

investigating students from many different grades, and also pre-service teachers,
found that negative-recency effect decreased with age. Further research is

needed to better understand whether negative-recency effect is developmental

(i.e., relating to the age of students) or dependent on prior teaching (i.e., students’
mathematical experiences) (Pratt & Kazak, 2018). Furthermore, several

researchers argued that the misconceptions might be related, where the positiverecency effect arises as a consequence of the negative-recency effect (e.g.,
Camerer, 1989; Gilovich et al., 1985; Rabin, 2002).

The other two effects of representativeness heuristic are base-rate fallacy

and insensitivity to sample size. Base-rate fallacy describes the phenomenon
where people ignore prior probabilities or base-rate frequencies in favour of the
individuating or stereotypical information (Kahneman & Tversky, 1973; Tversky

& Kahneman, 1974). On the other hand, insensitivity to sample size, also known

as sample size neglect, occurs when people estimates probability of obtaining a
sample statistic without considering the influence of sample size. The four effects

of the representativeness heuristic (i.e., random similarity, recency effect, baserate fallacy, and insensitivity to sample size) were investigated in this study and
reported in Chapters 5 and 6.
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2.2.2 Equiprobability Bias
The equiprobability bias, first identified by Lecoutre et al. (1990), is a tendency of
people to think that random events are equiprobable by nature, and to judge that

every outcome in random situations has the same probability. Consider the

problem in Figure 2.1 adapted from Lecoutre (1992). Students exhibiting

equiprobability bias tend to believe that the chance of obtaining one red chip and
one blue chip is equal to the chance of obtaining two red chips, hence selecting

option c. Lecoutre (1992) argued that this is because they perceive that random

events are equiprobable by nature (i.e., each possible outcome in random
situation has the same probability of occurring).

Figure 2.1
Typical problem for investigating the equiprobability bias, adapted from (Lecoutre,
1992)
There are three chips in a jar, two red and one blue. Two chips are drawn
simultaneously from this jar. What is more likely to happen?
(a) one red and one white chip is drawn
(b) two red chips are drawn

(c) both of them are equally likely
Research has shown that children and adults exhibit equiprobability bias

(Chiesi & Primi, 2009; Lecoutre, 1992) and it has been described as a “side-effect”
of probability education because it increases with formal education (Morsanyi et
al., 2009). Equiprobability bias is different from most other normatively
incorrect reasoning in that it seems to affect people more when they have

received more formal teaching of probability. More recently, Morsanyi et al.

(2013) found that training with random number generators and learning about

the law of large numbers reduced equiprobability bias (mainly for people with

high cognitive ability), though this can also increase people’s susceptibility to
other heuristics and biases, such as the representativeness heuristic.
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2.2.3 Ratio Bias
People are said to exhibit ratio bias whenever they judge the probabilities of
events represented as ratios of large numbers (e.g., 10 out of 100) as more likely
than equivalent (e.g., 1 out of 10) or even higher probabilities (e.g., 3 out of 10)

represented as ratios of smaller numbers. There are two types of ratio bias
problems investigated in the literature, namely equal-ratio and unequal-ratio

problems (Klaczynski et al., 2019; Reyna & Brainerd, 2008). Unequal-ratio

problems show an objectively lower probability (but with higher numerosity
numerator), such as 7 out of 100, against an objectively higher probability (but
lower numerosity numerator), such as 1 out of 10. In this problem, people are

said to exhibit ratio bias when they select a high-number ratio with objectively

lower probability than a low-number ratio with objectively higher probability
(Alonso & Fernandez-Berrocal, 2003; Denes-raj & Epstein, 1994). On the other
hand, equal-ratio problems present objectively equivalent probabilities against

one another, such as 1 out of 10 versus 10 out of 100. In this problem, people who

rely on ratio bias tended to intuitively select ratio with large numerator and
neglecting the dominator (Kirkpatrick & Epstein, 1992; Reyna & Brainerd, 2008).

2.2.4 The Falk Phenomenon (Effect of The Time Axis)

The Falk Phenomenon, or effect of the time axis, happens when students believe

that the probability of the outcome of a prior event cannot be contingent on the

outcome of a subsequent event (Falk, 1988). Typical problems used to reveal the
Falk phenomenon are shown in Figure 2.2.
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Figure 2.2
Typical problems that elicit the Falk phenomenon, adopted from Falk (1988)

Andy and Hendra each have a box containing two white marbles and two black
marbles.
(A) Andy takes out a marble from his box without looking and finds that it
is a white one. Without putting the first marble back into the box, he
takes out a second marble without looking. Which is more likely for
Andy to take out for the second marble?
(B) Hendra takes out a marble from his box without looking. He puts it
aside without looking at it. He takes out a second marble from the box
without looking and sees that it is white. What is more likely for
Hendra to have taken out for the first marble?
Generally, for question A, people can deduce that it is more likely for Andy

to take out a black marble than a white one for the second draw. They know that

a white marble has been taken out, so one white marble remains in the box along
with two black marbles. However, when people are asked to answer question B,

they usually give an incorrect response with several different reasons. One
common argument is that white and black marbles are equally likely to be taken,

because they consider the number of marbles at the outset of the experiment.
Others perceive that it is impossible to answer question B, because the outcome

of the first draw cannot depend on the outcome of the second draw. While
question A is easy for people to solve (because the events occur in a forward

sequence), question B might be more difficult, as it requires backward inference
(Groth, 2013). A number of possible reasons for these difficulties of solving
problems involving conditional probabilities are suggested by (Falk, 1989)

including: the difficulty in determining the conditioning event, interpreting
conditionality as causality, and the wording or framing of the conditioning event.

Fischbein and Schnarch (1997), who administered this problem to

students in grade 5 (aged 10-11), grade 7 (aged 12-13), grade 9 (aged 14-15),

grade 11 (aged 16-17) and also to college students, found that the number of

students having a correct answer to question A but failing with question B
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increased with age, except for college students. They argued that the increased

mathematical experience and reasoning of college students might help them in
answering the questions. Watson and Moritz (2002), who revisited this work and

administered similar problems (conditional event and its inverse) to students
from grade 5 to 11 (aged 10-17), found a contrary result. Presenting the
problems in frequency and probability formats, they found that the number of
correct responses given by students increased for older students for both

questions. These conflicting results from the two studies suggest the need for

further research in this topic to better understand the effect of age and schooling
on people’s conceptions of conditional events.

2.2.5 Outcome Approach

The outcome approach is a model of non-standard reasoning under uncertainty

in which people interpret the question of probability as an instruction to predict

the outcome of a single next trial. People showing outcome-oriented responses
tend to evaluate their estimations as being correct or incorrect after one trial, and

also base their predictions on a causal analysis or deterministic reasoning of the

situation (Konold, 1989; Konold et al., 1993). For example, when asked to

investigate the probabilities of heads and tails after having a sequence of five

heads, students showing outcome approach thinking will try to predict the
outcome of the next single trial rather than consider the overall probability of the
event.

2.2.6 Multiple Concurrent Probability Misconceptions
Research has shown that students may hold multiple and often contradictory

probability misconceptions about a particular situation (Konold, 1995; Pratt,

2000). For example, Konold et al. (1993) found that when students were

presented with several different sequences of heads and tails and asked which
sequence was more likely to result from flipping a coin five times, they correctly

answered that all sequences were equally likely, although some of their
reasoning revealed an outcome approach. However, when these same students
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were asked about which sequence was least likely to happen, they failed by
answering that certain sequence is less likely to result than any of the others. One

of their common stated reasons was that the least likely sequence contained too
many tails, which did not reflect the similarity to its parent population (having a

1:1 ratio between heads and tails), indicating that they applied the
representativeness heuristic.

Moreover, many cross-sectional studies have been done to find out about

the effect of schooling and age on students’ probability misconceptions, but there
are discrepancies in their results. For example, Fischbein and Schnarch (1997)

found that the negative recency effect decreased with age, whereas the

insensitivity to sample size increased with age. They also found that
equiprobability bias was stable across the age of students. Chiesi and Primi

(2009) found that the negative recency effect was stable across age, whereas
equiprobability bias was quite dominant in college students, in which more than
20% of them exhibited this misconception. Kustos and Zelkowski (2013) found

that both the recency effect and the representativeness heuristic decreased with
age. This different result shows that probability misconceptions are

developmentally different among students, and the current study might be able
to shed new light on the probabilistic conceptions of 12-14-year-old secondary
school students.

2.3 Teachers’ Conceptions of Probability
Many researchers have pointed out the importance of teachers’ content and
pedagogical knowledge (e.g., Ball et al., 2008; Hill et al., 2008; Rowland &

Ruthven, 2011; Shulman, 1987; Thompson, 2016). In the case of probability,
Stohl (2005) argued that “the success of any probability curriculum for

developing students’ probabilistic reasoning depends greatly on teachers’

understanding of probability as well as a much deeper understanding of issues

such as students’ misconceptions” (p. 351). Following Shulman’s idea (1987)

about possible categories of teacher knowledge, Batanero et al. (2016) proposed
some important components of probability knowledge for teaching, including:
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probability content knowledge, pedagogical content knowledge, and knowledge
of student cognitions.

The first component, probability content knowledge, is the teachers’ own

probabilistic knowledge. Many prospective teachers, especially primary school

teachers lack this knowledge (Begg & Edwards, 1999; Franklin & Mewborn,

2006; Stohl, 2005), and recent research found that many teachers make similar
incorrect judgements to their students when solving probability problems

(Chernoff & Russell, 2012; Prodromou, 2012). It has been suggested that the
second component, pedagogical content knowledge, may be very different for

teaching probability compared with teaching other mathematics topics, such as

algebra and geometry (Batanero, Biehler, et al., 2005). For example, the notion of

reversibility 5 can be applied in arithmetic and geometry and represented using

concrete materials, but this is much less useful for understanding the essential
properties of randomness (Batanero et al., 2016). The last component, knowledge

of student cognitions, includes knowledge about students’ conceptions, intuitions
and beliefs when learning probability. Teachers need to confront these

conceptions and intuitions in the classroom and be able to find didactical
materials to help their students develop correct probabilistic conceptions
(Batanero et al., 2016; Steinbring, 1991).

Teachers’ knowledge and beliefs about probability are key factors for

probability instruction, as these may be transferred to their students and affect
their instructional decisions when teaching probability (Batanero & Diaz, 2012).

However, research about teachers’ knowledge of probability is scarce and, like

all research in mathematics education, has been predominantly carried out in

Inhelder and Piaget (1958, pp. 272) defined reversibility as “the permanent
possibility of returning to the starting point of the operation in question.”
Reversibility can be applied in many mathematics topics, such as addition and
subtraction. For example: Andy had five marbles. Bryan gave him six more
marbles. How many marbles does Andy have altogether? Andy had eleven
marbles. He gave six marbles to Bryan. How many marbles does he have left? (For
more information about reversibility, see Simon et al., 2016).

5
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western countries (Jones et al., 2007; Stohl, 2005). Amir and Williams (1999)

who investigated probabilistic understanding of 11-12-year-old students in
England concluded that cultural factors such as language, beliefs (religions,
superstitions,

attributions),

and

experience

influenced

their

informal

probabilistic understanding, which in turn also influenced their formal

probability knowledge. Teachers, as for the students, might also be influenced by
these cultural factors which raise the need to investigate probability conceptions
of teachers from outside of western countries. Moreover, most of the research in

this area has only addressed prospective teachers’ knowledge of probability, and
information about in-service teachers’ probability knowledge is lacking. This

suggests the need for further research into prospective and in-service teachers’
knowledge of probability, including those from outside of western culture.

2.4 The Use of Simulations in Probability Teaching

Starnes et al. (2015) defined simulation as an experimental process that models
the probability elements of the context. Learning probability concepts through

simulation has been argued to be a promising activity for developing students’
probabilistic thinking and helping them confront their incorrect conceptions
(e.g., Batanero et al., 2005; Nilsson, 2014). Simulation, as a didactic tool,

encourages students to explore probability concepts and properties, and
improve their probabilistic conceptions. Ireland and Watson (2009) argued that

simulation, using the computer software TinkerPlots, encouraged students to

understand the connection between experimental and theoretical aspects of
probability. Stohl and Tarr (2002) showed that simulation can help to foster
students’ understanding of the notion of inference.

Batanero et al. (2005) suggested that simulation can be an intermediate

step between the domain of reality (the random situation) and the theoretical
domain (the mathematical model). Shaughnessy and Ciancetta (2002) argued

that:
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The conceptual root of the pedagogical power that we gain from having
students conduct simulations is the connection that they can make between
the observed variation in data in repeated trials of an experiment, and the
outcomes that they expect based on knowledge of the underlying sample
space or probability distribution. (p. 5)

Simulation-based instruction can also be used for training teachers to improve

their probabilistic understanding and address their erroneous intuitions and

beliefs. Batanero et al. (2005) found that the use of simulation helped Spanish
prospective teachers to reduce some of their strongly-held incorrect conceptions,
such as neglect of sample size, and to develop sounder probabilistic thinking.

Many researchers developed computer environments such as Probability
Explorer (Stohl & Tarr, 2002), Chance-Maker (Pratt, 2000) or TinkerPlots (Konold

& Miller, 2018) to encourage students to conduct simulations. In reviewing

several research on the use of computer simulations for probability teaching and
learning, Pratt and Kazak (2018) concluded that technological environments

which allow students to have virtual, repeatable, and artificial experience help

them to distinguish between variability in the short trial and regularity in the

long trial. However, hands-on activities that encourage students to conduct
simulations when learning probability are rare (e.g. Martignon & Krauss, 2009).

2.5 Frameworks of Probabilistic Reasoning

Previous research has developed and validated several frameworks or cognitive

models that describe the different levels of students’ probabilistic reasoning.
These frameworks were designed based on Structure of the Observed Learning
Outcome (SOLO) taxonomy from Biggs and Collis (1982, 1991). The SOLO

taxonomy, considered within the Neo-Piagetian framework (Pegg, 2020),

incorporating five modes of functioning: sensorimotor, iconic, concretesymbolic, formal, and post-formal. A learning cycle, consisting of five hierarchical

levels of responses, also occurs within each mode: prestructural, unistructural,

multistructural, relational and extended abstract. SOLO taxonomy has been used
by several mathematics education researchers to describe the levels of
mathematical thinking of students in several topics (e.g., Chick, 1998; Groth &
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Bergner, 2006) and some authors argued that it is also suitable for measuring
various learning outcomes (Chan et al., 2002; Stålne et al., 2016).

Among several frameworks for describing students’ probabilistic

reasoning found in the current literature, the most prominent are the probability
framework proposed by Jones et al. (1997) and models of chance measurement
developed by Watson et al. (1997). In my study, I will use the probability
framework developed and validated by Jones et al. (1997), because it covers most

of the probability concepts taught in school, including the probability of an event,

probability comparisons and conditional probability. This framework has also
been validated with students from several countries, such as Russia, Lesotho and
Greece (Jones et al., 2007).

Jones et al. (1997) proposed and validated a framework for describing

students’ reasoning on four probability constructs: sample space, probability of
an event, probability comparisons, and conditional probability. The framework

describes four levels of reasoning for each of the constructs, which correspond to
the four levels of responses in the SOLO taxonomy of Biggs and Collis (1991) (see

Table 2.1). Students exhibiting level 1 thinking are narrowly and consistently
bound to subjective reasoning when dealing with probability situations,
reflecting the Biggs and Collis (1991) prestructural level, where their reasoning
is based on subjective beliefs and their judgements tend to be qualitative rather

than quantitative. Students showing level 2 thinking are in the transitional phase
between subjective and informal quantitative reasoning, which relates to the

unistructural level of Biggs and Collis (1991). At level 2, students recognise the
importance of quantitative measures, but their reasoning is generally naïve and

inflexible, which may result in reversions to subjective reasoning. Students
demonstrating level 3 thinking typically use informal quantitative reasoning in
determining probabilities, which is consistent with the characteristics of the

multistructural and relational levels of Biggs and Collis (1991). At level 3, students
“tended to use more generative strategies in listing outcomes of two-stage

experiments and had begun to coordinate thinking in sample space and thinking
in probability” (Jones et al., 1997, p. 122). Finally, students typifying level 4
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thinking assign and use valid numerical measures to describe probabilities in
both equally and non-equally likely situations, which is consistent with the

relational thinking of Biggs and Collis (1991). At level 4, students understand the
relationship between sample-space outcomes and probabilities of events or
conditional events.

In this thesis, the probabilistic thinking framework developed by Jones et

al. (1997) was used to characterize the growth of probabilistic reasoning of

students during instruction in hierarchical levels (see Section 6.2.3). The

framework covers all probability topics taught in the intervention study,

including sample space, probability of an event, probability comparisons, and
conditional probability.
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Table 2.1
Jones et al. (1997) probabilistic thinking framework (p. 103).
Construct

Level 1
Subjective

Sample
Space

• Lists an incomplete set
of outcomes for a onestage experiment

Probability
of an event

• Predicts most/least
likely event on the
basis of subjective
judgements
• Recognizes certain and
impossible events

Level 2
Transitional
• Lists a complete set of
outcomes for a onestage experiment and
• Sometimes lists a
complete set of
outcomes for a twostage experiment using
limited unsystematic
strategies

• Predicts most/least
likely event on the basis
of quantitative
judgements but may
revert to subjective
judgements
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Level 3
Informal Quantitative

Level 4
Numerical

• Consistently lists the
outcomes of a two-stage
experiment using a
partially generative
strategy

• Adopts and applies a
generative strategy
that enables a
complete listing of
the outcomes for a
two- and three-stage
case

• Predicts most/least likely
events on the basis of
quantitative judgements
including situations
involving non-contiguous
outcomes
• Uses numbers informally
to compare probabilities
• Distinguishes certain,
impossible, and possible
events, and justifies
choice quantitatively

• Predicts most/least
likely events for
single-stage
experiments
• Assigns a numerical
probability to an
event (either a real
probability or a form
of odds)

Probability
• Compares the
• Makes probability
comparisons
probability of an event
comparisons on the
in two different sample
basis of quantitative
spaces, usually on the
judgements (may not
basis of various
quantify correctly and
subjective or numeric
may have limitations
judgements
where non-contiguous
events are involved)
• Cannot distinguish
“fair” probability
• Begins to distinguish
situations from “unfair”
“fair” probability
ones
situations from “unfair”
ones
Conditional
probability

• Following one trial of a
one-stage experiment,
does not give a
complete list of
outcomes even though
a complete list was
given prior to the first
trial
• Recognizes when
certain and impossible
events arise in nonreplacement situations

• Recognizes that the
probability of some
events change in a nonreplacement situation;
however, recognition is
incomplete and is
usually restricted to
events that have
previously occurred
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• Makes probability
comparisons on the basis
of consistent quantitative
judgements
• Justifies with valid
quantitative reasoning,
but may have limitations
when non-contiguous
events are involved
• Distinguishes “fair” and
“unfair” probability
generators on the basis of
valid numerical reasoning
• Can determine changing
probability measures in a
non-replacement
situation
• Recognizes that the
probabilities of all events
change in a nonreplacement situation

• Assigns numerical
probability measures
and compares events
• Incorporates noncontiguous and
contiguous outcomes
in determining
probabilities
• Assigns equal
numerical
probabilities to
equally likely events
• Assigns numerical
probabilities in
replacement and
non-replacement
situations
• Distinguishes
dependent and
independent events

2.6 Proportional Reasoning and its Relation to Probability
The definitions of ratio and proportion are contested. For example, Collins
Dictionary of Mathematics (Borowski & Borwein, 2005) defines ratio as “a

quotient or proportion of two numbers, magnitudes, quantities or expressions”

(p. 469) and proportion as “a linear relationship between two variable quantities
or their inverses” (p. 452). Watson et al. (2014) argued that the formal definition

of ratio and proportion provided in mathematical dictionaries, such as above, did

not explain the complete meaning and understanding of the concepts used in the

school mathematics curriculum and possessed by mathematicians. Gardiner
(2016) argued that “the word proportion has a colloquial usage, which is

unfortunately copied in many mathematics texts and classrooms” (p. 139) and it
creates a confusion for students, teachers, textbook authors and examiners. He
pointed out that quite often people say, for example, “a proportion of the class”,

where they actually mean “a fraction of the class”, as it only involves one class of

magnitude or quantity. He defined proportion as two different classes of

quantities that preserve a constant ratio between their values. In this thesis,

proportion is defined as a linear relationship of two different classes of quantities
that has a constant ratio between their values, and ratio is defined as the quotient
between two values of certain quantities that can be expressed as a fraction.

The understanding of proportion as a prerequisite for comparing

probabilities has been appreciated since the work of Piaget and Inhelder (1975).

Fischbein et al. (1970) found that students made a significant improvement in
estimating chances after following instruction on ratio comparison tasks, though

the study was conducted as a post-test-only design with no comparison group.
They argued that students’ reasoning shifted from spontaneous responses

(primary intuition) towards more systematic answers (secondary intuition) by
comparing numerical ratios explicitly. However, students only compared

numerical ratios between favourable and unfavourable cases (part-part
comparisons) without attending to the total number of favourable and

unfavourable cases (part-whole comparisons). Spinillo (2002) found the same
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result when asking children to order three sets of blue and pink marbles based
on the chance of drawing a particular marble. The importance of proportionality

is also highlighted by Lamprianou and Lamprianou (2002), who commented that
“since comparing probabilities entails the comparison of two fractions,
proportional reasoning is considered to be a basic tool of probabilistic reasoning”
(p. 273).

Although the concept of proportion is important for students to

understand probability concepts, the similarity between these two concepts can

also lead to problems, particularly when comparing relative probabilities. A
major study about the misapplication of proportion in solving probability

problems was conducted by Van Dooren et al. (2003). Van Dooren and his
colleague (2003) presented secondary school students (aged 15–18) with

multiple-choice tests comparing two binomial chance situations using the

context of rolling a dice. Students were asked to make qualitative and

quantitative comparisons where the questions differed with respect to the
number of trials (n), the number of required successes (k), the probability of a
single trial (p) and the joint variation of n and k.

They argued that a conceptual analysis of chance strongly indicated an

overgeneralization of proportional reasoning in probability, which they called

the illusion of linearity. In Van Dooren et al.'s study (2003), students showed a

good qualitative understanding (more-less relationship) that the probability of
an event depends on n, k or p in accordance with several studies showing that

children are able to develop a qualitative understanding of probability
comparisons before receiving any instruction in probability (Fischbein & Gazit,
1984; Lamprianou & Lamprianou, 2002). This more-less strategy is commonly

used by students in solving non-probability problems, such as comparing
proportions (Spinillo & Bryant, 1991, 1999).

However, students’ high performance in qualitative tasks is in stark

contrast to their low scores in quantitative tasks (Van Dooren et al., 2003). Van

Dooren et al. found that the majority of students, including those who had already
learned probability concepts, misused proportion to explain their incorrect
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answers in quantitative tasks. This finding led them to conclude that students’

incorrect answers were caused by their strong tendency to misapply
proportional reasoning. Nevertheless, there is a methodological problem with
this claim that students may have been led into assuming linearity by the nature

of the questions (which Van Dooren terms the linearity trap). The questions in
Van Dooren et al.’s study consisted of proportional statements with which

students had to agree or disagree. Apart from the linearity trap of the tasks, this
misapplication of proportional reasoning might also be caused by the difficulty

of the questions, which led students to rely on their understanding of proportion.
They had to quantify the probability of binomial chance situations, where the

parameters were variables in the problem, which is known to be difficult even
for undergraduate students (Garfield & Ahlgren, 1988).

Despite this methodological problem, and the difficulty of the tasks, Van

Dooren et al.’s study suggested that students’ misconceptions in probability
comparison tasks might be partly caused by their tendency to misapply

proportional reasoning. This had been previously highlighted by Freudenthal
(1983), who warned that as students become familiar with linearity, they may

fall into “the seduction to deal with each numerical relation as though it were

linear” (p. 267). The affinity between the concepts of proportion and probability
makes the misapplication of proportion in solving probability problems likely.

Given the overwhelming attention placed on proportion in the school
mathematics curriculum, it is reasonable to expect that students will use their

proportional reasoning intuitively when dealing with probability problems.

Table 2.2 summarises relationships between misconceptions in probability and
students’ proportional reasoning. It shows how certain misconceptions might be

caused by people’s understanding of proportion that leads them to assume the
equal proportion or distribution of outcome in a random event.
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Table 2.2
Misconceptions in probability and possible relations to proportional reasoning
Misconceptions

Summary of
Definition

Possible relation
to proportional reasoning

Representativeness People estimate the
heuristic
probability of
events according to
how well the
outcome matches
some aspects of the
population from
which it was
drawn. People
expect that either a
sample should
represent the
distribution of the
population, or it
should reflect the
randomness of the
process.

Negative-recency People believe that
effect (gambler’s after a consecutive
fallacy)
sequence of a
particular outcome
in a random event,
the opposite
outcome will be
more likely to occur
in the next trial, as
a means of
balancing nature.
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People
exhibiting
the
representativeness heuristic expect
that the outcome of the events
should
represent
the
equal
distribution of its parent population.
For example, they tend to believe
that in a sequence of tossing a coin
six times, HTTHTH is more likely to
occur than HHHHHH or TTTTTH,
because HTTHTH reflects the 50-50
distribution of heads and tails. This
expectation might be caused by
people’s
understanding
of
proportion, expecting the equality
between variables involved.
People with this misconception
think that the outcome of a random
event should have an equality of
proportions,
leading
to
the
expectation of opposite outcome
after a series of particular outcome.
The assumption of equal proportion
of outcomes in a random situation
might be caused by people’s
understanding of proportion or
proportional reasoning.

Equiprobability
bias

The tendency of
people to perceive
that in the events
involving
randomness, all
possible outcomes
have equal
probabilities.

Equiprobability bias may be
associated with people’s tendency
to misapply proportional reasoning
in probabilistic judgements (the
illusion of linearity), by thinking
that every possible outcome in a
random situation should have equal
chance to occur. People with this
misconception might also perceive
that they need to equalise the
relative frequency proportion in the
short term with the long-term
theoretical probability.

Although the concepts of proportion and probability share the same root,

called the intuition of relative frequency (Fischbein & Gazit, 1984), they are not

identical concepts (Falk et al., 2012). Many studies about proportion and
probability that I have described ignore the difference between these concepts,
which may confuse students and lead them to the misconceptions. Falk et al.

(2012) noted that the study of Singer and Resnick (1992) discussed proportional
relationships, but their tasks dealt with probability. Hawkins and Kapadia (1984,

p. 360) argued that the tasks in Falk’s study (1983) “seemed to be more about

ratios than probability”. Therefore, it may be important for students to know that

the two concepts are different: proportion problems tend to be deterministic

while probability problems are probabilistic, and misapplying one concept to
another can lead them to misconceptions. Comparing and contrasting these two
types of problems could be beneficial for students, and this is something I
incorporate into the design of my teaching intervention.

Furthermore, Fischbein and Gazit (1984) found that students who

followed a teaching programme (12 lessons) in probability performed worse

than those who did not in answering probability comparison and proportion
tasks. This finding led them to suggest that instruction in probability might have

a negative effect on students’ proportional reasoning. However, Shaughnessy

(1992) criticised this conclusion by pointing out that the study did not provide
information

about

students’

prior
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knowledge.

Moreover,

probability

comparisons were not included in the teaching programme, but students were
asked to solve probability comparison tasks in the questionnaire. Fischbein and

Gazit (1984) also argued that improving students’ proportional reasoning does
not imply an improvement in their understanding of probability and vice versa,
but they did not have sufficient findings to support their argument.

The relation between proportion and probability concepts and how the

improvement of one concept affects the other, has inspired researchers to
investigate the relationship between probability and non-probability topics (e.g.
Cochran, 2014; Foster, 2011). Nunes et al. (2015) compared primary school

students who followed a teaching programme in probability (probability group)

with those who followed a teaching programme in mathematical problem solving
(non-probability group). They found that students in the probability group

performed much better than those in the non-probability group when solving
probability problems, but the students in the non-probability group performed
much better than those in the probability group in solving non-probability tasks.

On the one hand, students had difficulty in applying their mathematical reasoning
about non-probability concepts to solve probability problems without specific
teaching of probability. On the other hand, they also had difficulty in applying the
systematic approach learned in the context of probability problems for solving
non-probability problems. These findings led Nunes and her colleague (2015) to

conclude that the practice of teaching mathematics in primary schools should
incorporate both probability and non-probability lessons.

However, during their teaching sessions, students in the probability group

were taught to use ratio to analyse and compare probabilities. Nunes et al. (2015)

argued that the quantification of probability is always a proportional calculation,
and the easiest way of introducing students to proportional reasoning is through

the use of ratio and expressing probabilities in ratios. So, different from Fischbein
and Gazit (1984), they agreed that proportional reasoning is essential to help
students to quantify and compare probabilities.

In contrast, Gigerenzer and his colleagues (e.g., Gigerenzer, 2015; Zhu &

Gigerenzer, 2006) suggested using natural frequencies instead of proportion in
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presenting probability information. They argued that natural frequencies (e.g.,
“40 times out of 100”, rather than “a probability of 0.4”) are the most basic way

of reasoning about uncertainty in a series of events. However, Saldanha and Liu
(2014) argued that students need to understand the proportional relationship of

the quantities involved, which requires proportional reasoning, to make a
probability judgment using natural frequencies. Overall, proportional reasoning

is not only helpful for students’ probability learning but can also mislead
students’ reasoning, particularly when comparing probabilities.

2.7 Randomness in Probability

Randomness is an abstract and multifaceted concept. Although people may think

that they know what randomness is and use the term in their everyday and
professional lives (Falk & Konold, 1997), there is no simple definition of what it
means to say that an event or process is ‘random’ (Batanero, 2015; Kac, 1983).

The use of many expressions linked to randomness in many mathematics
textbooks and curricula, such as random experiments, random sampling, random

variable and randomization, is also unclear, as they refer to an abstract entity, and

not fully defined (Batanero, 2015; Batanero et al., 1998). Batanero (2015) argued
that there are five different meanings of randomness (i.e., intuitive, classical,

frequentist, subjective, and formal), each of them with its specific type of problem

and particular method to solve them. Given the complexity and sophistication of
the concept, it is natural to expect students to struggle with their understanding
of randomness (Bryant et al., 2018).

There is a considerable body of research about people’s conceptions of

randomness (e.g. Batanero & Serrano, 1999; Bryant et al., 2018; Falk & Konold,

1997; Pratt, 1998). Many different tasks have been used by researchers, and

Batanero et al. (2014) categorised them into two types: (i) generation tasks,
where participants were asked to simulate the outcomes of certain random
processes, such as tossing a coin; and (ii) recognition tasks, or comparative

probability tasks (Chernoff, 2009), where participants were asked to select the
most likely or least likely of some outcomes, or to determine whether some given
38

outcomes had resulted from a random process. Piaget and Inhelder (1975)

studied children’s understanding of patterns in random distributions using the

context of raindrops falling on paving stones, and asked them about where the
next raindrop would fall. Although people might argue whether the context of

raindrops is suitable for randomness, the study found that children perceived
that the raindrops would fall in equal numbers on each paving stone, showing
that they understood randomness as equiprobability (all possible results are

equiprobable). Lecoutre et al. (1990) investigated this phenomenon by
presenting the probability problem shown in Figure 2.1 to students from various

background and called this misconception of randomness as equiprobability
bias.

Watson and Moritz (2003) investigated children’s understanding (aged 8-

14) of the “fairness’ of dice, by presenting them with three different dice in which

one of them was loaded. They found that 87% of children in their studies
determined that the three dice were fair or unfair without testing the dice
(children either made a decision based on their intuitive beliefs or by observing
the physical features of the dice). Pratt (2000), using a computer environment,

analysed 10-11-year-old children’s ideas about randomness and proposed the

notion of local meanings (constructed in the short-term, trial-by-trial variation)

and global meanings (constructed from aggregating the overall view, either by
observing a large number of trials or recognising the theoretical distribution). He

distinguished four different local meanings of randomness: unpredictability (the
next outcome is unpredictable), irregularity (no pattern presented in the given

outcomes), unsteerability (no control over the outcome), and fairness (fair or

symmetrical distribution of outcomes), and argued that children use these local
meanings interchangeably and sometimes simultaneously. Furthermore,

Paparistodemou et al. (2008) found that children used different meanings of

fairness, such as apparent fairness (interpreting fairness based on the
appearance) and unsteerable fairness (interpreting fairness when there is no
control) to decide whether an event or a device is random.
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However, the role of randomness in probability comparison tasks has not

been extensively researched. For example, Falk et al. (1980) devised a hands-on

probability game using two discs to develop children’s ability to compare
probabilities. Each of the two discs was divided into two sectors, with favourable

and unfavourable colours. Children (aged 4-11 years) were asked to choose

which of the two discs would give the higher chance of getting a favourable

outcome. This probability game was sharply criticized by parents and teachers
as being ‘uneducational’. They objected to the notion of a game in which one

might make a correct choice (of the disc with a higher probability of success) and
yet obtain an unfavourable outcome, while, on the other hand, an incorrect

decision may be rewarded. Obviously, they wished for a consistent, “just” system.
Implied in their criticism was the expectation that good decisions would always

be reinforced, while bad ones would never be. Apparently, the two concepts of a
correct choice and a favourable outcome were not clearly differentiated in these
critics’ minds (Falk & Konold, 1992, p. 152).

Overall, in spite of the various definitions and interpretations of

randomness without a single consensus of its meaning throughout the history,

mathematics school curricula has only been focusing on one particular view

which may associate with the difficulties and misconceptions of students when
learning probability (Batanero et al., 2016). Furthermore, the meaning of
randomness is unclear and equivocal in school textbooks, which may also

contribute to the difficulties of students when learning the concept (Batanero et
al., 1998). Several studies also showed that teachers, similar with their students,

had poor understanding and exhibited some misconceptions of randomness
(Batanero et al., 2014; Chernoff, 2009). Accordingly, it is important that both

teachers and students have an appropriate understanding of randomness as it is
an essential step in learning probability (Batanero et al., 2014).
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2.8 Confidence, Accuracy and Metacognition
In this section, I first discuss the inclusion of confidence assessment in the threetier diagnostic test. This then followed by a discussion about the relation between
confidence judgements and probability accuracy. Finally, I also explain about the
two measures of metacognitive monitoring accuracy (i.e., calibration and
resolution) and the differences between them.

2.8.1 Confidence-Based Assessment for Measuring Students’
Conceptions
Research, from both mathematics education and psychology, has documented

many types of misconceptions about probability, and multiple-choice questions
have emerged as one of the most common tools for investigating people’s
probabilistic conceptions. However, multiple-choice tests have a serious

limitation for measuring people’s conceptions, which is that they cannot
distinguish

between

correct

understanding

and

guessing

(Caleon

&

Subramaniam, 2010a). Similarly, when participants give incorrect responses, it

is difficult to determine whether it is because of a lack of knowledge (i.e., lack of
an adequate understanding of the topic) or misconceptions (i.e., a deep-seated

misunderstanding) (Yan & Subramaniam, 2018). Kustos and Zelkowski (2013)

also suggested that a multiple-choice test provides hardly any information about
how strong the misconceptions are among students and whether they are

resistant to change through instruction. Foster (2016) has argued that measuring

students’ accuracy alone provides a partial and perhaps misleading picture of

students’ understanding.

Some of these weaknesses of multiple-choice tests can be addressed by

incorporating confidence assessments to measure students’ levels of confidence
in answering the questions. When students provide incorrect responses with low

confidence, this may indicate that they are lacking knowledge, rather than

exhibiting misconceptions or beliefs. Likewise, if students provide correct

responses and low confidence, it could mean that they are guessing or lacking
knowledge rather than having an adequate understanding. A common
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metacognitive measure for investigating whether correct responses of people are

based on a profound understanding or guessing is resolution, which evaluates

whether an individual discriminates between correct and incorrect responses
(see Section 2.8.2.2).

To date, there are only a few studies investigating students’ probability

conceptions using multiple-choice tests with a confidence rating (e.g. Kustos &
Zelkowski, 2013; Rubel, 2007), and none of them involved in-service

mathematics teachers. Given the important role that in-service mathematics

teachers play in probability instruction, it is essential to understand their
probability knowledge and confidence judgments. Several studies have shown

that mathematical content knowledge of teachers influences their classroom

instructional practice and students’ learning and achievement (e.g., Heaton,

1992; Hill et al., 2005; Lehrer & Franke, 1992). The studies reported in this thesis
addressed these gaps by investigating probability conceptions of junior
secondary school students and in-service mathematics teachers using a threetier multiple-choice diagnostic test (Caleon & Subramaniam, 2010a; Yang, 2019).

This three-tier test comprised of a content tier measuring participants’ responses

to probability questions (descriptive knowledge), a justification tier measuring

their reasons for selecting the responses (explanatory knowledge), and a
confidence tier measuring the participants’ confidence in their responses and
justifications in the first two tiers (see Section 3.4.1 for more details). The

justification tier provides qualitative data which might explain the reasoning
process of people for having correct or incorrect responses, while the confidence

tier addresses the weakness of two-tier multiple-choice tests where it assesses

the strength of people’s conceptual understanding and of their misconceptions
(Caleon & Subramaniam, 2010a; Yang, 2019). The confidence tier in the threetier multiple-choice test describes the confidence level of participants in both the

content and justification tiers. Some of the limitations of this three-tier test are

discussed in Section 7.4, including the ambiguity of what the confidence tier is
measuring and truthfulness of confidence ratings.
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The use of three-tier test in my studies also allowed me to measure

metacognitive aspects of both secondary school students and in-service
mathematics teachers when dealing with probability problems. Two prominent

reviews of research in probability within mathematics education field
highlighted the scarcity of research investigating the metacognitive aspects of
probability teaching and learning (Jones et al., 2007; Shaughnessy, 1992). A more

recent survey of ICME summarising theoretical and empirical research in

probability education does not discuss any metacognitive research on
probability (Batanero et al., 2016). In the field of metacognition, Dentakos et al.
(2019) also pointed out the lack of metacognitive research in probability where

it is one of the understudied domains in the field. Therefore, research reported
in this thesis contributes towards filling this extant gap.

2.8.2 Relationship Between Confidence Judgements and
Probability Accuracy
Foster (2016) emphasized the connection between confidence and accuracy

when assessing students’ conceptions of a particular topic, as shown in Figure

2.3 depicting the relationship between people’s average accuracy and their

average confidence, and argued that students should be encouraged to be better
calibrated (Fischhoff et al., 1977), which means that students’ confidence more

closely matches their accuracy. Each data point on the graph of Figure 2.3

represents a participant, rather than a single response. For each participant, their
confidence and accuracy are calculated across all items, resulting in percentage

confidence and percentage accuracy, which is represented as a data point on the
graph.
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Figure 2.3
Foster's (2016) calibration graph showing the relation between confidence and
accuracy and possible trajectory for better calibration of two students (p. 274).

Accuracy

Underconfident

Overconfident

Confidence

Unlike many previous studies that categorised all students with incorrect

responses as exhibiting erroneous conceptions or misconceptions, the use of

confidence assessment can give more detailed information about students’
conceptions: whether the students are well-calibrated (their confidence matches

their accuracy) or whether they have some misconceptions. Confidence
judgements can be either prospective (also known as prediction judgements)
where participants indicate their confidence that a later response or future

retrieval will be correct, concurrent where participants make confidence
judgements for each item during the task at hand or retrospective (also known as

post-diction judgements) where participants provide their confidence of a justprovided response or previous retrieval over a set of items (Hacker et al., 2013;
Nelson & Narens, 1994; Schraw, 2009). In my study, I used concurrent

judgements, where participants provided their confidence ratings for their just-

provided responses on an item-by-item basis, because it is more closely related
to metacognitive monitoring, and metacognitive judgements are less accurate
when given prospectively (Siedlecka et al., 2016).

In the metacognitive literature, there are two independent indicators of

the relations between a person’s confidence and their level of accuracy, known

as calibration and resolution. Dunlosky et al. (2016) emphasized the importance
of differentiating between them as they measure different aspects of judgement
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accuracy and are partially independent. I describe each of these measures in the
first two sections below, before discussing the difference between them.

2.8.2.1 Calibration

According to the Encyclopedia of the Sciences of Learning, calibration, also known

as absolute accuracy 6, is defined as “the degree to which a person’s perception of
performance corresponds with his or her actual performance” (Bol & Hacker,
2012, p. 495). Specifically, calibration “refers to the degree to which a

metacognitive evaluation can correctly predict or retrodict average cognitive
performance across a set of trials” (Proust, 2013, p. 310). Thus, calibration is the

degree of agreement between participants’ average confidence judgements and
their average level of accuracy. The smaller the difference between average

confidence and average accuracy, the better calibrated a person is. Regardless of
a person’s average level of accuracy, they might be overconfident, under-confident

or well calibrated (see Figure 2.3).

Importantly, for calibration metrics, confidence judgements are made on

the same scale as accuracy (Dunlosky et al., 2016). So, for example, when

accuracy is measured by the percentage of items answered correctly, confidence

judgments are also made on the same percentage scale, or both accuracy and

confidence judgements can be converted and compared on the same scale such
as percentages. Confidence judgements can be made at the global level, where

each participant makes a single confidence judgement over multiple items, or at

the local level, where each participant provides a confidence judgment for each
item (Bol & Hacker, 2012).

Currently, there are several methods to measure calibration, including

bias index, calibration curve and calibration index (Dunlosky et al., 2016). In my

study, calibration was measured using the bias index, which assesses the

It is important not to confuse with the use of word accuracy here (i.e., absolute
accuracy) and accuracy which means facility. It seems that the word accuracy
was used in two different ways within the literature.
6
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discrepancy between confidence judgements and accuracy by computing the
signed difference between them on the same scale. Bias index shows the

direction and magnitude of the deviation, providing information about whether
a participant is underconfident (i.e., accuracy is high, but confidence is low),

overconfident (i.e., accuracy is low, but confidence is high) or well calibrated (i.e.,
accuracy perfectly matches confidence). For example, a person with an average
confidence level of 70% would be well calibrated if their accuracy level is close
to 70%, underconfident if their accuracy level is higher than 70%, and
overconfident if their accuracy level is lower than 70%. Similarly, a person with

an average confidence level of 45% could still be well calibrated, underconfident
or overconfident. Bias index is calculated by taking the difference between

average confidence and average accuracy for each participant. Positive values

indicate overconfidence and negative values show under-confidence. Perfect

calibration is obtained when the bias index score is 0, whereas worst calibration
is indicated when the bias index score is 1. Thus, the closer to zero the mean
difference is, the better calibrated a participant is (Hacker et al., 2013). It is

important to note that a participant who performs very well (i.e., very high

accuracy) has less scope for being overconfident, as they are close to ceiling.

2.8.2.2 Resolution

Resolution, also known as relative accuracy, “refers to the degree to which a

person’s metacognitive evaluation in a given task correctly predicts performance
in an item-specific way” (Proust, 2013, p. 321). Specifically, resolution “measures

the extent to which people can discriminate whether they answered (or will
answer) a particular question accurately, on an item-by-item basis” (Vuorre &
Metcalfe, 2021, p. 2). Accordingly, resolution measures the degree to which

participants can discriminate between correct and incorrect responses by
assigning higher confidence scores to correctly answered items and lower

confidence scores to incorrectly answered items. Resolution is a correlational
measure, focusing on whether correct responses tend to have higher confidence
ratings than incorrect responses. Unlike calibration, for measuring resolution,
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the confidence scale needs to be ordinal. However, that does not necessarily
mean that it can be converted to percentages and compared directly with the

accuracy scale, because the focus is on knowing whether confidence judgements
accurately discriminate between correct and incorrect responses (Dunlosky et
al., 2016).

As with calibration, there are also several methods for computing

resolution, including Pearson’s 𝑟𝑟, gamma correlation, and Receiver Operating
Characteristic (ROC) analysis (for some other methods, see Fleming & Lau, 2014;

Schraw, 2009). Murayama et al. (2014) noted that each of these methods has both
strengths and weaknesses. In my study, resolution was measured using the
Goodman-Kruskal gamma correlation, which is the most common measure of

resolution in the metacognition literature (Ackerman et al., 2020). I used this
measure because, despite some methodological criticisms (e.g., Fleming & Lau,

2014; Masson & Rotello, 2009), it is theoretically independent of task

performance (Nelson, 1984) and provides a within-subjects measure of the
correspondence between confidence judgements and response accuracy. The

Goodman-Kruskal gamma coefficient measures whether participants display
higher confidence when they give correct responses and lower confidence when

they give incorrect responses. A positive gamma coefficient indicates that
participants are more confident when they give correct responses than when
they give incorrect responses, whereas a negative gamma coefficient suggests

that participants are more confident when giving incorrect responses than when

giving correct responses. A gamma coefficient of 0 indicates that participants are
completely unable to discriminate when they give correct and incorrect
responses (Yaniv et al., 1991). Perfect resolution corresponds to a gamma

coefficient of 1, resulting from higher confidence in all correct responses than in

all incorrect responses. Conversely, when the gamma coefficient is -1, it indicates
higher confidence in all incorrect responses than in all correct responses. Hence,
people are said to have good resolution when their gamma coefficients are closer

to one and poor resolution when their gamma coefficients are closer to zero. The

case is even worse when participant’ gamma coefficient is equal to -1 because it
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shows that they are more confident when giving incorrect responses.

2.8.2.3 Contrasting Calibration and Resolution

An important conceptual distinction must be made between calibration and
resolution. Resolution indicates whether participants can discriminate between

correct and incorrect responses in each item using the confidence scale.
Calibration, on the other hand, shows the discrepancy between average accuracy

and average confidence, independent of whether each response is correct or

incorrect. Gamma correlation, commonly used for measuring resolution, shows
whether items with higher confidence judgements are also the items that

produce higher accuracy and whether items with lower confidence judgements
produce lower accuracy. However, gamma correlation does not show whether

participants’ confidence judgements are lower than or higher than their
accuracy, or in other words, it does not show under-confidence or over-

confidence (Maki et al., 2005). Bias index, commonly used for measuring

calibration, shows the difference between average confidence judgements and
average accuracy. The bias index scores range from -1 to +1, indicating whether

participants are underconfident (negative scores), overconfident (positive
scores), or well-calibrated (bias index score equals to 0).

Thus, calibration and resolution serve different functions and their

measure are dissociable (Dentakos et al., 2019). This means that good calibration
does not necessarily entail good resolution and vice versa (Juslin et al., 1996;

Yaniv et al., 1991). It is possible that in the same experimental paradigm,
participants might be well calibrated but have poor resolution, when correct and

incorrect responses are not associated with different confidence scores.

Conversely, participants might have high resolution but poor calibration when
the average confidence does not match the average accuracy. Maki et al. (2005),

comparing the calibration and resolution of participants, found no significant

correlation between the two measures. Koriat et al. (2002) showed that, with
practice over multiple study-test trials, calibration deteriorated while resolution
improved. However, in two experiments, Dougherty and Sprenger (2006)
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showed that a single manipulation improved participants’ calibration but

decreased their resolution. Findings of these studies indicated the dissociation
between calibration and resolution, and support the claim that the two
metacognitive measures may tap different metacognitive aspects of individuals.

Calibration indicates whether a person can correctly estimate his or her

actual average accuracy, whereas resolution suggests whether a person is able to

discriminate between what they know and what they do not know at the item

level (Hacker et al., 2013; Higham et al., 2016). Resolution is measured in an itemlevel metric while calibration is determined across all items. For example, if the

percentage accuracy on a probability test was 60% and the average percentage

confidence was 40%, then the calibration would be poor (i.e., under-confidence,
since 40% < 60%). However, if the 60% accuracy splits up into an average of
80% for the correct items and 40% for the incorrect items then the resolution
would be very good indeed (80% versus 40%).

Although calibration and resolution assess different metacognitive

aspects of people, both measures are important for learning. Students who are

overconfident in their predicted performance may fail a test and prematurely end

studying as they assume that they have mastered the topic and no need for
further study (a failure of calibration). These same students may also not know

which specific topics need further study and which have been mastered (a failure
of resolution) (Hacker et al., 2013; Maki et al., 2005). Thus, inability to predict
overall test accuracy and to discriminate known and unknown topics may have
dire consequences in students’ learning and achievement.

2.9 Summary

In this chapter, I have discussed the research literature on both

probability education and metacognition. In general, I have identified several
gaps in the current literature, including the lack of probability education research
conducted outside of western countries, the scarcity of research investigating the

metacognitive aspects of probability teaching and learning, the limited amount
of research on probability conceptions of in-service mathematics teachers and
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the influence of probability instruction on students’ probability misconceptions
and metacognition. These gaps raise the need to conduct this doctoral research.
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Chapter 3
Methodology
In this chapter, I discuss the various methodological aspects of this research. I
first describe the benefits of combining research methods, and discuss the

definitions and justifications of mixed-methods research and design-based

research. Then, I discuss the validity and reliability of these methods, exemplify

them in a section on research design, followed by a more detailed discussion
about research participants, data collection and data analysis. This chapter ends
with a discussion about the ethical considerations for this research.

3.1 Combining Methods in Educational Research

When investigating a complex phenomenon of interest, such as probability
conceptions and metacognition, using several different research methods may

provide broader and more comprehensive answers to the research questions
(Gorard & Taylor, 2004; Greene, 2007). Combining methods allows researchers

to investigate phenomena from multiple perspectives, providing additional
evidence and increasing the credibility of the research claims.

In this thesis, I used a combination of methodologies (i.e., mixed-methods

and design-based research approaches) to provide comprehensive answers to

the research questions discussed in Section 1.3. I used a mixed-methods
approach, collecting quantitative and qualitative data and analysing these to
obtain coherent and rigorous answers to the first two research questions. I then

used design-based research to answer the third research question, where I

designed a novel teaching approach, investigated how it can be used in a real

classroom context and compared it with a traditional, textbook-based teaching
approach to measure its effectiveness in a quasi-experimental design study.

Thus, the decision to combine mixed-methods research and design-based

research approaches in this doctoral research project was based on and aimed to
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address the research questions being posed to reach justifiable conclusions
(Gorard & Taylor, 2004; Johnson & Onwuegbuzie, 2004; National Research
Council, 2002).

3.2 Mixed-Methods Research
Mixed-methods research, also called mixed research, is a research paradigm
advocating the combination of quantitative and qualitative research approaches

in one study. It is now considered as a third research paradigm in educational
and social research, along with the two mono-method research paradigms of

quantitative and qualitative research (Cohen et al., 2018; Gorard & Taylor, 2004;

Johnson et al., 2007; Johnson & Onwuegbuzie, 2004). Although it is a relatively

young paradigm, mixed-methods research has now become popular among

educational researchers, including in the area of probability education (e.g.,

Heyvaert et al., 2017; Rubel, 2007). Several textbooks and edited books cover

mixed-methods research (e.g., Creswell & Plano Clark, 2018; Gorard & Taylor,

2004; Plowright, 2011; Tashakkori & Teddlie, 2010) and the Journal of Mixed
Methods Research was established in 2007, dedicated to publishing scholarly

works in this area. In this section, I discuss what mixed-methods research means,
followed by a discussion of the justifications for using-mixed methods research

in this doctoral research project.

3.2.1 Defining Mixed-Methods Research
Johnson and Onwuegbuzie (2004) defined mixed-methods research as “the class

of research where the researcher mixes or combines quantitative and qualitative

research techniques, methods, approaches, concepts or language into a single

study” (p. 17). However, as it has experienced a tremendous increase in

popularity among researchers, there is substantive variation in the literature
regarding what mixed-methods research is and how it should be conducted.

Johnson et al. (2007), in analysing 19 definitions of mixed-methods

research provided by leading researchers in the field, proposed five different

themes: what is mixed, when and where the mixing is carried out, why is it mixed,
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the breadth of the mixing process, and the orientation of the researchers.

Regarding what is mixed, most researchers in the study agreed that mixedmethods research combines quantitative and qualitative approaches. However,

their definitions vary across the other four themes. When defining the ‘mixing’
stage, 5 out of 19 definitions in the study indicated that the design mixing occurs

in the data collection and/or data analysis stages, while the others suggested that
it can occur in all stages of research. Some of the experts also argued that the
mixing process includes broad criteria, such as methodological worldviews and

language. Regarding why it is mixed, many of the experts mentioned that the
purpose of mixed-methods research is breadth and/or corroboration, whereas

others included the depth and richness of understanding or answers to research
questions. Finally, most definitions were classified as bottom-up orientation, with

mixed-methods research being driven by the research questions, whereas one of

them were top-down orientation, with the researchers’ orientations and goals for
conducting research are the driving force for using mixed-methods research. In

addition, Leech and Onwuegbuzie (2009) proposed three dimensions of

designing mixed-methods research: level of mixing (partially or fully mixed), time
orientation (concurrent or sequential), and emphasis dimension (equal status or
dominant status).

As there are various definitions and research designs within mixed-

methods research, Johnson and Onwuegbuzie (2004) suggested that researchers
“examine the specific contingencies and make the decision about which research

approach, or which combination of approaches, should be used in a specific
study” (p. 23). Among the various definitions of mixed methods in the current

literature, for this study I drew on Tashakkori and Creswell’s perspective, which
views mixed methods research as:

research in which the investigator collects and analyses data, integrates the
findings, and draws inferences using both qualitative and quantitative
approaches or methods in a single study or a program of inquiry (2007, p. 4).
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3.2.2 Justifications for Mixed-Methods Research
The use of mixed methods designs in this doctoral research project allowed
investigating the probability misconceptions of relatively large number of
secondary school students and in-service mathematics teachers as well as

studying their probabilistic reasoning and metacognitive judgements in depth. I
used a mixed methods sequential explanatory design (Ivankova et al., 2006),

where a quantitative phase was followed by a qualitative phase. The rationale for
choosing this design is that the quantitative data gained from questionnaire and

the subsequent analysis provided a general understanding of participants’
probability conceptions and metacognitive judgements, and also informed the

types of participants to be purposefully selected in the qualitative phase of semi-

structured interviews. Therefore, the results of qualitative phase aimed at
explaining the initial quantitative results in more detail. Connecting and

combining the results of both quantitative and qualitative phases provided
comprehensive answers to the research questions regarding probability

misconceptions and metacognitive judgements of secondary school students and
in-service mathematics teachers.

On one hand, the quantitative phase provided precise numerical data,

independence of researchers regarding research results, and allowed for

studying large numbers of participants and generalization of research findings.

On the other hand, the qualitative phase allowed researchers to study limited
number of cases in detail and describe phenomena in naturalistic settings, and

provided rich description of people’s personal understanding and experience of
phenomena (Johnson & Onwuegbuzie, 2004; Teddlie & Tashakkori, 2009). In this

doctoral research project, I combined these quantitative and qualitative strength

in several stages to provide comprehensive answers to the research questions.

In the data collection stage, the participants selected for qualitative phase (i.e.,
semi-structured interviews) were based on the results of quantitative phase (i.e.,
probability questionnaire). Furthermore, the semi-structured interviews of

qualitative phase focused on the 11 items of the probability questionnaire used
in the quantitative phase. In the analysis stage, the quantitative phase allowed for
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mapping which misconceptions were at play among large number of participants
when they responded to probability questions in the questionnaire while

qualitative phase provided detailed information regarding probabilistic
reasoning of some these participants. Accordingly, the mixed-methods research

allowed for investigating probability misconceptions of a large number of
participants and at the same time also provided the narrative and detailed

information regarding participants’ probabilistic reasoning process. Finally, in

the interpretation stage, the results of quantitative and qualitative phases were

combined to draw stronger inferences regarding probability conceptions and
metacognitive judgements of both students and teachers.

3.3 Design-Based Research

Design-based research, though a relatively new genre of research, has become

more prevalent in educational research in recent years. It has been discussed in
special issues within several prominent journals in education, including
Educational Researcher (Kelly, 2003); Journal of the Learning Sciences (Barab &

Squire, 2004; Penuel et al., 2016); and Educational Psychologist (Sandoval & Bell,
2004). Several books have also been written about design-based research, with

various intentions, such as focusing on methodological aspects (Kelly et al.,
2008), conceptualization (Akker et al., 2006) and practical applications (Bakker,

2019; McKenney & Reeves, 2012). In this section, I first identify what design-

based research entails before drawing on the validity and value of conducting
design-based research.

3.3.1 Defining Design-Based Research
Design-based research is commonly associated with the development of

innovative interventions (e.g., instructional programmes, educational materials,
or software tools) along with theoretical explanation of how these interventions
can be successfully implemented in natural settings (Bakker, 2019; Design-Based

Research Collective, 2003; Kelly et al., 2008; McKenney & Reeves, 2012; Van den
Akker et al., 2006). There is still no consensus among researchers about whether
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design-based research is a research paradigm, methodology, or methodological

framework. Design-Based Research Collective (2003) categorized design-based
research as a research paradigm that “blends empirical educational research
with the theory-driven design of learning environments” (p. 6). Other

researchers characterized design-based research as a methodology (Kelly et al.,
2008; Wang & Hannafin, 2005), methodological framework (Bakker, 2019),

research approach (Bakker & Van Eerde, 2013) or epistemological approach
(Hjalmarson & Parsons, 2021). Some other researchers even prefer to categorize

design-based research under the umbrella of combined methods research (e.g.
Gorard & Taylor, 2004).

Related terminology in the literature includes design experiments (Brown,

1992; Cobb et al., 2003), design studies (Confrey, 2006), educational design
research (McKenney & Reeves, 2012; Van den Akker et al., 2006), development

research (van den Akker, 1999), design research (Bakker, 2019; Kelly et al., 2008)

and design-based research (Bakker & Van Eerde, 2013). Some researchers prefer

to use one term rather than another for various reasons. Confrey (2006) uses the

term ‘design studies’ “in recognition of the need for programmatic and iterative
investigations over time” (p. 136). McKenney and Reeves (2012) adopt the term

‘educational design research’ because the adjective “educational” helps to
distinguish it from design research conducted in other fields, such as industrial

engineering and art (e.g., Laurel, 2014; Rodgers & Yee, 2015). Some other
researchers prefer the more popular term ‘design-based research’ (after

Hoadley, 2002) to show that it is predominantly research made possible by the
existence of new design, which is different from research-based design, where
empirical research is subservient to the creation of new design (e.g., Bakker &

Van Eerde, 2013; Barab, 2006; Design-Based Research Collective, 2003; Kali &
Hoadley, 2021; Puntambekar, 2018).

Design-based research has two aims related to classroom-based

interventions: (a) to improve classroom practice by engineering particular forms

of learning to solve specific learning problems; and (b) to develop theories or

knowledge about how to enact the innovative interventions (Cobb et al., 2003;
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Van den Akker et al., 2006). Consequently, design-based research is both
pragmatic, creating and improving designs for supporting learning, and
theoretical, developing and revising theories by studying both the learning

process and the means of supporting it (Cobb et al., 2016). On the one hand,

design-based researchers design an educational intervention or solution (e.g.,

educational materials, programmes, curricula or policies), informed or guided by

existing domain-specific theories, to solve educational problems in naturalistic

settings. On the other hand, they seek to discover an empirically-based
theoretical understanding of how these educational interventions or solutions

can be used in or adapted to various classroom settings. Specifically, this theory,
known as a local instructional theory (Gravemeijer, 1994), includes both the

design of learning activities that encourage the desired learning goals and
research about how these can support and improve learning. Gravemeijer (2004)

defined local instructional theory as “the description of, and rationale for, the
envisioned learning route as it relates to a set of instructional activities for a
specific topic” (p. 107).

3.3.2 Justifications for Design-Based Research
This doctoral research project aimed to investigate the probability conceptions
and metacognitive judgements of secondary school students and in-service
mathematics teachers, and also to study whether the simulation-based, hands-on
teaching intervention helped secondary school students reduce their probability
misconceptions and improve their metacognition. With the absence of research

on metacognitive aspects of probability teaching and learning to build on, and
also a lack of probability education research conducted outside of western

countries, particularly in Indonesia, I needed to design, test and analyse a novel
intervention to fulfil the intended aims. Therefore, design-based research was a

suitable approach to address the research aims.

Design-based research is commonly used when researchers are both

aiming to design a novel intervention which will be tested and refined in
naturalistic settings and to develop empirically grounded theory on how this
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novel intervention works and can be adapted to other contexts. The flexibility
and pragmatic nature of design-based research allowed me to use various

existing research approaches to gain insights into the designed intervention

through experimentation in naturalistic learning contexts (i.e., secondary school
mathematics classrooms). As Bakker (2019) said:

It is possible that within a design study (a design research project) you first use
a survey to do a problem or need analysis, do a case study of a teacher using your
design, and use evaluation to identify learning effects. Design researchers
typically need to learn about several research approaches, in particular survey,
case study, and experiment (p. 7).
Therefore, the second study reported in this thesis was conducted within

a design-based research approach. I first designed a novel teaching intervention

using simulation-based, hands-on teaching activities for teaching and learning
probability in a junior secondary school classroom in Indonesia. After piloting
the intervention, I conducted a quasi-experiment investigating its effectiveness

within naturalistic classroom settings and compared it with traditional,
textbook-based teaching activities (see Chapter 6). This study also responded to

the criticism of Gorard and Taylor (2004), who argued that the findings of designbased research studies are less convincing because they are conducted without

comparison or control groups. Thus, conducting the study using a design-based

research approach and testing the novel teaching intervention within a quasiexperiment design with a comparison group produced more robust and
scientifically sound findings.

Furthermore, quasi-experiment is compatible with design-based

research. Bakker (2019) suggested that it is possible to conduct a quasiexperiment study within a design-based research project to investigate the
effectiveness of designed intervention. For example, Clarke and Dede (2009)

conducted several quasi-experimental studies, within design-based research

iterations, to compare the effectiveness of designed intervention (i.e., a multiuser virtual environment conducted within various pedagogical approaches)

with a comparison teaching approach (i.e., similar pedagogy and content but
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delivered via paper-based and/or hands-on experiments).

3.4 Validity and Reliability

Methodological criteria such as validity and reliability are important

considerations for measuring the quality of research. Validity refers to the

accuracy of the research findings and conclusions, whether researchers measure
what they intend to measure (validity of measurement) and whether research
conclusions are based on an adequate analysis of data (validity of research

conclusions) (García-Pérez, 2012; Salkind, 2010). Reliability concerns whether

findings are independent of the particular researchers and whether similar

results would be obtained if the study were repeated under similar conditions
(Bryman, 2012; Miles et al., 2014). I consider validity and reliability by following

Lecompte and Goetz (1982) in distinguishing between internal and external
validity and reliability. I discuss these notions in relation to this thesis in the
following sections, outlining validity and reliability of data collection and data
analysis (see Sections 3.7and 3.8).

Internal validity, also known as credibility or authenticity in qualitative

research (Miles et al., 2014), concerns “the quality of the data collections and the

soundness of the reasoning that has led to the conclusions” (Bakker & Van Eerde,
2013, p. 444). One way to increase internal validity is data triangulation, where
conclusions are drawn from contrasting data sources, such as student work, field
notes, audio and video recording (Bakker, 2019; McKenney & Reeves, 2012).

External validity, often called generalizability or transferability (Campbell &

Stanley, 1963), refers to the extent to which the research results and conclusions

can be applied to other contexts or situations (Salkind, 2010). One way to

increase external validity is by placing the classroom events in a broader

theoretical context, framing them as instances of more encompassing

phenomena (Cobb et al., 2003; Gravemeijer & Cobb, 2006), so that it enables

people to adapt them to their local contexts. Another method for increasing
external validity is sampling for heterogeneity which requires researchers to
explicitly describe characteristics of the target categories of the study such as
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participants, settings and time frames (Leighton, 2010). This method allows
others to adjust the research findings and conclusions to their local
contingencies. As both design-based research and mixed methods research are

commonly conducted in a particular learning context or culture, generalization

can be problematic. Bakker (2019) suggested making theoretical generalization,
which means that findings are generalized to other contexts through theory, by

framing them as instances of something more general. Mook (1983) emphasized
that theoretical generalization is different from generalization of research

findings, because researchers draw theoretical conclusions or understandings
about the observed phenomena or situations, rather than simply generalizing the

research findings. The distinction between these two kinds of generalizations is
that generality of research findings is about generalizing research findings or

conclusions to other contexts or a broader group of people whereas generality of
theoretical conclusions concerns whether the theoretical conclusions is valid or

whether other researchers contribute to supporting or refuting the theory being
developed (Salkind, 2010; Schwandt, 2007).

Internal reliability refers to the consistency of responses in the

instruments (questionnaire, pre- and post-tests) and the independence of
researchers in relation to the data collection, data analysis and reasonableness of
inferences (Bakker & Van Eerde, 2013). Collecting data using audio or video

recording prevents memory bias and increases the independence of the
researcher, hence improving the internal reliability of the research (Bakker,

2019). Internal reliability can also be improved by discussing the critical

fragments or episodes with other researchers during the retrospective analysis

and arguing for different possible interpretations and conclusions, perhaps
through presenting to colleagues in seminars and at conferences, allowing

reliability checks. For study using questionnaire or test items, internal reliability
also refers to internal consistency, measuring the extent to which all items

measure the same construct of concept, which is usually measured using
Cronbach’s alpha. External reliability, also known as replicability, concerns the
extent to which the entire study can be replicated by other researchers (Seale,
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1999). Lecompte and Goetz (1982) pointed out that external reliability is a

herculean problem for qualitative researchers because it is difficult, if not

impossible, to exactly replicate studies as humans, settings and time are never
static. However, one way to improve external reliability is to report the research

clearly, providing a context-rich description of the research design and decisions
of the researchers (Mark, 2015; McKenney et al., 2006). This includes describing
the position and identity of the researchers, and explaining how the research has

been conducted and conclusions have been inferred from the data, so that it

provides sufficient information for other researchers to conduct a re-study, also
known as virtual replicability (Bakker & Van Eerde, 2013; Lecompte & Goetz,

1982). Another method to improve external reliability is known as trackability
(Gravemeijer & Cobb, 2006), where readers are able to track the learning process

of the researchers (i.e., procedures followed, success and failures, justifications
for choices made, and conceptual framework used), creating an experiential basis

for reconstruction and interpretation. This may enable the readers to
imaginatively replicate the study by following the lines of inquiry of the
researchers (Seale, 1999) and to make adjustments suitable to their own

situations or local settings for carrying out their version of the intervention (i.e.,
replication studies).

The issue of replicating published studies has recently gained much

attention in the field of mathematics education research (Schoenfeld, 2018). Cai

et al. (2018), following Polio and Gass (1997), proposed two different categories
of replication studies: exact and conceptual replications, and argued that exact

replication is rarely possible to conduct in educational research, given the
complexities of human behaviour. Star (2018) highlighted the difficulty of

distinguishing between replication studies and non-replication studies, as almost

all empirical studies, to some extent, replicate or extend previous work. He also
suggested three criteria for evaluating high-quality replication studies: why the

study topic is important, what the field can learn from the replication study, and

why the particular study needed to be replicated. Bakker (2019) highlighted that
replicability in design-based research does not mean that the study is reproduced
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in the exactly the same conditions (exact replications), but that the study is
replicated with adjustments and variation (conceptual replications).

3.5 Research Design

Yin (2003, p. 19) defined research design as “the logic that links the data to be
collected (and the conclusions to be drawn) to the initial questions of a study”.

So, in this section I will describe how the research questions presented in the

introductory chapter led to the data collection and analysis methods used in this
project.

The design of this research was layered, with two different but integrated

studies within four phases: survey studies and whole-class teaching experiments

(see Figure 3.1). The survey studies explored the current probability conceptions
and metacognitive judgements of students and teachers, whereas the teaching

experiments designed and evaluated an innovative learning environment, aiming
to help students address the probability misconceptions discovered in the

preceding survey and improve their metacognition. The data collection for this
research took place over a 9-month period from April 2019 to January 2020.

The survey studies, conducted in the first two phases, investigated the

accuracy and confidence of eighth-grade junior secondary school students and
in-service secondary school mathematics teachers when solving various
probability

problems

associated

with

four,

well-known

probabilistic

misconceptions: the representativeness heuristic, equiprobability bias, ratio bias

and the Falk phenomenon. This survey was then followed by teaching
experiments, conducted in the last two phases, to investigate whether a
simulation-based, hands-on teaching programme could help eighth-grade

secondary school students understand some of these probability concepts better,
address their probability misconceptions and improve their metacognitive

judgements. Prior to each of these studies, I conducted a pilot study with 6 eighthgrade junior secondary school students (see Figure 3.3 for the details).
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Figure 3.1
The four phases of the research

In the survey studies, I decided to give priority to the quantitative data

collection. The goal of qualitative results was to give more in-depth
understanding of the quantitative results. The mixed methods design which

emphasizes the quantitative over the qualitative is known as sequential
explanatory dominant status design QUAN → qual (Ivankova et al., 2006; Leech &

Onwuegbuzie, 2009) or follow-up explanations design (Edmonds & Kennedy,
2017) (see Figure 3.2). In the teaching experiments, I used pre-post
nonequivalent-groups quasi-experimental design (Trochim et al., 2016), where I

assigned one class of secondary school students to the experimental condition
and one to the comparison, provided pre-test, post-test and delayed post-test for
both classes, before and after the teaching intervention, and taught the

experimental class with a novel teaching approach (i.e., a simulation-based,

hands-on teaching approach) and the comparison class with a traditional

teacher-lead teaching approach (see Figure 3.3). I decided to conduct design-

based research through teaching experiments, instead of other approaches such
as clinical interviews, because I wanted to develop an understanding of how the

designed teaching intervention can be implemented in the natural classroom

conditions and how it can help students to overcome their probability

misconceptions and improve their metacognition compared with traditional
textbook-based teaching approach.
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Figure 3.2
The mixed methods design of the survey studies, adopted from Edmonds and
Kennedy (2017, p. 197)

3.6 Research Participants
Before conducting the two studies, I visited several public junior secondary
schools to obtain eighth-grade students (aged 13-14) and in-service secondary

school mathematics teachers as my participants. Details of the students and
teachers are given in Table 3.1. All students involved in the two studies were from

public junior secondary schools. The large-scale survey studies involved 160
eighth-grade students in five classes from two public junior secondary schools
and 64 in-service mathematics teachers from various junior secondary schools

(see Chapter 5 for more detail). Students from the two classes who participated
in the survey studies were also involved in the large-scale teaching experiments,
where one class was assigned as the comparison class while the other was the

experimental class (see Chapter 6 for more detail). The participants of both
survey and teaching experiment studies were recruited in consideration of the

external validity of the studies. Secondary school students and in-service

mathematics teachers were recruited in these studies partly to make meaningful

comparison with some of the previous research on students’ probability
misconceptions (e.g., Abrahamson, 2009; Batanero et al., 2014; Chernoff, 2012;

Gómez-Torres et al., 2018; Kustos & Zelkowski, 2013; Rubel, 2007). I also
provided a description of the participants in both studies to ensure that others

who wish to replicate the study can make adjustment to their local contingencies,

thereby strengthening the external reliability.
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Table 3.1
Details of participants
Research
Stage

Pilot
Questionnaire
Pilot
Teaching
Intervention

Large-Scale
Exploratory
Survey

Large-Scale
Teaching
Experiments****
Notes:
*

**

***

Participant School
Students

Students

Students

Type

Class*

Public

1***

A

Public

2

B

Public

A

A

Teachers

Various

Students

A

Public

Public

Private
Public

6**

Gender
Male Female

N

2

4

6

1

15

19

34

3

12

21

33

4
5
-

2

3

2

12
13
17

4

20
18

13

6

32

31
30

19

40

59

13

21

34

3

13

2

20

5

33

Class number shows the name of parallel classes for eighth-grade where the
studies were conducted. In Indonesia, it is common for schools to have
several parallel classes in each grade level. In 2019/2020 academic year, for
example, public junior secondary schools in Indonesia had about 8 parallel
classes in each grade (Kementerian Pendidikan dan Kebudayaan, 2020).
Students in Class 6 were from different classes apart from the three classes
participating in the large-scale exploratory survey.

Students participating in the pilot teaching experiment also participated in
large-scale exploratory survey.

**** The two classes participating in the large-scale teaching experiments also
participated in the large-scale exploratory survey.
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Figure 3.3
Research design
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3.7 Data Collection Methods
In this section, I discuss the instruments used for data collection, potential

threats to the quality of data collected and the steps taken to address these

threats. As I conducted two different studies in this research, I discuss the
research instruments for each of these studies separately.

3.7.1 Instruments for the Large-Scale Survey Studies
There were two instruments used for data collection in the large-scale survey
studies: a probability questionnaire and an interview protocol. I discuss each of

them in the following sections.

3.7.1.1 The Probability Questionnaire
The probability questionnaire consisted of 11 multiple-choice probability

questions, adapted from the research literature, and was designed as a three-tier

test. The probability questionnaire was designed to investigate four well-known

probability misconceptions, namely: representativeness heuristic (recency

effects, random-similarity, base-rate fallacy, and effect of sample size), ratio bias,

equiprobability bias, and the Falk phenomenon (see Chapter 2). The questions
used in the probability questionnaire were based on tests from previous research
for measuring people’ probability misconceptions, which increased the internal
validity of the instrument.

Although there are already several instruments in the literature

developed for measuring people’s probabilistic reasoning, such as Probabilistic

Reasoning Scale (Primi et al., 2017) and Probability Questionnaire (Gomez-

Torres et al., 2016), they are not suitable for students participated in my studies.

These instruments included topics which are not learned by students in the
junior

secondary

schools,

items

investigating the

including

disjunctive

probability,

binomial

distribution, and conjunct probability, and none of these instruments included
Falk phenomenon.

However,

my probability

questionnaire shared many similar items with these instruments.

I used forward and backward translation procedures (De Groot et al.,
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1994) when translating the questionnaire from English to Indonesian (see
Section 5.1.1 for further detail about the questionnaire). The use of forward-

backward translations, involving native Indonesian (bilingual speaker) and

English native speaker who are both researchers in mathematics education,

validated the translation of the questionnaire from English to Indonesian
(linguistic validation). The forward-backward translations of the questionnaire
was planned to be done several times until reaching a satisfactory result. This

method ensured the quality of the translation as it assured congruency between
the words of the questionnaire in the English version and their true meaning in
the Indonesian version. Ensuring the valid translation quality of the

questionnaire contributed to reduce sampling error, increase responses rate of
the questionnaire, and increase the generalizability of the findings (Kalfoss,
2019).

In addition, the questionnaire was piloted with six secondary school

students before it was disseminated to the participants (see Chapter 4). One of
the threats to validity of the questionnaire is when participants had difficulty to

understand the questions, which lead them to provide responses to the
misunderstanding of the questions, resulting the questionnaire is not measuring
what it is intended to measure. Therefore, the pilot study is important to ensure

that participants understood the questions correctly without finding words

ambiguous or unfamiliar and were capable of providing answers. The pilot study
then contributed to increase the internal validity of the questionnaire. The

wording of the questionnaire should also avoid double-barrelled questions,
where participants were asked to answer two different issues or topics within

one question, and leading questions which prompt the participants to provide
particular kind of responses (Denscombe, 2014). Piloting the questionnaire

helped to get feedback from the students to check the wording of the questions,
ensuring that the questionnaire did not include double-barrelled or leading

questions, thereby producing accurate questions. Thus, piloting also increased
the internal reliability of the questionnaire (Brace, 2008).

The probability questionnaire was designed to include a collection of
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items that assessed well the four typical misconceptions of probability. Because
these misconceptions are not necessarily all present at the same time, and
sometimes when one decreases another one increases (Morsanyi et al., 2013), I

did not expect the overall scale to be unidimensional or have a very high internal

consistency in a psychometric sense. The aim of the questionnaire was to
measure constructs that make sense theoretically.

3.7.1.2 The Interview Protocols

In the second phase of data collection for the survey studies, I used one-to-one

semi-structured task-based interviews with selected participants, including both

students and teachers. Prior to conducting the interviews, I prepared the
interview protocol (see Appendix B) consisting of questions taken from the

questionnaire and follow-up prompts, but with flexibility regarding when and

how the questions were asked, and the participants’ responses were also openended (Denscombe, 2014). Participants were selected for the interviews based

on their responses to the probability questionnaire to ensure that the interviews
covered various different responses and justifications of the participants. The

interviews were conducted face-to-face with each selected participant, allowing

them to accurately show their probabilistic thinking when dealing with the

probability questions in the questionnaire. Comparing and contrasting
participants’ responses and justifications in the questionnaire with their

responses and explanations in the interviews, known as data triangulation
(Cohen et al., 2018), increased the strength of the inference drawn from the data,
which increased the internal validity of the study. Using the interview protocols,

and questions from the questionnaire, as well as explicating the selection of the

interviewees, allowed others to replicate the studies by employing similar

methods and comparing the results, thereby strengthening the replicability of the
studies.

3.7.2 Instruments for the Large-Scale Teaching Experiments
There were several instruments used for data collection in the teaching
intervention studies, which were used in the experimental and comparison
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classes. I discuss each of them in the following sections.

3.7.2.1 Instructional Sequence for the Experimental Class
To encourage students to develop better probabilistic understanding and
address some of the probability misconceptions, I designed an instructional
sequence that emphasized hands-on simulations (see Chapter 2). The main idea

underlying this instructional sequence was to provide opportunities for students
in the experimental class to carry out probabilistic simulations physically and

explore the sample space of an event. The instructional sequence consisted of five

activities, as summarized in Table 3.2. This instructional sequence was

accompanied by student worksheets that can be found in Appendix C.
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Table 3.2
Overview of the instructional activities for the experimental class
Activity
Mixing
Orange
Drinks

Coin
Tossing

River
Crossing
Game

Flipping
Out
Marble
Game

Goals/Objectives

Misconceptions
Targeted

• Analyse proportional relationships and
use them to solve real-world and
mathematical problems.
• Develop students’ reasoning about
None
comparing ratios.
• Understand part-part comparisons and
part-whole comparisons in comparing
ratios
• Use probabilities to predict what will
happen over the long run
• Understand the concept of equally likely
• Collect data from experiment or
Negative and positive
simulation (experimental probability)
recency effects
• Introduce some probability words such
as event, outcome, and relative frequency
• Explore the connection between
experimental and theoretical
probabilities
• Understand the concepts of possible and
impossible events
• Understand the concept of unequal
likelihood
Equiprobability
bias
• Explore the sample space of compound
events
• Understand that randomness does not
imply uniformity
• Understand the notion of fairness
Representativeness
• Introduce the use of tree diagram for
heuristic
determining sample space
• Apply part-part and part-whole
Ratio bias
comparisons when comparing
probabilities
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Activity 1: Mixing orange drinks 7

Introducing the activity

This activity is intended to develop students’ reasoning about comparing ratios

and their understanding of part-part and part-whole comparisons. These are

very important concepts for students to understand when learning probability
concepts, particularly for comparing probabilities (see Section 2.6). The activity
starts with a discussion about students’ experience of mixing juice. The teacher

shows them a picture of orange juice and soda commonly used in Indonesia, such
as Sunquick Orange and Sprite Soda, to help students familiarise themselves

with the context. The teacher also shows them a video of how to make a fizzy
orange drink by mixing orange juice with soda. Some possible questions to be
discussed with students are:

• Have you ever made a fizzy orange drink from mixing orange juice and
soda?
• What do you do if the drink tastes too orangey?
• What do you do if the drink tastes too weak?

Following this discussion, the teacher presents the task to the students

and reads out the question. Before working in a group, students are given about

10 minutes to think about the task individually. This time is for each student to
think about their ideas and strategies to solve the task before working in a group.

Group work: discussing students’ ideas and strategies within their groups

The teacher asks the students to work in a group of 3 or 4 people. Students then
work collaboratively within their groups to solve the task and create a poster that
shows their answers and strategies. The teacher asks the students to make sure
they answer the following questions in their poster:
• How did you compare the mixtures?

• Which mix will make the most (least) orangey drink?

7

This task is adapted from the Mathematics Assessment Project (2015).
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• What strategies do you use to determine which mix is the most (least)
orangey?

During this activity, the teacher makes a note about the students’ approach to the
task, particularly the similarities and differences among the approaches.

After working with the task in their groups, the students place their

posters on the wall and then have “a gallery walk”, where students walk around

the classroom to explain each other’s posters, think about their strategies and

solutions to the task, and ask each other questions. The teacher explains the

following rules to the students:

• One person for each group stays next to their poster to explain their
solutions and strategies to the visitors. Students within the group take turn
to do this so that everyone has a chance to visit the posters from other
groups.
• The other people in each group visit the different groups, look carefully at
their work and ask one question about their solutions.

Whole-class discussion

After the gallery walk, the teacher then conducts a whole-class discussion. The

purpose of this whole-class discussion is to discuss various strategies and
solutions that come up from the group work. During this activity, the teacher
should not give the correct answer to the students. The teacher may ask the
following questions during this activity:

• Does any group notice the similarities between their strategies/solution
and other groups’? Can you explain to the class what the similarities are?
• Does any group notice any differences between their strategies/solution
and other groups’? Can you explain to the class what the differences are?

• Did you change your answer? Why or why not?

• Which strategy/approach do you like best? Why?

• Does anyone find a strategy/solution that was difficult to understand? Can
you explain that to us?

• Which mix will make a drink that is the most “orangey”? Which mix will
make a drink that is the least “orangey”?
• How do you order the mixtures? What strategies do you use?
73

Questions for further discussion
If there is still time available, the teacher encourages students to engage in
further discussion by posing the questions below:

1. Candra thinks that Mix A and Mix B are the same.
Candra says:

They are both the most ‘orangey’ since the difference
between the number of cups of soda and the number of
cups of orange juice is 1

Is Candra’s thinking correct or not? Why might he think that? Explain your
reasoning.

2. Fitri thinks that Mix A and B are different.
Fitri claims:

In the mix A,

3
4

of the whole mixture is orange juice,

whereas in the mix B
different.

2
3

is orange juice, so they taste

What do you think about Fitri’s reasoning? Is she right or wrong? Why?

3. Rini and Fajar used fractions to express their reasoning.
•
•

Rini: 5/7 of Mix C is orange juice

Fajar: 5/12 of Mix C is orange juice

Do you agree with either of them? Explain your reasoning.
Activity 2: Coin flipping 8

Introducing the activity

This activity is intended to encourage students to explore the sample space of a

probabilistic event through the hands-on simulation activity of tossing a coin.

8 This

task is adapted from Lappan et al. (2005).
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Students are also asked to make predictions and compare these with the actual

outcomes from the simulation. This helps them to see the connection between
experimental and theoretical probabilities, as well as the concept of ‘equally

likely’.

The activity starts with a discussion about students’ experience of coin

flipping. The teacher proposes some questions to encourage students’ discussion,
such as ‘Have you ever used coin tossing for making a decision about something
in your daily life? Can you tell us your experience about it?’ Following this

discussion, teacher distributes the worksheet to the students and reads out the

first question. Similar to activity 1, students are given about 10 minutes to think
individually about the first question on the worksheet, before working in a group.

Group work: discussing students’ ideas and strategies within their groups

The teacher asks students to work in a group of 2 people. Students then work
collaboratively to solve the task and complete the worksheet that shows their
answer and strategies. As students put their work onto the prepared worksheet,
there is no gallery walk in this activity.
Whole-class discussion

After working on all the questions on the worksheet, the teacher then conducts a

whole-class discussion to discuss questions 5, 6 and 7 with the students. During

this activity, the teacher should not give the correct answer to the students. Some
possible questions for discussion are:
•

Do you notice any pattern in the number of heads and tails in question 5?

• If we continue to toss the coin 100 times, what will happen to the number
of heads and tails?
• The theoretical probability of tossing a coin is 1/2. Do you see any
connection between this theoretical probability and the experiment or
simulation that you have done?
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Activity 3: Flipping Out 9
Introducing the activity

This activity is intended to encourage students to understand the notion of
fairness and the use of tree diagrams for determining a sample space for tossing

two coins. It is also expected that the activity helps students to address their
representativeness heuristic associated with coin flips.

The teacher reminds students that this activity is similar to the previous

activity in which they tossed a coin. However, in this activity, students toss two
coins instead of one. The teacher may have a short discussion about the context
of tossing two coins by asking students some questions such as ‘Have you ever

played a game by tossing two coins? Can you tell us your experience about it? If
you toss two coins, what do you think are the possible results?’ Following this

discussion, the teacher distributes the worksheet to the students and explains
the rules of the game. Similar to activity 2, students are encouraged to try tossing

the two coins and are given time to think about their ideas and strategies to solve
the question before working in a group.

Group work: discussing students’ ideas and strategies within their groups
The teacher asks students to work in a group of 2 people. One of them is player 1

and the other is player 2. Students work collaboratively within their groups to
play the game and complete the worksheet that shows their answers and
strategies.

Whole-class discussion
After finishing the problems, the teacher conducts a whole-class discussion about
the results of the game and the patterns that students find in their data. During

this activity, the teacher should not give the correct answer to the students. Some

possible questions for discussion are:
•

9 This

What are all the possible outcomes when tossing 2 coins?

task is adapted from Degner (2015).
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•
•
•

Is the game fair? Why?

What are all the possible outcomes when tossing 3 coins?

For the game of tossing 3 coins, what rules would give both players an
equal chance to win the game?

Activity 4: River-Crossing Game 10
Introducing the activity

This activity is intended to encourage students to understand several probability
concepts, including possible and impossible events, unequally likely, and the
probability of a compound event by exploring the sample space for throwing two

dice. It is also intended to help students address equiprobability bias, as they

begin to understand that randomness does not always imply uniformity.

The activity consists of two parts. In part one, two ordinary dice –

numbered from 1 to 6 – are used and students are asked to distribute 12 counters

on the playing board. In part two, adopted from Nilsson (2007), four different
dice set-ups are used, as outline below:

1. the yellow setting - the faces are marked with 1 and 2 dots, distributed as
(111 222) and (111 222).

2. the red setting - two different dice are used, distributed as (222 444) and
(333 555).
3. the blue setting - similar to the yellow setting, but the dice now have four
sides marked with 1 and two sides marked with 2; that is, (1111 22) and
(1111 22).

4. the white setting - these dice were a mix of the red and the blue settings.
The dice were distributed as (2222 44) and (3333 55).

The activity starts with a discussion about the students’ experiences

playing with dice. The teacher proposes some questions to encourage students’
discussion, such as ‘Have you ever played a game using two dice? Could you share

your experience about it with us?’ Following this discussion, the teacher
distributes the worksheet to the students and reads out the first question. Similar
10 This

task is adapted from Shaughnessy and Arcidiacono (1993).
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to the activity 3, students are given about 10 minutes to think individually about

the first question on the worksheet. Students can also try to roll the pair of dice

hands-on. This gives time for each student to think about their ideas and
strategies to solve the question before working in a group.

Group work: discussing students’ ideas and strategies within their group
The teacher asks the students to work in a group of 4 people, forming 2 teams of

2 people each. The students then work collaboratively within their groups to play

the game and complete the worksheet that shows their answer and strategies.
Whole-class discussion

After finishing the problems, the teacher conducts a whole-class discussion to

discuss the results of the game and the patterns that the students find in their
data. During this activity, the teacher should not give the correct answer to the
students. Some possible questions for discussion are:
•
•
•

Which labels (1 to 12) are the most likely to win? Why?
Which labels (1 to 12) are the least likely to win? Why?

What is the best arrangement for the 12 counters to win the game?

Activity 5: Marble game
Introducing the activity

This activity is intended to encourage students to apply proportional reasoning
in solving probability comparison problems. It is also expected that the activity

helps students to address their ratio bias, when dealing with both equal-ratio and
unequal-ratio problems. The activity consists of two parts in which students are

asked to compare two boxes containing black and while marbles. In part one,
students compare two boxes that have equivalent probabilities (equal-ratio

problem), while in part two, they compare two boxes that have different
probabilities (unequal-ratio problem).

The activity starts with a discussion about students’ experiences of

playing with marbles. As in the previous activities, the teacher proposes some
questions to encourage students’ discussion, such as ‘Have you ever played
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games using marbles? Can you tell us your experience of it?’ Following this
discussion, the teacher explains that the game is about finding the box that has

the higher chance of drawing a white marble, and distributes the worksheet to

the students. The students are also given about 10 minutes to try drawing a

marble without looking from the bag and think individually about the first
question on the worksheet.

Group work: discussing students’ ideas and strategies within their groups
The teacher asks students to work in a group of 4 people. The students then work

collaboratively within their groups to play the game and complete the worksheet

showing their answer and strategies. As the students write on the prepared
worksheet, there is no gallery walk in this activity.
Whole-class discussion

After finishing the task, the teacher conducts a whole-class discussion to discuss
the results of the game and the patterns that the students find in their data.
During this activity, the teacher should not give the correct answer to the
students. Some possible questions for discussion are:
•
•
•
•

Compare the number of white marbles that you observed from the
experiment with the number that you predicted. Is it different? Why?
What do you think about Andy’s opinion?

What do you think about Sherly’s opinion?

If you try the experiment by drawing a marble with replacement 100
times in each box, how many times do you expect to get a white marble?
Why?

3.7.2.2 Instructional Activities for the Comparison Class
Students in the comparison class were taught using their own regular

mathematics textbook (Kementerian Pendidikan dan Kebudayaan, 2014). As the
teacher, I followed the probability topics shown in the textbook, which was

mostly similar to the topics presented to the experimental class, and explained
them to the students. The probability topics covered in this mathematics
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textbook included theoretical and experimental probabilities, finding sample

space using tree diagrams and tables, and compound events (See Section 6.1.1
for further details). In order to mitigate possible confounding variables, I took the

role as the teacher in both experimental and comparison classes to ensure that

the experience and quality of the teacher were the same in both classes.
Furthermore, I also attempted to replicate the teaching approach used by the

mathematics teacher of the comparison class by observing her teaching
mathematics in the classroom, discussing her teaching approach before

conducting the teaching experiments, and using students’ regular mathematics

textbook (see Chapter 6). This method contributed to strengthen the internal
validity of the study by reducing the confounding variables of the teachers, where

I taught both classes during the teaching intervention and tried to replicate the
teaching approach of the mathematics teacher.

3.7.2.3 Pre-, Post-, and Delayed Post-Tests
The probability questionnaire used in the survey studies was also used in the
teaching experiments to measure probability conceptions and metacognitive
judgements of students in both the experimental and comparison classes before
and after the teaching intervention. Both quantitative and qualitative data were
collected in the pre-, post-, and delayed post-tests. The use of pre-test in this

study allowed me to check the equivalence of the two classes before participating
in the teaching intervention. The fact that the scores from the two classes were

not significantly different in the pre-test suggested that they had equal
probability understanding before the teaching intervention, thereby reducing
the possibility of selection bias (Ary et al., 2014). Moreover, because both the

experimental and comparison classes had the same pre-, post-, and delayed posttests, and the teaching interventions were conducted for the same amount of

time in both classes, other threats to internal validity such as history and
maturation can be minimised (Ary et al., 2014; Campbell & Stanley, 1963).

However, there are still risks for these threats. For example, the pre-test only
captures certain things, and the classes are likely to have had other differences
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unrelated to their different histories and experiences.

3.8 Data Analysis

In this section, I discuss the approaches to data analysis used in chapters 5 and 6.
Again, as I conducted two different studies in this research, I discuss the data
analysis for each of these studies separately.

3.8.1 Data Analysis for the Survey Studies
When analysing the results of the survey studies, I used a mixed quantitative and

qualitative approach. First, I captured the pattern of participants’ responses to

the probability questionnaire using descriptive statistics and graphs. Next, I
analysed and compared students’ and teachers’ written justifications to try to
understand their probabilistic reasoning. This was followed by a comparison

between participants’ written justifications in the questionnaire and their
explanation during the interviews, which aimed to add explanatory detail

regarding students’ and teachers’ probabilistic reasoning. I then calculated

calibration and resolution (see Section 5.6) to measure and describe participants’
metacognitive judgements when responding to the probability questionnaire.
The probability conceptions and metacognitive judgements of both students and
teachers revealed in the analysis were then discussed together to give

comprehensive answers to the research questions. Following the typology of

Leech and Onwuegbuzie (2009), I framed the data analysis as partially mixed,
sequential, and quantitative dominant mixed methods design.

The ‘mixing’ and integration of quantitative and qualitative data occurred

in the data collection and data analysis phases (Creswell & Plano Clark, 2018). In

the data collection, integration involved connecting the results from the

probability questionnaire, which included written justifications, to help plan the
follow-up interviews. This plan included selecting questions from the

questionnaire to be asked during the interviews and choosing participants to be
interviewed to gain further details regarding their probabilistic reasoning. In the
data analysis, integration occurred by connecting the results of descriptive and
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inferential statistical analysis to the results of analysing participants’ written
justifications. The results of these integrations were then used to draw robust

conclusions regarding students’ and teachers’ probability misconceptions and
reasoning. Integration of quantitative and qualitative data collection and analysis

in this study increased the accuracy and authenticity of the findings, as well as

reduced the potential for confirmation bias, thereby strengthening the internal

validity. However, the integration between data collected from the questionnaire
and data collected from the interviews was not conducted in the data analysis
because of the time constraints.

3.8.2 Data Analysis for the Teaching Experiments
In the teaching experiments, I also utilized several data sources in the analysis. I
first compared the results of both quantitative and qualitative analyses of

students’ responses and confidence scores in the three tests. I used both
frequentist and Bayesian statistics to analyse the quantitative data regarding
students’ probability conceptions and confidence judgements before and after

the teaching intervention. As frequentist analysis has been extensively critiqued
in the literature (e.g., Amrhein et al., 2019; Cohen, 1994; Wagenmakers, 2007),

Bayes factors of Bayesian analysis can complement the frequentist p-values by

providing a useful additional information for hypothesis testing (Burton et al.,

1998; Dienes & Mclatchie, 2018; Van Den Bergh et al., 2020; Wagenmakers et al.,

2018). Bayesian analysis can support the result of frequentist analysis in which
it incorporates prior knowledge and quantifies relative evidence that data

provide for both null and alternative hypotheses, which can be monitored as the

data accumulate (Masson, 2011; Wagenmakers et al., 2018). However, as for

other statistical methods, Bayesian analysis also comes with some limitations,
including Bayesian analysis can indicate evidence for small and practically
meaningless effects (See Wagenmakers et al., 2018 for detailed discussion of this
issue). Therefore, using both frequentist and Bayesian analyses, instead of either

alone, provide the advantages of both methods. The popularity of frequentist pvalues within educational and psychological research allowed me to compare the
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results of my studies with previous studies in the literature while the Bayesian
analysis increased the robustness of the frequentist findings.

I also analysed students’ written work using the probabilistic thinking

framework developed by Jones et al. (1997) to interpret their probabilistic

reasoning during the teaching intervention. Finally, I analysed students’

confidence judgements before and after the teaching intervention using both
calibration and resolution metrics to investigate their metacognitive aspects
during probability instruction.

I compared the experimental and comparison classes in terms of students’

accuracy and confidence using both frequentist and Bayesian quantitative
analyses. This showed whether the two classes of students made significant
progress in overcoming their probability misconceptions and improving their

metacognitive judgements. These results were then cross-referenced with
results from analysing students’ written justifications to investigate whether

students correctly justified their correct responses in the multiple-choice
questions. The improvement of students’ probability conceptions shown in the

quantitative analyses were also supplemented with qualitative analyses of
students’ written justifications using the probabilistic thinking framework

proposed by Jones et al. (1997) to provide more details of students’ probabilistic
reasoning before and after the teaching intervention. Combination of these
methods in analysing the data helped with the interpretation of the findings,

where the qualitative results of analysing students’ written justifications
provided further insights and explanation of the statistical results. Combining

these different methods provided a deeper understanding of students’
probabilistic reasoning process, before and after the teaching intervention, that
would not have been possible with only one of the methods, thereby
strengthened the internal validity of the studies.

3.9 Ethical Considerations

This research was conducted in compliance with the Loughborough University

Ethical Policy Framework. For the data collected from teachers, ethics approval
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was obtained from the Ethical Clearance Checklist submitted to the
Loughborough University (Human Participants) Sub-Committee on February 22,

2019. It was submitted in accordance with the Generical Protocol established by
the Mathematics Education Centre (Ref: G09-P1). However, for the data collected

from secondary school students, who are categorized as vulnerable groups,
ethical approval was obtained via the Loughborough University (Human
Participants) Sub-Committee (Ref No: R19-P026) and granted on March 28, 2019.

In addition to ethical approval from Loughborough university, I also obtained a
letter of permission from the participating schools and the local government

prior to data collection. Consent forms and information sheets were provided to
participating students, their parents, and teachers before collecting any data.
Participants were also reassured that their responses would not affect their
grades and that they were free to withdraw from the study at any time without
giving a reason.

Education and social science researchers, as they are mostly dealing with

humans, are likely to face ethical problems and dilemmas, including matters of

privacy, anonymity and confidentiality (Cohen et al., 2018). I ensured

participants’ privacy, anonymity and confidentiality, such as regarding their
personal information, by making their personal data anonymous when any

research findings were reported, and all data was stored in compliance with the

provisions of the Data Protection Act (1998), including its replacement General
Data Protection Regulation. At all times, I complied with the schools’ child

protection policies and ensured that when conducting the interviews there was
always a teacher available nearby. All audio and video data were de-identified

(anonymised) and stored on a secure password-protected computer, and hard
files such as interview notes and participants’ work were kept securely in a

locked filing cabinet that could only be accessed by me. The anonymised data are
deposited at figshare.com for future use with access restrictions in which it will

only be used for research purposes. Participants were informed about these data

sharing and future use of data policies in the information sheet. I asked their
permission regarding this data sharing in the consent form. Any third-party users
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of the data have to agree with a data sharing agreement so that the same
assurances are given for the protection of data (see BERA, 2018).

A possible ethical problem that might arise in this research is that

participants might feel embarrassed or uncomfortable about making mistakes
when solving the probability problems. To mitigate this issue, I explained to the
participants that it is OK to make mistakes and they do not have to worry about

the results, as they will not affect their grades. There is also a possibility in

Indonesia that probability could be viewed negatively, as it is closely related to
gambling. I informed the participants, parents and teachers that this research

avoids any suggestions of gambling in the scenarios or discussions with students,
and I ensured that this was the case in all of the survey items and teaching
materials used.
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Chapter 4
Pilot Study
In this chapter, I describe the first phase of my research project, which is the pilot
study. According to McKenney and Reeves (2012, p. 145), a pilot study “refers to

any field testing of the intervention in settings that approximate, but do not

completely represent, the target context”. This pilot study aimed to test and

improve the research instruments (probability questionnaire and teaching

materials), investigate the time needed to complete the questionnaire, establish
the viability of the teaching intervention, and tentatively identify current

Indonesian junior secondary school students’ understandings of probability
concepts.

For these purposes, I carried out the two pilot studies with 12 (6 for each

study) eighth-grade students (aged 13-14) in a public junior secondary school in

a major city in Indonesia. The same school – although the students were different

– was subsequently used for the survey and teaching intervention studies. Ethical
approvals for both pilot studies were obtained from Loughborough University’s

Ethics Approvals (Human Participants) Sub-Committee (see Section 3.6).

Permission was also granted from the local government (i.e., District Office of
Education) and head teacher, and informed consent was obtained both from the
students and from their parents.

In this chapter I first discuss the first pilot study in which I trialled the

probability questionnaire with six students. I then describe the second pilot
study in which I tested the teaching materials with another six students. Finally,
I conclude this chapter by summarising the results of the two pilot studies and
the changes made to the research instruments for the main study.
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4.1 Pilot Study of Probability Questionnaire
In phase 1, I designed and tested an 11 multiple-choice-item probability

questionnaire in a small-scale pilot study involving 6 eighth-grade students (see

Table 3.1 about research participants) in a school in Indonesia. This pilot study
was intended to determine whether students interpreted the questions correctly,
to ensure that the questions were clearly articulated without ambiguous words

or unfamiliar terminologies, and to measure how much time was needed for

students to complete the questionnaire. As the questionnaire was translated

from English to Indonesian, this pilot study also aimed to validate the translation,
discover whether students found any of the items confusing or encountered

difficult words or phrases. Students and their parents were provided with
information sheets regarding the pilot study and completed a child assent form

and parental informed consent form respectively, showing their agreement and
willingness to take part in the pilot study (see the discussion of ethics in Section
3.6).

4.1.1 Participants
In this first pilot study, conducted between April and May 2019, I tested the
probability questionnaire with 6 (2 males and 4 females) eighth-grade junior

secondary school students (see Table 3.1. for more details). Although the school
was accredited A 11 (very good) by the National Accreditation Agency for Schools,
students participating in this pilot study were considered to be at a lower

academic level than the national average 12. I chose this school for convenience,

11 In

2019, there were 13,224 junior secondary school students in Indonesia, and
only 29.31% of them were accredited A (Badan Akreditasi Nasional
Sekolah/Madrasah, 2019).
12 According to the results of National Examination conducted in the academic
year of 2018/2019, the province of South Sulawesi, where this pilot study took
place, was ranked 19 out of 34 provinces, and its score was lower than the
national average (Kementerian Pendidikan dan Kebudayaan, 2019).
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as I lived nearby. I selected middle-to-high-attaining students13 to participate in

this pilot study because I wanted to obtain information from students who I

would expect to be able to engage with most of the items in the questionnaire.
The pilot study also involved a very small sample of students, and I wanted to

avoid including students who might be unmotivated about answering probability
questions. The items were based on prior research, so it was expected that they
would be likely to perform adequately, and therefore piloting with a larger
sample of students did not feel necessary.

4.1.2 Procedures

This pilot study of the probability questionnaire took place in a quiet study area

in the school during the students’ normal mathematics lessons. Before

completing the questionnaire, I gave a short introduction and explanation to the
students regarding the nature of the study and the procedure to complete the
questionnaire (see Appendix D). This questionnaire, presented on paper,
required students to provide answers to multiple-choice questions, and give
written justifications and confidence ratings. Although the students were given

as much time as they needed, it took them about 45 minutes to complete the

questionnaire. Data collected from this pilot study were the students’ responses,
written justifications and confidence scores.

4.1.3 Summary of the Results of Piloting the Probability
Questionnaire
In this section, I summarise the results of piloting the probability questionnaire
to six secondary school students. I first discuss the responses of the students,
followed by a discussion about the metacognitive judgements of the students.

Although the school was considered below national average in the National
Examination, there were low, middle, and high attaining students in each parallel
class across the grades. These categorisations were based on students’
attainment in each semester, as reported by the teachers.
13
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4.1.3.1 Students’ Responses to the Probability Questionnaire
Figure 4.1 presents the frequencies of correct, intended-misconception and
other-incorrect responses of the six students when responding to the 10

multiple-choice items of the probability questionnaire. For only two of the items,

item 5 about the representativeness heuristic and item 10 about the ratio bias,

did none of the students show the intended misconceptions. In these cases, the

students either responded correctly or selected the incorrect options that did not
correspond to the expected misconceptions. Students who selected incorrect

responses in the case of item 10 indicated that they relied on the equiprobability
bias. Moreover, none of the items was responded to correctly by all the six
students. This indicated that the items in the probability questionnaire generally
worked as intended in revealing students’ probability misconceptions.

Figure 4.1
Frequencies of correct, misconception and other incorrect responses of the six
students in the pilot study of probability questionnaire
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4.1.3.2 Students’ Resolution and Calibration
The scatterplot (Figure 4.2) shows the relationship between percentage accuracy

and percentage confidence for each item across all six students participating in
the pilot study, with items categorized according to the class of misconceptions.
The confidence scores of the students were high across all items, indicating that

they were overconfident with their responses to the probability questionnaire.

The graph also shows that students had poor resolution, with higher confidence
scores (above 50% confident) given for both correct and incorrect responses.
Consequently, students generally did not distinguish between items which they

should have rated as low or high confidence. This indicates an inability to
discriminate between easier and more difficult items of the questionnaire.

Figure 4.2
Scatterplot showing percentage confidence against percentage accuracy for each
item, with items categorized according to class of misconception, for the pilot study

4.1.4 Changes Made to the Questionnaire and the Reasons
In this section, I discuss several changes to the questionnaire, following the
results of the pilot study. I also explain the reasons and justifications of these
changes.
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4.1.4.1 Item 2 and Item 10
In items 2 and 10, I included pictures representing the numerical information

given in the problems, and these were intended to help students understand the

problems (see Appendix D). However, after analysing students’ responses in the
pilot study, I decided to remove these pictures for the main survey studies,
because students seemed to be distracted or influenced inappropriately by them
when responding to both items.

In item 2, one of the students responded that the most likely colour of

marble to draw next from the bag was blue because blue marbles are piled at the

bottom of the bag, as represented in the picture. Her written justification, as
shown in Figure 4.3, was based on the representation of the blue and green
marbles in the picture.

In item 10, none of the students had correct justifications for their correct

responses. One of them reasoned that it is easier to get the intended marble (i.e.,

the red marble) in Box A because the marbles tend to spread out, as represented

in the picture. Her written justification was also based on the representation of
the problem shown in the picture (see Figure 4.4).

Figure 4.3
Student’s written justification for her responses in item 2 of piloting the
questionnaire

Translation:
Explain your reasoning:

Because more green marbles have been taken, and blue marbles are piled at
the bottom.
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Figure 4.4
Student’s written justification for her responses in item 10 of piloting the
questionnaire

Translation:
Explain your reasoning:

Because marbles in the bowl will be easier to spread out if the number is small
and will be easier to get the marble.
Several recent research studies have suggested that pictorial

representations are not always helpful for students when solving mathematical
problems (e.g., Berends & van Lieshout, 2009; Dewolf et al., 2017; van Lieshout

& Xenidou-Dervou, 2018). Pictorial mathematics problems can be detrimental to
students by imposing additional cognitive load (Berends & van Lieshout, 2009;

van Lieshout & Xenidou-Dervou, 2018), because students must divide their

attention between several types of information shown in the problems, such as
pictures and written words (Leikin et al., 2013). In this case, it seems that,

unintended features of the drawings were actively misleading some students, so
it was judged prudent to remove the pictures altogether.

4.1.4.2 Retaining Items 5 and 10

Although none of the students in the pilot study selected misconception
responses for item 5, about insensitivity to sample size, and item 10, about ratio

bias (unequal ratio problem), I decided to keep these items in the probability
questionnaire for the main survey studies. This was because, for the main survey

studies, I wanted to investigate the four common probabilistic misconceptions
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with Indonesian secondary school students and in-service mathematics teachers,

and two of these misconceptions were representativeness heuristic and ratio
bias. Accordingly, I kept item 5, about insensitivity to sample size, because it was

part of the representativeness heuristic and also item 10, showing an unequal
ratio problem, because it was part of ratio bias. Furthermore, some students who
selected incorrect responses in these two items also indicated that they relied on
other misconceptions, such as the equiprobability bias. Thus, the two items might

give access to other probabilistic misconceptions besides the representativeness
heuristic and ratio bias.

4.1.4.3 Item 6

Item 6 presented a coin tossing problem intended to measure students’
equiprobability bias (see Appendix D). However, the verbal information shown

in the item, where a coin is flipped four times, might create confusion among
students, as it can be understood as the order when a coin is flipped four times.

Accordingly, I rewrote this information and used a less ambiguous sentence:

“four coins are thrown together onto the table”. This more clearly shows that the
order is irrelevant.

4.1.4.4 Item 9

Item 9 was designed to investigate participants’ vulnerability to the base-rate
fallacy in the social domain, which is the tendency for people to rely on

stereotypical, individuating information, rather than objective, base-rate
information when making probabilistic judgement (see Appendix D). None of the
students in the pilot study responded correctly to this item (see Figure 4.1). Most
of the students who responded incorrectly exhibited the base-rate fallacy by

relying on the stereotypical information and ignoring the base-rate information.

I decided to remove this item from the questionnaire because the supposedly
correct answer to this item seems to be problematic, and thus the item appears
to be flawed. The item provided conflicting information showing base-rate

information in one direction but also giving individuating information (i.e., a

short personality sketch belongs to a particular group of people) in the opposite
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direction. Students might subjectively balance this conflicting information in

different ways, which made it difficult to decide the correct, normative response

to the item. Moreover, it was felt that useful information could not be reliably
obtained from this item, and it was unclear how the problem could be resolved.

4.1.4.5 Item 10

Item 10 aimed to investigate participants’ ratio bias when comparing
probabilities with unequal ratios (i.e., 1 red & 9 white marbles in box A versus 8
red & 92 white marbles in box B for drawing a red marble). Four out of six

students in the pilot study responded correctly to this item. However, the
analysis of students’ written justifications showed that none of them provided
correct justifications. After analysing students’ responses in the pilot study, I
decided to change the numerical information in the item by using smaller

numbers (i.e., 1 white & 2 black marbles in box A versus 2 white & 5 black

marbles in box B for drawing a white marble). The reason for this is that, when
presenting the item with large magnitude numbers, students might end up with

incorrect or misconception responses because of problems with arithmetic. For

example, students might use multiplication (i.e., 9 times 8) to compare the two

boxes, but have incorrect or misconception responses because they

miscalculated. So, with larger numbers, the item might test students’ arithmetic
instead of their probability conceptions, leading to poor validity, whereas this

seems less likely to happen when using small numbers. Furthermore, small

numbers might also prompt students to come up with various strategies, which
is beneficial in uncovering students’ reasoning when dealing with ratio bias
problems.

4.1.4.6 Two New Items Addressing the Falk Phenomenon
After piloting the questionnaire, I decided to substitute item 9 about the baserate fallacy with two new items investigating the Falk phenomenon (also called

the time-axis fallacy). The main reason for this was to attempt to capture a fuller

picture of students’ and teachers’ probabilistic reasoning. This suggested that the

probability questionnaire should incorporate at least the four key concepts of
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probability, including conditional probability, which was not included in the
probability questionnaire used in the pilot study. Given the space created by the

removal of the items discussed above, I then decided to include two items

investigating the Falk phenomenon in the probability questionnaire for the main
survey studies, because this is a well-known misconception of conditional
probability in the literature (Borovcnik, 1988; Falk, 1988; Shaughnessy, 1992).

Furthermore, there has been limited research investigating in-service teachers’

knowledge and misconceptions in conditional probability, because most studies
of this topic were conducted with undergraduate students or pre-service

teachers (Jones et al., 2007; Shaughnessy, 1992). Therefore, I aimed to address
this issue by investigating the Falk phenomenon among secondary school

students and in-service mathematics teachers. For a detailed discussion of the

Falk phenomenon, see Section 2.2.4.

4.2 Pilot Study of Teaching Intervention
The phase 3 of my research was a small-scale pilot experiment where I designed
and tested a simulation-based, hands-on teaching sequence across 8 lessons with

6 eighth-grade junior secondary school students. Students and their parents
were provided with information sheets regarding this pilot teaching intervention

and completed a child assent form and parental informed consent form
respectively. The school where this pilot teaching intervention was conducted

used two cohorts of school day - a morning class for grades 7 and 8, and an

afternoon class for grade 9. The teaching sequence consisted of eight probability
lessons, and it was conducted as simulation-based, hands-on activities focusing

on comparing ratios, experimental and theoretical probabilities, equal and

unequal likely outcomes, compound events, and comparing probabilities. Data
collected from this pilot teaching intervention study were video observations for
each lesson, student written work from the eight lessons and field notes. All
lesson plans from these pilot lessons are included in Appendix E.
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4.2.1 Participants
I conducted a pilot study of the teaching intervention in October 2019 with

another 6 (2 males and 4 females) eighth-grade junior secondary school students

(aged 13-14) from the same school where I did the pilot study of the probability

questionnaire (see Table 3.1. for more details). I decided to conduct the pilot

study of the teaching intervention with these students because the main teaching
intervention study was going to be conducted in this school, with students from

different classes. Thus, students participating in this pilot study were intended to
be broadly similar to the students participating in the main teaching intervention

study. Furthermore, I also deliberately did not give a pre-test to these students
prior to their participation in the pilot study, because they had already just

completed the probability questionnaire in the main survey studies, which was
similar to the questions used in the post-test.

4.2.2 Procedures

The pilot study of the teaching intervention took place in an unused classroom
during class time. I took the role of teacher, and the teaching programme

comprised eight 70-minute sessions over a period of 2 weeks. Some of the

sessions were held when students’ regular teachers were absent 14. After

finishing the entire teaching programme, students completed a post-test in which
they had to answer several probability questions similar to the items that

appeared in the probability questionnaire used in the survey studies. They
completed the test under my supervision during their regular mathematics

lesson. A maximum time of 60 minutes was allowed to work on the test, including
giving the confidence scores and providing the written justifications for each
item, and all the students completed it within this time.

14 The

absence of teachers during school hours is common in Indonesia. A recent
study on Indonesian teacher absenteeism found that around one in 10 teachers
are absent from school at any one time, and the rate of teacher absence in many
schools in Indonesia is even higher (McKenzie et al., 2014).
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4.2.3 Summary of the Results of Piloting the Teaching
Intervention
I compared students’ accuracy and confidence in the post-test with their
accuracy and confidence in the survey studies, as the questions used in the posttest were similar to those used in the survey studies. Figures 4.5 and 4.6 show

the frequencies of correct, misconception and other-incorrect responses of the
six students when responding to the multiple-choice items used in the survey
studies (pre-test) and post-test of the pilot study, respectively.

Students improved their accuracy in some items after following the

teaching intervention, such as items 3 and 8 about representativeness heuristic

and items 7 and 10 about ratio bias. However, their accuracy also decreased in
some items, such as items 4 and 6 about equiprobability bias. Furthermore, the

pilot teaching intervention seemed to help students reduce some of their

misconceptions, such as base-rate fallacy and ratio bias. In the post-test, all six
students responded correctly to the base-rate fallacy item and most of them also

responded correctly to the ratio bias items. These results were promising, and
suggested that the designed teaching intervention, focusing on hands-on

simulation and encouraging students to learn proportional relationships prior to

probability learning, might improve students’ probabilistic reasoning and
address some of their misconceptions. This would be tested formally in the
teaching experiment (see Chapter 6).
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Figure 4.5
Frequencies of correct, incorrect and misconception responses of the six students in
the pre-test of pilot study of teaching intervention

Figure 4.6
Frequencies of correct, incorrect and misconception responses of the six students in
the post-test of pilot study of teaching intervention
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4.2.4 Changes Made to the Teaching Materials and the Reasons
This section concerns the changes of the teaching materials, and discusses the
reasons of these changes.

4.2.4.1 Activity 1

In activity 1, students were presented with a real-life problem about comparing

various mixtures of orange and soda, which was intended to help them learn

about comparing ratios. During the lesson, the students compared four different

mixtures, and the information was given in numerical form only (see Appendix
E). It took about 45 minutes for students to compare the four different mixtures,

and all of them used an additive strategy or constant difference to compare them.

In this strategy, students considered that “the relationship within the ratios is
computed by subtracting one term from another, and then the difference is

applied to the second ratio” (Tourniaire & Pulos, 1985, p. 186). For example, the
students stated that mix A and mix B taste the same because the difference

between the number of orange and soda in both mixtures are the same. In the
remaining time during the lesson, I encouraged the students to discuss only two
different mixtures, and guided them to move from using an additive strategy to a
multiplicative strategy.

It seemed that it might take at least two lessons in the main teaching

intervention for students to compare the four different mixtures using
multiplicative rather than additive strategies. I felt that, given the number of
lessons available for the main teaching intervention study, I could not devote two

lessons to this activity. Consequently, I decided to revise the problem for the main
teaching experiment by asking students to compare only two mixtures. Although

I removed pictures in some items of the questionnaire to avoid misleading
students (see Section 4.1.4.1), I decided to include pictures representing the

numerical information in the problem aimed to help students understand the
problem and to encourage them to come up with various approaches during the
lesson.
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4.2.4.2 Activity 4
Activity 4 consisted of two parts, where students played the game using normal
dice in the first part and used customised dice in the second part. During the

lesson, I replicated the study of Nilsson (2007) by using his four different

scenarios of customised dice. However, after piloting the teaching intervention, I
decided to reduce the number of different scenarios, and only used the first two
in the main teaching experiment. Similar to activity 1, the reason was that the

four different scenarios took a lot of time, and it seemed that they could not be

completed in one lesson. The second part of activity 4, with four different

scenarios of customised dice, was done in two lessons. Moreover, the last two

scenarios were similar to the first two, where all of them were intended to
challenge students’ equiprobability bias by encouraging them to understand the
sample space composition of the game and part-part relation between observed

frequencies (Nilsson, 2007), so it did not seem that very much would be lost if
these final two scenarios were omitted.

4.3 Conclusion

Overall, the findings of the pilot studies led to relatively minor changes to the

probability questionnaire for the survey studies and the teaching materials for
the teaching experiment. I changed the information to some items, removed an

item about base-rate fallacy and included two items investigating the Falk

phenomenon in the revised probability questionnaire. I also made some changes
to the teaching materials for the main teaching experiment, including revising the

information and reducing the number of problems in several activities. The

revised teaching materials were then used in the experimental class during the
teaching experiment.
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Chapter 5
Survey Studies: Probability Conceptions
and

Metacognitive

Judgements

of

Students and Teachers
This chapter presents the results of the survey studies focused on students’ and

teachers’ conceptions of probability. The study aimed to investigate the accuracy
and confidence of eighth-grade junior secondary school students and in-service

secondary school mathematics teachers when solving various probability
problems associated with four well-known probabilistic misconceptions:
representativeness heuristic, equiprobability bias, ratio bias and the Falk

phenomenon. This aim corresponds to research questions 1 and 2, given in
Section 1.3.

I begin the chapter by outlining the methods used in this study and

discussing the definition of terms and ways of dealing with missing data. Then, I
discuss the overall responses and confidence of students and teachers separately,

before comparing students’ and teachers’ responses and confidence in each of
the four probability misconceptions.

5.1 Methods

5.1.1 The Probability Questionnaire
The probability questionnaire consisted of 11 multiple-choice items, comprising
various probability problems adapted from the research literature. It was
designed as a three-tier test, where, for each item, the first part was a multiple-

choice content tier, evaluating descriptive knowledge (Caleon & Subramaniam,

2010a); the second part was a justification tier, evaluating explanatory

knowledge or mental models (Tsai & Chou, 2002); and the third part was a
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confidence tier, measuring the participants’ confidence in their responses to the
first two tiers (Caleon & Subramaniam, 2010a).

Although three-tier tests have been used in many disciplines, such as

medicine (Versteeg et al., 2019), and science education (e.g., Caleon &

Subramaniam, 2010a; Yan & Subramaniam, 2018), only a few studies in

mathematics education have involved three-tier tests for investigating students’
conceptual understanding in various mathematics topics (e.g., Kustos &
Zelkowski, 2013; Yang, 2019). This current study, however, is different from

previous studies in mathematics education research utilizing three-tier tests
because, following Foster (2016), it included negative marking. Instead of just
asking participants to indicate their confidence for each item, they were informed

that their total mark would be calculated as the sum of the “how sure” values for
the correct responses minus the sum of the “how sure” values for the incorrect

responses. The purpose of this is to incentivise truthful reports of confidence,
since the optimal long-term strategy for a participant motivated to gain the

highest possible score is to give the most accurate confidence ratings that they
can (Foster, 2016).

The probability questionnaire focused on four well-known probability

misconceptions, namely: representativeness heuristic (recency effects, randomsimilarity, base-rate fallacy, and effect of sample size), ratio bias, equiprobability

bias, and the Falk phenomenon (see Chapter 2). Participants were asked to
choose the best option for each multiple-choice item, provide justifications for
their responses, and indicate their confidence on the confidence scale. Figure 5.1
shows a typical item presented in the probability questionnaire (the full
questionnaire is provided in Appendix A).
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The questionnaire was translated from English to Indonesian 15. Forward

and backward translation procedures (De Groot et al., 1994) were taken to

ensure the Indonesian version of the questionnaire were conceptually equivalent
to and conveyed the same meaning as its English version. First, I translated the
English version of the questionnaire to Indonesian (forward translation),

considering the use of accessible language for students and teachers without
changing the meaning. Then, I asked an independent translator, who has good

English proficiency and bilingual and had no knowledge of the questionnaire, to
translate the questionnaire back to English (backward translation). A native
English speaker confirmed that all differences between the two English versions

of the questionnaire were very minor. Validity and reliability of this
questionnaire were discussed in Section 3.7.1.

Figure 5.1
Item 3 from the probability questionnaire which is related to base-rate fallacy
There are 12 sweets in a bag: 4 strawberry sweets and 8 chocolate sweets.
Eva shakes the bag and takes out a sweet without looking into the bag. Eva’s
favorite fruit is strawberry, but she does not like chocolate. What is the most
likely sweet that Eva will take out from the bag?
a) A strawberry sweet
b) A chocolate sweet

c) Both are equally likely to be taken

Explain your reasoning:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:
0
1
2
3
4
5
6
7
8
9
10

Completely
Unsure

Completely
Certain

Indonesian is the English term of Bahasa Indonesia, the national language of
Indonesia. Following Moeliono and Grimes (1995) and Sneddon (2003), I prefer
to use “Indonesian” when referring to the national language of Indonesia
throughout this thesis.

15
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5.1.2 The Interview Protocol
Following the questionnaire, the second phase of data collection for the survey

studies was one-to-one semi-structured task-based interviews with selected
participants, both students and teachers. The interviews were semi-structured,
meaning that the questions were predefined in the interview protocol (see

Appendix B) but there is flexibility regarding when and how the questions were
asked, and the participants’ responses were also open-ended (Denscombe,

2014). This allowed me as the interviewer to pursue a new line of discussion and

also encouraged the interviewees to express their understanding and beliefs
using their own words (Edwards & Holland, 2013). The interviews were also

conducted one-to-one to ensure that participants were not influencing one

another and to avoid ‘group think’ that would allow dominant participants to
control the conversation.

The interviews were also categorized as task-based interviews because

the tasks, taken from the questionnaire, played a central role for interaction
between interviewee and interviewer (Goldin, 2000; Houssart & Evens, 2011).

Task-based interviews allowed me to gain more detailed information about
participants’ thinking and reasoning associated with particular tasks. The

selection of interviewees was primarily based on the participants’ responses to
the probability questionnaire, so as to ensure the representation of variety of

responses and justification types for each questions (Rubel, 2007). Validity and
reliability of the interviews were discussed in Section 3.7.1.

5.1.3 Participants

The participants were eighth-grade students (n = 160; males and females) and

in-service mathematics teachers (n = 64; males and females) from several public
junior secondary schools located in the urban areas in the province of South

Sulawesi. Public schools in Indonesia are government-sponsored schools and
provide education free of charge, but only for grades one to nine (six years of

primary education and three years of junior secondary education). Students
participating in this study were considered at a lower academic level than the
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national average 16. The regular teachers of the classes informed me that the

students participating in this study had not been taught any probability topics.

The core and basic competences for mathematics shown in Curriculum 2013
(Kementerian Pendidikan dan Kebudayaan, 2018b) also confirmed that

probability topics are first introduced to Indonesian students in the second
semester of the eighth grade 17, so these students had not been taught any

probability in school prior to this study.

5.1.4 Procedure

In this phase 2 of my doctoral research, participants (160 eighth-grade students

and 64 in-service secondary school mathematics teachers) completed the revised
probability questionnaire presented on paper. Before completing the

questionnaire, students were given a short introduction and explanation about
the procedure to complete the questionnaire and opportunity to ask questions.
Students completed the probability questionnaire under my supervision in their

own classroom during their regular mathematics lessons, which can be
categorised as supervised self-administered questionnaire (Bourque & Fielder,
2003). It took them about 45 minutes to complete the questionnaire. However,

taking into account the three criteria of successful questionnaires: response rate,

completion rate and validity of responses (Denscombe, 2014), I decided to give
about 7 days for the teachers to complete the questionnaire which necessitated

it being an unsupervised self-completion questionnaire (Bourque & Fielder,

According to the results of National Examination conducted in the academic
year of 2018/2019, the province of South Sulawesi where this study took place
was ranked 19 out of 34 provinces, and its score was lower than national average
(Kementerian Pendidikan dan Kebudayaan, 2019).
17 Curriculum 2013 has been revised several times since its launch in 2013. In
2015, the curriculum was revised, and probability was first introduced to
students in Year 6 of primary schools. However, the newest revision, published
in 2018, excluded probability from primary schools and students begin to learn
probability in Year 8 of junior secondary schools (Kementerian Pendidikan dan
Kebudayaan, 2018b).
16
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2003). This difference of time completion between students and teachers was

due to the difficulty of obtaining teachers’ participation in the study. Many

teachers said that they did not have enough time to complete the probability
questionnaire while they were in schools. In order to achieve good response and

completion rates from the teachers, I allowed them to take the questionnaire to
their home to be completed and asked them to return it within 7 days. This raises
an issue regarding the validity of teachers’ responses, where I could not check

whether the teachers had assistance from other people or the internet or books,

when completing the questionnaire (Denscombe, 2014). The way to deal with
this issue was discussed in Section 3.8 about data analysis.

I then conducted one-to-one semi-structured interviews with selected

participants, both students and teachers. The interviews with the selected

students were conducted in a room within the school library, whereas the
interviews with selected teachers took place in teachers’ rooms; both happened

during the school day. The interviews were finished in about one month and each
of them lasted between 5 and 25 minutes. The interviewees were selected
primarily based on their responses and written justifications to the probability

questionnaire to ensure the representation of a variety of responses and

justification types to each problem. This was done by analysing the responses
and written justifications of all participants, making categories of all similar and

common responses and justifications, and selecting participants representing
each of these categories to be interviewed. Data collected from this large-scale

survey studies were information about participants’ selected options, written
justifications, confidence scores, gender, and audio interviews.

5.2 Defining Terms and Dealing with Missing Data
In the analysis in Sections 5.3 and 5.4, I will use several measures, such as
percentage accuracy, percentage confidence, percentage item accuracy and

percentage item confidence to explain the general trends of students’ and
teachers’ responses and confidence to the probability questionnaire. These

measures were for all participants in the two groups, and the analysis was done
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for each group separately. Following Foster (2016), percentage accuracy was
defined as each participant’s percentage of correct responses across the 11 items,

and percentage confidence was defined as each participant’s mean percentage

confidence score across the 11 items. Percentage item accuracy was defined as
the percentage of correct responses to each item across all of the participants in
each group, and the percentage item confidence was defined as the mean of
percentage confidence scores for each item across all of the participants in each
group. All of the participants’ responses and confidence scores were given as

percentages, so that they were on the same scale and could be easily compared.

However, several participants did not answer some of the items, or left some

confidence scales incomplete in the questionnaire, which led to some missing

data when calculating percentage accuracy, percentage confidence, percentage
item accuracy and percentage item confidence.

Little and Rubin (2020) outlined three ‘mechanisms’ that explained how

data become missing: missing completely at random (MCAR), missing at random

(MAR) and missing not at random (MNAR). When data are missing completely at

random (MCAR), the cause of the missing data is entirely unrelated to any
variables relevant to the analysis, and therefore any simple method for handling
the missing values, such as listwise or pairwise deletion, will yield similar and

reliable results (Baguley, 2012a; Peugh & Enders, 2004). When the patterns of
missing data are predictable from other variables in the data set, the data are

categorized as missing at random (MAR) (Tabachnick & Fidell, 2014). Finally,
missing not at random (MNAR) means that the missing values are not random
and also not predictable from the observed data (Baguley, 2012a). There are

several methods for dealing with missing data, including deletion methods

(listwise and pairwise deletions), imputation methods (hot deck imputation,
mean imputation, regression imputation), model-based methods (maximum

likelihood and multiple imputation) and hybrid approaches (Little & Rubin,

2020). However, all of these methods have their own advantages and

disadvantages, and which method to use depends on the pattern of missing data
(Tabachnick & Fidell, 2014).
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Following Tabachnick and Fidell (2014), I decided to use pairwise

deletion, also known as complete-case analysis, in this study. I chose this because
the pattern of missing data appeared to be random, and I could not discern any

patterns in it. Only a few participants had missing data, and these missing data
were on different items of the questionnaire. So, when calculating each of the four

measures discussed above, I simply excluded missing data from unanswered
items or uncompleted confidence scales. For example, when determining
percentage accuracy for participants with some missing data (i.e., when some
items had been left unanswered), I excluded these unanswered items from
calculations.

Students’ and teachers’ total scores were determined not only by whether

they answered the items correctly but also by their confidence scores, as

discussed in Section 2.7. Accordingly, a weighted mark for each student and
teacher was calculated as the sum of the confidence scores for the correct

responses minus the sum of the confidence scores for the incorrect responses.
The reason for including participants’ confidence scores in calculating their
weighted marks, known as confidence-based assessment, is to motivate truthful

responses of students and teachers in completing the probability questionnaire

(Foster, 2016; Gardner-Medwin, 1995). Before completing the probability
questionnaire, participants were informed and encouraged to maximise their

expected final score by stating their true confidence level for each item in the
questionnaire. The weighted mark is on a -110 to 110 scale.

5.3 Analysis of the Students’ Responses

In this section, I analyse the accuracy and confidence of the students on the

probability questionnaire. Analysis of the teachers’ responses is given in Section
5.4.

Figure 5.2 shows that the distribution of students’ percentage accuracy

was approximately normal, without ceiling or floor effects. However, the
distribution of students’ percentage confidence was non-symmetric, with most

of the students showing higher percentage confidence (50% or more). On
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average, students’ percentage confidence (M = 70.5, SD = 18.9) was higher than
their percentage accuracy (M = 41.2, SD = 14.5). A paired-samples t test showed
that this 29.33% difference was significant (t(159) = 16.96, p < .001), suggesting

that students, on average, were overconfident with their responses. They tended
to be more confident than their accuracy would justify.

Figure 5.2
Distribution plots comparing percentage accuracy and percentage confidence of
students

I examined the relationship between percentage accuracy and percentage

confidence for each student (see Figure 5.3) and found a significant Pearson
correlation (r = .16, p = .041, N = 160). This small correlation was expected,

because different items could reveal different patterns of students’ percentage
accuracy and percentage confidence. Although the correlation is relatively small,

it indicates that, on average, students who had better percentage accuracy tended
to have better percentage confidence.
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Percentage accuracy

Figure 5.3
Percentage accuracy against percentage confidence for each student

Percentage confidence

5.3.1 Percentage Accuracy and Percentage Confidence for Each
Class
Mean percentage accuracy and mean percentage confidence for all five classes
were similar, approximately 40% and 70% respectively (see Figure 5.4). A one-

way ANOVA did not find a significant difference between the mean percentage
facilities of the five classes (F(4, 155) = 0.89, p = .472), and also did not find a

significant difference between the mean percentage confidence of the five classes

(F(4, 155) = 2.10, p = .083). This justifies conducting the analysis on the entire
data set and ignoring the classes to which each student belongs.

The results suggest that, on average, students in the five classes found the

probability problems in the questionnaire difficult but tended to put high scores

in the confidence scale, indicating that they were overconfident with their
responses. Scatterplots showing the relationship between percentage accuracy

and percentage confidence for each of the five classes of students are in Appendix
F.
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Figure 5.4
Violin boxplots comparing percentage accuracy and percentage confidence for
each class for both schools. Class 1, Class 2, and Class 3 were from School A, whereas
Class 4 and Class 5 were from School B.

5.3.2 Percentage

Item

Accuracy

and

Percentage

Item

Confidence
The scatterplot (Figure 5.5) shows the relationship between percentage accuracy

and percentage confidence for each item across all students, with items

categorized according to class of misconception. Percentage confidence was not
significantly correlated with percentage accuracy across the items (r = .26, p =

.44). This result is also shown in Figure 5.5, where all items had higher

percentage confidence (more than 60%) and yet 8 out of 11 items had a fairly

low percentage accuracy (less than 50%). This means that students, on average,

were overconfident with their responses to all items in the probability
questionnaire.

In Figure 5.5, items about the representativeness heuristic (1, 2 and 5)

were less difficult (percentage accuracy higher than 50%) than the other items
(percentage accuracy lower than 40%). Items 3 and 8 about the

representativeness heuristic are outliers, having the highest and the lowest

percentage confidence respectively, relative to the other representativeness
heuristic data points.

The most difficult problems for students were item 7 about ratio bias and

item 6 about equiprobability bias. Figure 5.5 shows that item 11 (unequalprobabilities condition) had higher percentage accuracy compared to item 7
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(equal-probabilities condition), about 36% and 22% respectively, though both

items investigated the same misconception (i.e., ratio bias). This result is
consistent with the finding of Alonso and Fernandez-Berrocal (2003), who found

that about 68% of secondary school students responded correctly in the unequalprobabilities condition, but only about 34% of them correctly responded in the
equal-probabilities condition. Figure 5.5 also shows that item 4 had slightly
higher percentage accuracy compared to item 6, although both items
investigated the same misconception (i.e., equiprobability bias).

Item 1 (asking about the most likely outcome) had higher percentage

accuracy and percentage confidence than item 8 (asking about the least likely
item). This shows the inconsistencies of students when responding to a

particular probabilistic situation, and confirms findings highlighted in previous

research (e.g., Konold et al., 1993). Moreover, item 1 had considerably higher

percentage accuracy (about 60%) than item 8 (about 38%), which indicates that
many students who responded correctly in the most likely item did not seem to
understand the concept of independence, and so might just be guessing.

Both items 9 and 10 investigating the Falk phenomenon had similar

percentage facilities (about 38%) and percentage confidences (about 68%),

indicating that students had similar responses towards the two items. These
values confirm the results of Fischbein and Schnarch (1997), who found that only

35% of year 9 and 30% of year 11 students responded correctly for both items.
This suggests that secondary school students have difficulty when dealing with

conditional probability problems, even when they appear in one direction (i.e.,
the first event precedes the second event). The details of how students responded
to each item of the probability questionnaire, along with their reasoning and
confidence scores, are discussed in detail in Section 5.5.
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Figure 5.5
Scatterplot of students’ responses showing percentage confidence against percentage accuracy for each item, with items categorized
according to class of misconception
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5.4 Analysis of the Teachers’ Responses
The teacher data were analysed in the same way as the student data, except that

there were no sub-groups in the teacher data, analogous to classes in the student
data. Sixty-four teachers completed the probability questionnaire. However,

seven of them answered the items only and left the confidence scale

uncompleted. Consequently, the data from these seven teachers were
categorised as missing data and excluded from the analysis (see Section 5.2).

The distribution of teachers’ percentage accuracy is approximately

normal, as shown in Figure 5.6. However, as with the students, the distribution

of teachers’ percentage confidence is non-symmetric, with most of the teachers
showing higher percentage confidence (80% or more). On average, teachers’
percentage confidence (M = 86.5, SD = 12.5) was higher than their percentage

accuracy (M = 59.7, SD = 13.7). A paired-samples t test showed that this 26.88%
difference was significant (t(56) = 11.83, p < .001), suggesting that teachers, on

average, were overconfident with their responses. They tended to be more
confident than their accuracy would justify, which is the same as with the
students.

Figure 5.6
Distribution plots comparing percentage accuracy and percentage confidence of
teachers
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I examined the relationship between percentage accuracy and percentage

confidence for each teacher, as shown in Figure 5.7, and found that they were not

significantly correlated (r = .19, p = .16, N = 57). As with the students, this result

was also expected for the teachers, because different items could reveal different
patterns of teachers’ percentage accuracy and percentage confidence. This

nonsignificant correlation is also shown in Figure 5.7, where most of the teachers
had higher percentage confidence but a broad range of percentage accuracy.

Percentage Accuracy

Figure 5.7
Percentage accuracy against percentage confidence for each teacher

Percentage Confidence

5.4.1 Percentage Item Accuracy and Percentage Item
Confidence
The scatterplot (Figure 5.8) shows the relationship between percentage
confidence and percentage accuracy for each item across all teachers, with items

categorized according to the kind of misconception. Percentage confidence was
significantly correlated with percentage accuracy across all items (r = .75, p =

.008). The scatterplot shows that items with higher percentage accuracy (say,

more than 70%) tended to have higher percentage confidence, whereas items
with lower percentage accuracy (say, less than 30%) tended to have lower

percentage confidence. However, the scatterplot also shows that all items had

considerably higher percentage confidence (over 80%), which means that the
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teachers, just like the students, tended to be overconfident in responding to the
questionnaire.

Figure 5.8 shows a big split between items that have a high percentage

accuracy and items that have a low percentage accuracy. This scatterplot
indicates what the teachers do and do not understand about probability
concepts. Eight out of 11 items had a high percentage accuracy (over 70%), while

the percentage confidence for all items was greater than 83%. This means that

teachers’ percentage confidence tended to be high, both for the items that they
knew and for the items that they did not. There were several items that offered
the greatest challenge for the teachers (percentage accuracy for these items were

lower than 30%): items 4 and 6 about equiprobability bias, 10 about the Falk

phenomenon and 5 about representativeness heuristic. Although item 5 was one
of the most difficult problems for the teachers, all the other items about the
representativeness heuristic (items 1, 2, 3, and 8) were the easiest problems for

them (percentage accuracy for these items were higher than 80%). The low

percentage accuracy for item 5 (less than 10%) indicates that the teachers tended

to neglect the influence of sample size when estimating probabilities and
exhibited the probability misconception known as insensitivity to sample size.
This result supports Kustos and Zelkowski (2013), who found that about 77% of

third-year pre-service mathematics teachers exhibited this misconception when
making probability estimation involving the influence of sample size.
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Figure 5.8
Scatterplot of teachers’ responses showing percentage confidence against percentage accuracy for each item, with items categorized
according to class of misconception
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Figure 5.8 also shows that the teachers responded differently to items

about conditional probabilities, where more than 70% of them responded
correctly for item 9 but fewer than 20% of them had a correct response for item

10. This finding indicates that the teachers exhibited the probabilistic
misconception known as the time axis fallacy or the Falk Phenomenon, where they

could correctly answer conditional probability problems when the outcome of

the second draw was conditioned by outcome of the first draw, but had difficulty
when the outcome of the first draw was conditioned by outcome of the second

draw (Borovcnik, 1988; Falk, 1983b). The scatterplot also shows that the
teachers responded consistently for the random similarity problems, where most
of them responded correctly for the most likely and the least likely items (items

1 and 8 respectively). This finding suggests that the teachers, unlike the students,

have a well-developed understanding of the concept of independence, at least in
the context of coin flipping (which I only used for random similarity problems).

5.5 Comparing

Students’

and

Teachers’

Responses

and

Confidence in Each Probability Misconception
This section compares students’ and teachers’ responses and confidence scores
for each item and tests whether there are statistically significant differences

between the means of the two groups. For each item, either an independent t test

or a Mann-Whitney test was used to compare the means of the confidence scores
between participants who responded correctly and those who had

misconception responses 18. This analysis was conducted for each of the two

Misconception responses were particular responses in each item of the
probability questionnaire that were intended to reveal the particular
misconception. For example, on item 3, students could select option A (intended
misconception, which is base-rate fallacy), option B (correct response), or option
C (unintended misconception, which is equiprobability bias). In this case, I
excluded participants who selected option C, because the item was not intended
to measure participants’ probabilistic conceptions associated with
equiprobability bias.
18
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groups, students and teachers. Here, I report each of the four well-known
probability misconceptions exhibited by these students and teachers in detail.

As I conducted multiple hypothesis testing when analysing the data, there

is a potential for having multiple comparisons problem which can lead to type I
error (incorrectly rejecting the null hypothesis) (Bennett et al., 2009; Dickhaus,

2014; Noble, 2009; Schochet, 2008). The research literature in this topic

suggested to adjust the p-value to fix the problem and one of the most widely
used methods for this adjustment is Bonferroni correction (Gelman et al., 2012;

Noble, 2009). However, recently Rubin (2021) argued that p-value adjustment is

inappropriate in the case of individual testing where researchers are interested

to test individual null hypothesis separately without making any inference
regarding the joint null hypotheses. Therefore, following Rubin (2021), I argued

that p-value adjustment is not needed in this study because I conducted an
individual testing for each of the four probability misconceptions separately.

In addition to the multiple-choice questions, participants were asked to

provide a written justification for their selected option. Some selected
participants were also invited for one-to-one semi-structured interviews. They

were selected based on their responses to the probability questionnaire, so as to
ensure the representation of a variety of responses and justifications types
(Rubel, 2007). Given the limited amount of time that I had, I did not analyse the

interview data of participants in this thesis. However, I did analyse participants’
written justifications to gain further details about their reasoning and thinking
regarding their responses to the probability questionnaire. Their written

justifications were categorised as ‘others or no justification’ when they did not
provide any written justification, only repeated information from the problems
or had unrelated or unclear justifications.

5.5.1 Representativeness Heuristic
The study investigated four different effects of the representativeness heuristic,
namely: random similarity, recency effect, base rate fallacy, and insensitivity to

sample size (see Section 2.2.1 for more detail). Looking at the graphs of
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participants’ confidence score data across all four effects, I expected that they
would not be normally distributed. I checked this using the Shapiro-Wilk test for

each of these four different effects and found a significant Shapiro-Wilk test
result (𝑝𝑝 < .001), indicating non-normality. Accordingly, I used the Mann-

Whitney test (a non-parametric test) to investigate whether there was a

statistically-significant difference between the mean confidence scores of

participants who responded correctly and the mean confidence scores of those
who had misconception responses.

5.5.1.1 Random Similarity

Items 1 and 8 (Figure 5.9), adapted from Chernoff and Russell (2012), are coinflipping sequence problems (hereafter HT-sequence problems) aiming to

investigate students’ representativeness heuristic relating to the random
similarity effect. The correct answers for these two items are option f.

Figure 5.9
HT-Sequence problems test for random similarity effect
Item 1. A coin is tossed five times. Which sequence of
Head (H) and Tail (T) below is the most likely to result
from the event?
a) H H T T H
b) H H H T T
c) T H H H T
d) H T H T H
e) T H H T H
f) All sequences are equally likely to occur
Item 8. A coin is tossed five times. Which sequence of
Head (H) and Tail (T) below is the least likely to result
from the event?
a) H H T T H
b) H H H T T
c) T H H H T
d) H T H T H
e) T H H T H
f) All sequences are equally likely to occur

120

H
(Head)

T
(Tail)

5.5.1.1.1 Numerical Results of Participants’ Responses
The performance of the students and teachers in these HT-sequence problems is

summarized in Table 5.1. The majority of the participants, nearly 61% of the
students and 94% of the teachers, responded correctly to the ‘most likely’ item.

This suggests that both students and teachers perceived the concept of
independence in successive trials of coin flipping, particularly in the most likely

problem, and therefore chose the option that all possible sequences of flipping a
coin five times are equally likely. However, the students and teachers responded

differently to the follow-up item asking about the least likely outcome. Fewer
than 40% of the students responded correctly that all five sequences were

equally (un)likely. This means that about half of the students who responded
correctly in the most likely problem had incorrect responses in the least likely

problem. These inconsistent responses of secondary school students are
comparable with the findings of Konold et al. (1993) with high school and
undergraduate students (see Table 5.2).

In contrast with the students, the majority of teachers (about 91%)

responded correctly to the ‘least likely’ item. The others chose either THHHT or
HTHTH, about 3% and 5% respectively, as the least likely sequence to occur. This

result supports the finding of Chernoff and Russell (2012), who found that the
majority of prospective teachers (62%) responded correctly to the least likely

problem, and very few of them chose THHHT or HTHTH (about 1% and 10%
respectively) as the least likely sequence. Moreover, among the five incorrect

options presented in the problems, none of the teachers chose HHTTH, HHHTT
or THHTH as the most or least likely sequence. All of these results suggest that,

on average, the concept of independence is well-understood among the teachers,
but not the students.

Among the five head-and-tail sequences, HTHTH is the most chosen

sequence for both students and teachers, in both the most likely and least likely
problems. This suggests that some participants, both students and teachers, took

account of the frequent switches of heads and tails to determine whether the

sequence was the most or least likely (Chernoff, 2009; Konold et al., 1993;
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Tversky & Kahneman, 1974). However, slightly more students and teachers
chose HTHTH as the least likely sequence than those selected HTHTH as the most
likely sequence (see Table 5.1), which mirrors Konold et al. (1993), who found

that approximately 29% of high school and undergraduate students selected

HTHTH as the least likely sequence, compared to only 7% of them selecting
HTHTH as the most likely sequence. This suggests that students and teachers
tend to perceive that the perfect alternation of heads and tails does not reflect

the random process of coin flipping, hence leading them to choose it as the least
likely sequence. Furthermore, the fact that about 5% of the teachers selected
HTHTH as the least likely sequence (see Table 5.1) is similar to Chernoff (2009),

who found that approximately 10% of prospective elementary teachers selected
HTHTH as the least likely sequence.

Table 5.1
Percentage of responses for each sequence in the most and least likely problems
Prob.
Sequences /
Options

Students

Teachers

Most

Least

Most

Least

a) HHTTH

6.3

8.2

0.0

0.0

c) THHHT

5.0

14.5

1.6

3.4

b) HHHTT

6.9

11.9

d) HTHTH

16.3

20.1

f) Equal

60.6

39.0

e) THHTH

5.0

6.3

0.0
4.7
0.0

93.8

0.0
5.1
0.0

91.5

N*
160
159
64
59
* The sample sizes, N, are not always equal for the most and least likely
problems because some participants left the least likely problem
unanswered. Bold font indicates the correct response.
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Table 5.2
Comparisons of percentage of correct responses between this study and Konold et
al.’s study (1993)

Most likely
Least likely

Results
from this study

Results
from Konold et al.'s study (1993)

60.6

72.1

39.0

38.0

5.5.1.1.2 Participants’ Written Justifications for Their Correct
Responses in the Random Similarity Items
Table 5.3 shows a variety of justifications from the participants, though many of

them offered little insight into their reasons. Students and teachers tended to use

different ways of thinking for reaching the correct responses that all sequences
are equally likely. Students tended to rely on their belief, gut feeling, perception
or everyday experiences with coin tossing by indicating that the process or
results are ‘random’, and that it is a matter of luck, or by using the outcome

approach in their justifications for the two problems. None of them indicated the
use of any probability calculation. On the other hand, the teachers tended to rely
on the probability calculation of tossing a coin, where they calculated the exact

probability of tossing a coin five times, used a 50-50 approach (i.e., extending the

50% probability of having a head or tail on a single toss to multiple tosses), or

acknowledged that all sequences have the same ratio of 3 heads and 2 tails. None
of them justified their correct responses by using the outcome approach. These

responses suggest that students may have been more likely to rely on their

primary intuition or system 1 thinking, while teachers tended to use their

secondary intuition or system 2 thinking when responding to the most and least

likely problems (Fischbein, 1975; Kahneman, 2011). Moreover, these findings

also confirmed the argument from Table 5.1 that the teachers, unlike the
students, understand the concept of independence, at least in the context of coin
tossing.
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5.5.1.1.3 Students’ Inconsistencies in the Most and Least Likely
Problems
Although both most likely and least likely problems address the concept of
independence, only about half of the students who responded correctly to the

most likely problem also responded correctly to the least likely problem (see
Table 5.2). I investigated possible reasons for this inconsistency by analysing

their written justifications. Although only few students provided informative

justifications, Table 5.4 suggests that students understood the two problems
differently. They tended to focus on the unpredictability of coin tossing (Konold

et al., 1993) in responding to the most likely problem, but focused on the
unrepresentativeness of the sequences when responding to the least likely
problem. Even if they did not provide informative justifications in the most likely

problem, they used the unrepresentativeness of the sequences when responding
to the least likely problem.

Many of the students who responded inconsistently to these HT-sequence

problems selected HTHTH as the least likely sequence because its frequent
switch between heads and tails appeared too regular. The others either chose

HHHTT or THHHT as the least likely sequence because they noted the long run

of heads. This suggests that students perceived the two problems differently and
tended to reason using the outcome approach in responding to the most likely

problem but used the representativeness heuristic in responding to the least
likely problem, which replicates the finding of Konold et al. (1993).
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Table 5.3
Percentage of various participants’ written justifications for their correct responses
in the most and least likely problems
Written justifications

Most likely
Students Teachers

Least likely
Students Teachers

Calculating the exact
probability*

0.0

25.0

0.0

16.7

Outcome approach**

30.9

0.0

30.6

0.0

The process or results are
random

2.1

0.0

4.8

50-50 approach*

It is a matter of luck

All sequences have the
same ratio of 3H and 2T

Other or no justification

Total participants
* Correct justifications.
** Probability misconceptions.

0.0
2.1
0.0

64.9
97

23.3
0.0
0.0

51.7
60

0.0
0.0
0.0

64.5
62

5.6
0.0
5.6
3.7

68.5
54

Table 5.4
Frequencies of students’ justifications for responding incorrectly to the least likely
problem but responding correctly to the most likely problem
Justification
for correct responses
to the most likely problem
Outcome approach

Others or no justification

Justification
for incorrect responses
to the least likely problem
Long runs

Frequent switch
Frequent switch
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Frequency
3

5
8

5.5.1.1.4 Participants’ Responses and Their Confidence
In the most likely problem, students who responded correctly had significantly

higher confidence scores (Mdn = 9.0) than those who had misconception
responses (Mdn = 6.0, U = 1748.00, p < .001, N = 160). The same result was also

found in the teachers, where those who responded correctly had significantly

higher confidence scores (Mdn = 10.0) than those who had misconception

responses (Mdn = 6.5, U = 26.50, p = .007, N = 56). This is also shown in Figure

5.10, where students and teachers who had correct responses tended to select

higher numbers (6 or more), while those who had misconception responses

tended to choose lower numbers (5 or less) in the confidence scale. This indicates
that students and teachers were well-calibrated in responding to the most likely
problem.

In the least likely problem, students who responded correctly had

significantly higher confidence scores (Mdn = 7.0) than those who gave

misconception responses (Mdn = 6.0, U = 2302.00, p = .016, N = 158). This is also

shown in Figure 5.11, where about 72% of the students who had correct

responses selected higher numbers (6 or more) in the confidence scale, while
about 45% of those who had misconception responses selected lower numbers

(5 or less) in the confidence scale. However, a different result is found in the
teachers’ data, where the confidence scores of the teachers who responded
correctly (Mdn = 9.0) did not differ significantly from those who had

misconception responses (Mdn = 8.0, U = 57.00, p = .069, N = 49). This is also

shown in Figure 5.10 where about 94% of the teachers selected higher numbers
(6 or more) in the confidence scale regardless they had correct or misconception
responses. However, this insignificant result could be due to the smaller sample

size for the teachers, as the p-value is close to the significance level of .05 (see

Baguley, 2012). Overall, these results indicate that students seemed to have
better calibration in responding to the least likely problem than the teachers.
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Figure 5.10
Frequency responses for each confidence scale with respect to the correct and misconception responses for the most likely problems
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Figure 5.11
Frequency responses for each confidence scale with respect to the correct and misconception responses for the least likely problems
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5.5.1.2 Recency Effect
Item 2, as shown in Figure 5.12, adapted from Chiesi and Primi (2009), is a typical
problem for investigating people’s representativeness heuristic relating to the
recency effect. The correct answer for this item is option c.
Figure 5.12
Marble problem tests for the recency effect
Rony has a bag with 30 marbles: 15 green and 15 blue marbles.
Rony took a marble out from the bag without looking and recorded the result.
He put the marble back into the bag and shook the bag. He repeated this
process four times.
After drawing four times, Rony had four green marbles, as shown below.
?

What is more likely for Rony to draw next?
a) A blue marble
b) A green marble

c) Equal chance of blue and green marbles

5.5.1.2.1 Numerical Results of Participants’ Responses
The data is presented in Table 5.5, listing the percentage of responses of students
and teachers for each option provided in the problem. The majority of

participants, nearly 70% of the students and 83% of the teachers, responded

correctly. This result confirms previous findings reported by Fischbein and
Schnarch (1997), Konold et al. (1993) and Rubel (2007), indicating that the

concept of independence is well understood by both students and teachers,
particularly in relation to the recency effect.

Students and teachers, on average, show the same prevalence (17%

overall) of exhibiting the negative recency effect, which replicates previous

findings reported by Fischbein & Schnarch (1997), Green (1982), Konold et al.
(1993), and Rubel (2007). However, only 14% of the students, and none of the

teachers, showed the positive recency effect. This finding supports the claim of
Chiesi and Primi (2009) that the negative recency effect seems to be unaffected
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by the age and education level of the participants, whereas the positive recency
effects seems to recede with age.

Table 5.5
Percentage of responses for each option of the recency effect problem
Options

Students

Teachers

a) a blue marble*

17.0

17.2

c) Equal

68.6

82.8

b) a green marble**
N***

14.5
159

0.0
64

* Negative recency effect.
** Positive recency effect.
*** Total of sample sizes. There was one student who left this item unanswered.
Bold font indicates the correct response.

5.5.1.2.2 Participants’ Written Justifications for Their Correct
Responses in the Recency Effect Item

I analysed the written justifications of the participants who gave correct
responses to the recency problem to investigate their reasons (see Table 5.6).

Although the percentages of students and teachers who responded correctly to

the recency problem were similar, they seemed to use different reasoning to

reach the correct responses. Most of the students seemed to rely on their primary
intuitions or system 1 thinking in responding to the problems, where they used
the outcome approach or had personal conceptions, such as religion-related

beliefs 19 or beliefs connected to luck to justify their responses. Some students
also seemed to have conflicting ideas, where their justifications suggested that

Religion-related beliefs are students’ beliefs that the outcomes of random
generators such as coin-tossing and spinners are influenced by God or other
outside forces (see, for example, Truran, 1995).

19
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they relied on misconceptions (i.e., negative recency). On the other hand, most of

the teachers tended to use their secondary intuitions or system 2 thinking for

reaching their correct responses, by determining the exact probability or
pointing out the equal quantity of both marbles.

Table 5.6
Percentage of participants’ written justifications for their correct responses in the
recency problem
Written Justification
Negative recency**

Students

Teachers

2.8

0.0

Outcome approach**

30.3

Equal quantity*

3.7

Calculating the exact probability*
50-50 approach*

0.0

34.0

1.8

0.0

0.9

Position of marbles

Religion-related beliefs

1.8

Matter of luck

0.9

Other or no justification

57.8

Total participants
* Correct justifications.
** Probability misconceptions.

1.9
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0.0

28.3
0.0
0.0

35.8
53

5.5.1.2.3 Participants’ Responses and Their Confidence
The confidence scores of the students who responded correctly (Mdn = 8.0) did

not differ significantly from those of the students who had misconception
responses (Mdn = 7.5, U = 2536.00, p = .536, N = 158). The same result was also

found for the teachers (correct Mdn = 9.0; misconception Mdn = 9.5, U = 184.50,

p = .939, N = 55). Figure 5.12 shows that most of the students and teachers chose
higher numbers (6 or more) in the confidence scale, regardless of whether they

had correct or misconception responses, indicating that, on average, both
students and teachers were overconfident in responding to the recency effect
problem.
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Figure 5.13
Frequency responses for each confidence scale with respect to the correct and misconception responses for the recency effect
problems
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5.5.1.3 Base-Rate Fallacy
Item 3 (Figure 5.14), adapted from Afantiti-lamprianou and Williams (2003), was

intended to investigate students’ and teachers’ representativeness heuristic in
object domain problems (involving judgements about objects) by neglecting the
base-rate information. The correct answer for this item is option b.
Figure 5.14
Sweet problem tests for base-rate fallacy effect
There are 12 sweets in a bag: 4 strawberry sweets and 8 chocolate sweets.
Eva shakes the bag and takes out a sweet without looking into the bag. Eva’s
favorite fruit is strawberry but she does not like chocolate. What is the most
likely sweet that Eva will take out from the bag?
a) A strawberry sweet
b) A chocolate sweet

c) Both are equally likely to be taken

5.5.1.3.1 Numerical Results of Participants’ Responses
Table 5.7 shows the percentage of responses of students and teachers for each

option provided in the problem. Overall, students and teachers performed
differently on this problem. The majority of teachers responded correctly,

whereas students’ responses were distributed fairly equally among the three
options provided.

Students showed base rate fallacy more than the teachers, with

approximately 35% of students compared to only 1% of the teachers

demonstrating this misconception. This suggests that the students tended to

ignore prior probabilities or base-rate frequencies when irrelevant but

stereotypical information was presented in the problem, which agrees with

Kahneman et al. (1982, p. 5), who stated that “when no specific evidence is given,

prior probabilities are properly utilized; when worthless evidence is given, prior
probabilities are ignored”.

However, most of the teachers did not seem to be affected, and attended

to the base-rate fallacy in responding to the problem. One possible explanation is
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that the answer to the base-rate fallacy problem used in this study is

straightforward, as it does not require any calculation or statistics to be solved. I
hypothesise that many teachers might fail to respond in more difficult base-rate
fallacy problems, like the well-known taxicab problem (see Figure 5.15). Another
explanation is that the base-rate information was presented in numerical form,

whereas the individuating information was given as text, which may make the
former more vivid and salient to the teachers.

Figure 5.15
The taxicab problem, adopted from Tversky and Kahneman (1982)
A cab was involved in a hit and run accident at night. Two cab companies, the
Green and the Blue, operate in the city. You are given the following data:
(a) 85% of the cabs in the city are Green and 15% are Blue.

(b) A witness identified the cab as Blue. The court tested the reliability of
the witness under the same circumstances that existed on the night of
the accident and concluded that the witness correctly identified each
one of the two colours 80% of the time and failed 20% of the time.

What is the probability that the cab involved in the accident was Blue rather
than Green, as the witness claimed?
Interestingly, even in the base rate fallacy problem, some students and

teachers still demonstrated equiprobability bias (30% and 9% respectively),

perceiving that both strawberry and chocolate sweets had an equal chance to be
selected. This finding supports the argument that equiprobability bias affects

both children and adults (e.g., Chiesi & Primi, 2009; Lecoutre, 1992), even those
who have received some formal probability education (e.g., Morsanyi et al.,

2009). Further analysis of how students and teachers responded to
equiprobability bias problems are discussed in Section 5.5.2.
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Table 5.7
Percentage of responses for each option of the base-rate fallacy problem
Options

Students

Teachers

a) A strawberry sweet*
b) A chocolate sweet

35.6

1.6

c) Equal**

30.6

33.8

89.1
9.4

N***
160
64
* Base rate fallacy.
** Equiprobability bias.
*** Total of sample sizes. Bold font indicates the correct response.

5.5.1.3.2 Participants’ Written Justifications for Their Correct
Responses in the Base-Rate Fallacy Item
Table 5.8 shows the written justifications of both students and teachers who gave

correct responses to the base-rate fallacy problem. Among the teachers who had

correct responses, nearly half of them used a probability calculation while none
of the students used this approach to justify their responses. Most of the students
and about half of the teachers used the base-rate information of the problem that

there were more chocolate than strawberry sweets, which I labelled as the moreless approach. Some students, but none of the teachers, used the outcome

approach or ‘overthought’ the problem. Students who used the outcome

approach reasoned that we cannot determine which sweet will be chosen

because we cannot see it, while those who were overthinking the problem

justified their responses by thinking about the possible smell or form of the two
sweets. Furthermore, one of the teachers, but none of the students, showed
conflicting ideas between possibility and most likely in his written justification.
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Table 5.8
Percentage of participants’ written justifications for their correct responses in the
base-rate fallacy problem
Written Justification
Calculating the exact probability*

Students

Teachers

0.0

47.4

7.4

0.0

More-less approach*

59.3

Conflicting ideas

0.0

Overthinking

18.5

Outcome approach**

Other or no justification

14.8

Total participants
* Correct justifications.
** Probability misconceptions.

54

40.4
0.0
1.8

10.5
57

5.5.1.3.3 Participants’ Responses and Their Confidence
The confidence scores of the students who responded correctly (Mdn =

8.0) did not differ significantly from the scores of those who responded
incorrectly (Mdn = 8.0, U = 1382.50, p = .641, N = 108). However, there was only

one teacher whose response indicated base-rate fallacy. So, I decided to compare
the teachers who responded correctly with those who responded incorrectly
(both having base-rate fallacy and equiprobability bias). The same result was

also found for the teachers, where the confidence scores of the teachers who
responded correctly (Mdn = 9.5) did not differ significantly from the confidence

scores of those who had misconception responses (Mdn = 9.0, U = 116.00, p =

.130, N =57). This is also shown in Figure 5.16, where most of the students and
teachers chose higher numbers (6 or more) in the confidence scales, regardless
of whether or not they had correct or misconception responses. Overall, these

results indicate that both students and teachers were overconfident in
responding to the base rate fallacy problem.
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Figure 5.16
Frequency responses for each confidence scale with respect to the correct and misconception responses for the base rate fallacy
problems
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5.5.1.4 Insensitivity to Sample Size
Item 5 (Figure 5.17), adapted from Shaughnessy (1992), was used to test the

tendency of applying the representativeness heuristic when estimating the
probability of obtaining a sample drawn from a certain population, by neglecting

the influence of sample size (Tversky & Kahneman, 1974). The item does not

provide information that the marbles are replaced in the bag, but I informed this
to the participants orally before they responded to the item. The correct answer
for this item is option a.

Figure 5.17
Marble problem tests for the insensitivity to sample size
In a bag, there are 10 blue marbles and 10 red marbles. Safran and Amel
will repeatedly take a marble from the bag without looking.
Safran wants to get at least 7 blue marbles in 10 draws.
Amel wants to get at least 70 blue marbles in 100 draws.

Which person do you think has more chance of getting what they want?
a) Safran
b) Amel

c) Safran and Amel have an equal chance

5.5.1.4.1 Numerical Results of Participants’ Responses
The students and the teachers responded differently to this problem, as
summarized in Table 5.9. Half of the students, compared to only about 10% of

the teachers, correctly responded to the problem by choosing the option a. A
significantly higher proportion of teachers selected the misconception answer
than students did in this problem. This suggests that teachers tended to resort to

simple ratio comparison, rather than considering the influence of the sample size

when making probability estimation. One of possible explanations for this result

is that the insensitivity to sample size might be related to the age and educational

level of people. Fischbein and Schnarch (1997), assessing probability
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misconceptions of students across grade 5, 7, 9, 11 and pre-service teachers,

found that the insensitivity to sample size misconception increased with the age

of students. More recently, Kustos and Zelkowski (2013) also found that this
misconception developed with the age of participants across grade 7, 9, 11, and

pre-service mathematics teachers, where older participants tended to have

higher confidence for their misconception responses. Thus, the result of my study

supports previous research arguing that, as people getting older, the insensitivity
to sample size misconception is also increased, as a result of probability
education or intellectual development of people (Fischbein & Schnarch, 1997).

Table 5.9
Percentage of responses for each option of the insensitivity to sample size problem
Options

Students

Teachers

a) Safran

52.5

9.5

b) Amel

c) Equal*

30.6
16.9

15.9
74.6

N**
160
63
* Insensitivity to sample size.
** There was one teacher who left this item blank, leaving the total of sample
sizes equal to 223. Bold font indicates the correct response.

5.5.1.4.2 Participants’ Written Justifications for Their Correct
Responses in the Insensitivity to Sample Size Item

Students’ and teachers’ written justifications for their correct responses in the
insensitivity to sample size item are shown in Table 5.10. Most of the teachers

and about half of the students who had correct responses for this item provided

no written justification or just repeated the information from the item, and I
labelled these responses as “other or no justification”. About 48% of the students
and 16% of the teachers who justified their correct responses misunderstood the

problem by stating that there were not enough marbles in the bag for Amel to

draw. It seems that these participants did not realize that the sampling was done
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with replacement. This misunderstanding might be due to the item that did not
state clearly that the sampling was done with replacement, though I informed the

participants about it verbally when completing the probability questionnaire.
Some other students considered the number of draws or favourable events to

justify their responses. These justifications were considered to be partially

correct because students only mentioned that drawing more (i.e., conducting
more sampling) or drawing less (i.e., conducting less sampling) affects the chance

of getting the favourable event, without further explanation regarding the

relationship between sampling and variability. One of the teachers had an
incorrect justification for his correct response, pointing out the difference

between the number of draws and the favourable event. Overall, although some
students and teachers responded correctly to this item, their written

justifications indicated that they did not understand the influence of the sample

size when making probability estimations.

Table 5.10
Percentage of participants’ written justifications for their correct responses in the
insensitivity to sample size problem
Written Justification

Students

Teachers

Misunderstand the problem

48.8

16.7

Less draws more chance*

2.4

0.0

More draws less chance

3.6

Want less more chance*

2.4

Small difference

0.0

Other or no justification

42.9

Total participants
* Correct justifications.

84

0.0
0.0

16.7

66.7
6

5.5.1.4.3 Participants’ Responses and Their Confidence
Both students and teachers had similar result when comparing the confidence
scores of those who had correct and misconception responses. For the students,

the Mann-Whitney test found no significant difference between the confidence
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scores of those who had correct responses (Mdn = 7.5) and those who had

misconception responses (Mdn = 8.0, U = 1038.50, p = .508, N = 111). Similarly,

the Mann-Whitney test also found no significant difference between the
confidence scores of teachers who had correct responses (Mdn = 9.0) and those
who had misconception responses (Mdn = 8.0, U = 81.00, p = .361, N = 43). Figure

5.18 shows this non-significant difference where most of the students and

teachers selected higher numbers (6 or more) in the confidence scale regardless
of whether they gave correct or misconception responses. These results suggest

that both students and teachers were overconfident in responding to the
insensitivity of sample size problem.
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Figure 5.18
Frequency responses for each confidence scale with respect to the correct and misconception responses for the insensitivity of sample
size problems
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5.5.2 Equiprobability Bias
The study also investigated the extent to which secondary school students and
teachers showed equiprobability bias, in which all possible outcomes in the

random situation are assumed or thought to have equal probabilities. Two items
were used in the probability questionnaire, marble and coin-tossing contexts,

that was intended to measure equiprobability bias, where the equally likely
response was incorrect for these two items.

5.5.2.1 Marble Context

Item 4 (Figure 5.19), adapted from Lecoutre (1992), is a typical equiprobability
bias problem presented in the context of marbles. The correct answer for this
item is option b.

Figure 5.19
Marble context problem used for investigating equiprobability bias
There are three marbles in the bag: 2 red and 1 blue marbles. You are going
to take out 2 marbles simultaneously from this bag without looking. Which
is more likely to happen?

a) Taking out 2 red marbles

b) Taking out 1 red and 1 blue marbles

c) Both statements a and b are equally likely

5.5.2.1.1 Numerical Results of Participants’ Responses
Students and teachers responded differently in this marble context item,

as summarised in Table 5.11, with only 16% of teachers, compared to nearly 37%

of students responding correctly. Approximately 73% of the teachers compared

with only about 47% of the students responded that both options were equally

likely, indicating that the teachers were more affected by equiprobability bias
than the students were. This finding is consistent with the results of previous

studies suggesting that equiprobability bias seems to increase with probability
education, described as a ‘side-effect of education’ (Chiesi & Primi, 2009; Gauvrit

& Morsanyi, 2014; Morsanyi et al., 2009). The prevalence of the equiprobability
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bias as students getting older may be caused by partial understanding of

randomness among students where they perceive that all possible outcomes in
random situation have equal probability or randomness implies uniformity
(Lecoutre, 1992).

Table 5.11
Percentage of responses for each option of the marble problem associated with
equiprobability bias
Options

Students

Teachers

a) 2 red marbles

15.7

10.9

c) Both options are equal*

47.8

73.4

b) 1 red & 1 blue marbles

*
**

36.5

15.6

N**
159
64
Equiprobability bias.
Total of sample sizes. One of the students left this problem unanswered.
Bold font indicates the correct response

5.5.2.1.2 Participants’ Written Justifications for Their Correct
Responses in the Marble Context Item
The majority of the students and teachers did not provide written justifications,
or only repeated information provided in the problem to justify their correct

responses, and I coded these responses as ‘other or no justification’ (see Table

5.12). Among students and teachers who did provide written justifications, some

used the outcome approach to justify their responses by stating that we do not

know what will be taken out, because we cannot see it. Four (6.9%) students
indicated their misunderstanding of randomness by justifying their correct

responses by saying that the event is random, which might lead them to think
that one marble for each colour will be selected. On the other hand, three (30%)

teachers justified their correct responses by calculating the probability of

drawing each colour of marbles. Only one teacher provided correct justifications
for his correct responses in this problem by listing all possible outcomes (i.e., the
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sample space) and calculating the exact probability. These results suggest that

both students and teachers were struggling to solve and justify their responses
to this problem. Although they had correct responses to the multiple-choice
question, their written justifications show that they used incorrect reasoning,

indicating that correct responses are not always derived from correct probability
understanding. These results also suggest that students seemed to rely on their

primary intuitions while teachers tended to use their secondary intuitions when

responding to the problem. Some of the teachers but none of the students used
probability calculation, though most of them were incorrect. The difficulty of
seeing all possible outcomes of the event might be one possible reason for the

students and teachers having incorrect justifications for their correct responses
in this problem.

Table 5.12
Percentage of participants’ written justifications for their correct responses in the
marble context problem
Written Justification

Students

Teachers

Outcome approach**

10.3

10.0

Misunderstanding of randomness**

6.9

0.0

Impossible to get 2 red marbles
More red than blue marbles
Calculating probabilities*

Probability of drawing each colour
Other or no justification

Total participants

1.7

1.7
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0.0

0.0

10.0

79.3

50.0

0.0
58

* Correct justifications.
** Probability misconceptions.

0.0

30.0
10

5.5.2.1.3 Participants’ Responses and Their Confidence
The Mann-Whitney test showed no significant difference of confidence scores
between students who responded correctly (Mdn = 7.6) and those who had

misconception responses (Mdn = 7.0, U = 2317.50, p = .174, N = 129). In this

marble context item, most of the students selected higher numbers (6 or more)

in the confidence scale regardless of they had correct or misconception
responses (see Figure 5.20). However, different result was found for the teachers,
where the confidence scores of the teachers who responded correctly (Mdn = 6.2)

differed significantly from those who had misconception response (Mdn = 8.7, U

= 201.50, p = .033, N = 50). Teachers who had correct responses seemed to have
lower confidence that those who had misconception responses associated with
equiprobability bias (see Figure 5.20). These results show that most of the

students tended to be overconfident with their responses, whereas some of the

teachers were less confident with their correct responses, and some of them
were overconfident with their misconception responses.
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Figure 5.20
Frequency responses for each confidence scale with respect to the correct and misconception responses for the marble problem of
equiprobability bias
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5.5.2.2 Coin Tossing Context
Item 6 (Figure 5.21) is a typical equiprobability bias problem presented in the
context of marbles. The correct answer for this item is option b.

Figure 5.21
Coin tossing context problem used for investigating equiprobability bias
Four coins are thrown onto the table at random once. What is the most likely
result?
a) 3 heads and 1 tail

b) 2 heads and 2 tails

c) Both a and b are equally likely

5.5.2.2.1 Numerical Results of Participants’ Responses
The students and teachers, as in the marble problem, responded differently in
this coin tossing problem, as summarized in the Table 5.13. There were about

72% of teachers compared to 56% of students responded that both options are

equally likely, indicating that the teachers were more affected by equiprobability
bias than the students. These percentages were also similar to those shown in

Table 5.11 in the marble context. Again, this finding confirms previous studies,

which suggested that equiprobability bias seems to increase with probability
education (Chiesi & Primi, 2009; Gauvrit & Morsanyi, 2014; Morsanyi et al.,
2009).

148

Table 5.13
Percentage of responses for each option of the coin tossing problem associated with
equiprobability bias
Options

Students

Teachers

a) 3 heads and 1 tail

18.9

1.7

c) Both a and b are equally likely*

56.0

b) 2 heads and 2 tails
N**

*
**

25.2

26.7

159

60

71.7

Equiprobability bias.
Total of sample sizes. Some participants left this problem unanswered.
Bold font indicates the correct response.

5.5.2.2.2 Participants’ Written Justifications for Their Correct
Responses in the Coin Tossing Context Item

Students and teachers had various explanations for justifying their correct

responses to the coin tossing context problem (see Table 5.14). Most of the
students provided no written justification, or only repeated information from the

problem, and, as before, I coded these responses as ‘other or no justification’,
similar to the marble context problem. Among students who gave correct

responses in the multiple-choice tier, only 5 (12.5%) provided written
justifications. However, a different result was found with the teachers, where,
unlike in the marble context problem, most of them calculated the exact

probabilities to justify their correct responses. Among the teachers who did

probability calculations, most listed all possible outcomes for both statements,

for example, by using a tree diagram. These results suggest that the correct

responses of the students and teachers were derived from different kinds of
reasoning. As with the marble problem, most of the students again relied on their

primary intuitions to justify their correct responses in the coin tossing context
problem, where they used their personal experience of tossing coins or else

religious-related belief. On the other hand, most of the teachers used probability
calculation, though some of them had incorrect calculations, to justify their
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correct responses, which suggests that they relied on secondary intuitions.

Furthermore, teachers’ difficulty with listing all possible outcomes of the events
(i.e., the sample space) seemed to be absent in this problem, which might indicate
that this difficulty is context-related.

Table 5.14
Percentage of participants’ written justifications for their correct responses in the
coin tossing context problem
Written Justification

Students

Teachers

Equal chance for both head and tail

2.5

0.0

Personal experience

5.0

0.0

It's random**

Religious related belief

2.5
2.5

0.0
0.0

Listing all possible outcomes and
calculating probability*

0.0

56.3

Wrong or incomplete calculation

0.0

6.3

Calculating probability*

0.0

Other or no justification

87.5

Total participants
* Correct justifications.
** Probability misconceptions.

40

25.0
12.5
16

5.5.2.2.3 Participants’ Responses and Their Confidence
Students who had correct responses tended to have lower confidence than those

who had misconception responses associated with equiprobability bias, as
shown in Figure 5.22. The Mann-Whitney test found a significant difference of

confidence scores between students who responded correctly (Mdn = 5.6) and
those who had misconception responses (Mdn = 7.3, U = 2403.00, p < .001, N =

128). However, this was not the case for the teachers. Figure 5.22 show that
teachers tended to have high confidence regardless of whether they had correct

or misconception responses associated with equiprobability bias. The MannWhitney test also did not find a significant difference of confidence scores
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between teachers who responded correctly (Mdn = 9.0) and those who had

misconception responses (Mdn = 8.9, U = 280.00, p = .875, N = 52). These results

show that most of the teachers tended to be overconfident with their responses,

whereas some of the students were less confident with their correct responses
and some of them were overconfident with their misconception responses. The
overconfidence of participants who had misconception responses, particularly

the teachers, might suggest that equiprobability bias seems to be a deep
misconception that might be difficult to change (Chiesi & Primi, 2009; Gauvrit &
Morsanyi, 2014).
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Figure 5.22
Frequency responses for each confidence scale with respect to the correct and misconception responses for the coin tossing problem
of equiprobability bias
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5.5.3 Ratio Bias
The study also investigated the extent to which secondary school students and
teachers show ratio bias, believing that the probability of events represented as

ratios of large numbers (e.g., 10 out of 100) is greater than equivalent (e.g., 1 out

of 10) or higher probability (e.g., 3 out of 10) of events represented using ratios

of small numbers. Two types of ratio bias problems were investigated in this
study, namely equal-ratio and unequal-ratio problems (see Section 2.2.3 for more
detail).

For each type, I examined whether there was a statistically significant

difference between the confidence scores of the participants (both students and
teachers) who responded correctly and the confidence scores of those who had

responses indicating ratio bias. Before doing this analysis, I used the Shapiro-

Wilk test to see whether the confidence scores data (both students and teachers)

were normally distributed. Both results showed a significant Shapiro-Wilk test
result (𝑝𝑝 < .001), which means that the confidence scores data of both students

and teachers were not normally distributed. Consequently, a Mann-Whitney test
(a non-parametric test) was used to compare the mean confidence scores of the
participants.

5.5.3.1 Equal-Ratio Problem
Item 7 (Figure 5.23), adapted from Alonso and Fernandez-Berrocal (2003), is an

equal-ratio problem that presents objectively equivalent probabilities against
one another. The correct answer for this item is option c.
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Figure 5.23
Equal-ratio problem used for investigating ratio bias
Althaf has two boxes each containing two different colours of marbles:

Box A
Box B

: 10 white marbles and 90 black marbles
: 1 white marble and 9 black marbles

Althaf will take out a marble without looking from one of the boxes.
Which box gives him a higher chance of taking out a white marble?
a) Box A
b) Box B

c) Both have the same chance

5.5.3.1.1 Numerical Results of Participants’ Responses
Students and teachers responded differently to this problem, as

summarised in Table 5.15, where almost 77% of the teachers compared to only

about 23% of students correctly answered the item. More than half of the

students, compared to less than one fifth of the teachers, selected the
misconception response. These results suggest that students tend to be biased
towards choices that offer larger numbers of potential success rather than

choices with higher probabilities. The ratio bias phenomenon is present in both
the students and the teachers when responding to the equal-probabilities

condition, replicating results from previous studies (e.g. Alonso & FernandezBerrocal, 2003; Denes-Raj et al., 1995; Pacini & Epstein, 1999). However, to my

knowledge, this is the first study showing that ratio bias is also present among
in-service mathematics teachers.
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Table 5.15
Percentage of responses for each option of the equal-ratio problem
Options

Students

Teachers

a) Box A*

56.9

17.2

c) Equal

22.5

76.6

20.6

b) Box B

*
**

6.3

N**
160
64
Ratio bias.
Total of sample sizes. Bold font indicates the correct response

5.5.3.1.2 Participants’ Written Justifications for Their Correct
Responses in the Equal Ratio Item
Table 5.16 shows the written justifications of both students and teachers for their

correct responses. Similar to the previous items, most of the students provided
no written justification or only repeated information from the problem, which I

coded as ‘other or no justification’, when responding to the equal-ratio problem.

Among the few students who provided written justifications, most relied on their
primary intuitions where they justified their correct responses in the multiple-

choice tier with reference to their gut feelings, such as that anything can happen

because a marble is taken out without looking, it’s a matter of luck, or relied on
the more-less strategy (i.e., more favourable marbles in box A and fewer

unfavourable marbles in box B). Only 2 (5.6%) students compared the ratios of
white and black marbles in the two boxes to justify their correct responses. Most
of the teachers, however, used their secondary intuitions for justifying their

correct responses and used ratio comparisons or calculated the probabilities of
taking out a white marble from each box. These results suggest that most of the
teachers, unlike the students, were able to correctly justify their correct

responses in the equal-ratio problem, using either ratio comparisons or
probability calculation.
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Table 5.16
Percentage of participants’ written justifications for their correct responses in the
equal-ratio problem
Written Justification

Students

Teachers

Anything can happen

5.6

0.0

A matter of luck

2.8

Equal ratio*

More-less strategy

Calculating probabilities*

Incorrect probability calculation

5.6

34.7

2.8

0.0

0.0

34.7

83.3

24.5

0.0

Other or no justification

Total participants
* Correct justifications.

0.0

36

6.1
49

5.5.3.1.3 Participants’ Responses and Their Confidence
Both students and teachers had similar result when comparing the confidence

scores of those who had correct and misconception responses for equal-ratio
problem. Figure 5.24 shows that both students and teachers tended to have high

confidence scores regardless of whether they had correct or misconception

responses. The Mann-Whitney test found no significant difference of confidence
scores between students who responded correctly (Mdn = 6.7) and those who

had misconception response (Mdn = 7.3, U = 1803.00, p = .266, N = 125). Similar
to the students, the Mann-Whitney test also showed that the confidence scores of

the teachers who responded correctly (Mdn = 8.8) did not differ significantly
from those who had misconception response (Mdn = 9.1, U = 233.50, p = .324, N
= 49). These results indicate that both the students and the teachers were
overconfident in responding to the equal-ratio problem of ratio bias.
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Figure 5.24
Frequency responses for each confidence scale with respect to the correct and misconception responses for the equal-ratio problem
of ratio bias
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5.5.3.2 Unequal-Ratio Problem
Item 11 (Figure 5.25), adapted from Denes-raj and Epstein (1994) and Martignon
and Krauss (2009), is a unequal-ratio problem that shows an objectively lower
probability (but with higher numerosity numerator) against an objectively
higher probability (but with lower numerosity numerator). The correct answer
for this item is option a.

Figure 5.25
Unequal-ratio problem used for investigating ratio bias
Erika has two boxes with two different colours of marbles:
Box A
Box B

: 1 white and 2 black marbles
: 2 white and 5 black marbles

Erika will take out a marble without looking from one of the boxes.
Which box give her a higher chance of taking out a white marble?
a) Box A
b) Box B

c) Both have the same chance

5.5.3.2.1 Numerical Results of Participants’ Responses
Students and teachers responded differently to this unequal-ratio problem, as
summarised in Table 5.17, where 77% of the teachers compared to only 36% of

the students gave the correct answer. Also, 36% of the students and only 14% of
the teachers selected option b, associated with ratio bias. This result suggests

that students tend to be more biased than teachers towards choices expressed as
a ratio of large numbers (but with lower probabilities) rather than choices
expressed as a ratio of small numbers (but with higher probabilities). The ratio

bias phenomenon seems to be present in both the students and the teachers
when responding to unequal-probabilities condition, replicating results from

previous studies (e.g. Alonso & Fernandez-Berrocal, 2003; Denes-raj & Epstein,

1994; Pacini & Epstein, 1999). However, to my knowledge, it is the first study
showing that ratio bias is also present among in-service mathematics teachers
when responding to an unequal-ratio problem.
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Table 5.17
Percentage of responses for each option of the unequal-ratio problem
Options

Students

Teachers

a) Box A

36.3

76.6

c) Equal**

27.5

9.4

b) Box B*
*
**
***

36.3

14.1

160
64
N***
Ratio bias.
Equiprobability bias.
Total of sample sizes. Bold font indicates the correct response.

5.5.3.2.2 Participants’ Written Justifications for Their Correct
Responses in the Unequal Ratio Item
Students and teachers had various explanations to justify their correct responses
in the unequal-ratio problem (see Table 5.18). The written justifications of about

half of the students and teachers were categorised as ‘other or no justification’,
as they did not provide any written justification, merely repeated information

from the problem or had unrelated or unclear justifications. Among the students

who justified their correct responses, most of them used part-part comparisons

in which they compared the number of favourable and unfavourable marbles in

each box. Only 1 (1.7%) student used calculation to justify her correct response
where she compared the ratio of favourable and unfavourable marbles in each
box by dividing the number of favourable marbles by the number of unfavourable
marbles in each box. In contrast to the students, all of the teachers used

probability calculations to justify their correct responses in the multiple-choice
tier, although some of them were incorrect. This indicates that teachers used

part-whole comparisons in calculating the probability of taking out a white

marble from each of the two boxes. The majority of the students compared

favourable and unfavourable cases, while the teachers used probability
calculations to justify their correct responses. Following Fischbein (1975), this

suggests that students mainly relied on their primary intuition whereas teachers
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mainly used their secondary intuition when responding to the unequal-ratio
problem.

Table 5.18
Percentage of participants’ written justifications for their correct responses in the
unequal-ratio problem
Written Justification

Students

Teachers

Less marbles more chance

19.0

0.0

Difference of favourable and unfavourable marbles

6.9

0.0

Less unfavourable marbles in box A

More unfavourable marbles in box B
More marbles more chance

Ratio of favourable and unfavourable marbles*

19.0
1.7
1.7
1.7

0.0
0.0
0.0
0.0

Incorrect probability calculation

0.0

14.3

Other or no justification

50.0

44.9

Correctly calculating probabilities*
Total participants
* Correct justifications.

0.0
58

40.8
49

5.5.3.2.3 Participants’ Responses and Their Confidence
Similar to the equal-ratio problem, both students and teachers tended to have

high confidence regardless of whether they had correct or misconception
responses associated with ratio bias (see Figure 5.26). The confidence scores of

the students who responded correctly (Mdn = 7.6) did not differ significantly
from those who had misconception response associated with ratio bias (Mdn =

7.4, U = 1427.00, p = .406, N = 116). The same result is also found for the teachers,
where the confidence scores of those who responded correctly (Mdn = 8.8) did

not differ significantly from those who had misconception response associated
with ratio bias (Mdn = 8.2, U = 138.50, p = .232, N = 58). These results indicate
that both students and teachers were overconfident in responding to the
unequal-ratio problem.
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Figure 5.26
Frequency responses for each confidence scale with respect to the correct and misconception responses for the unequal-ratio problem
of ratio bias
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5.5.4 The Falk Phenomenon
The study also investigated how secondary school students and teachers
responded to probability problems associated with the Falk phenomenon (effect

of the time axis). The Falk phenomenon is a probability misconception that

occurs when people perceive that the outcome of the first draw is not contingent
on the outcome of the second draw in conditional probabilities (see Section

2.2.4). Items 9 and 10 (Figure 5.27) were probability problems associated with
the Falk phenomenon adopted from Borovcnik (1988) and Falk (1986). The
correct responses for these two items are option b.

Figure 5.27
Marble problems used for investigating the Falk phenomenon
Andy and Hendra each have a box containing two white marbles and two
black marbles.
9.

Andy takes out a marble from his box without looking and finds that it
is a white one. Without putting the first marble back into the box, he
takes out a second marble without looking. Which is more likely for
Andy to take out for the second marble?
a) White marble
b) Black marble
c) White and black marbles are equally likely to be taken

10. Hendra takes out a marble from his box without looking. He puts it aside
without looking at it. He takes out a second marble from the box
without looking and sees that it is white. What is more likely for Hendra
to have taken out for the first marble?
a) White marble
b) Black marble
c) White and black marbles are equally likely to have been taken

5.5.4.1.1 Numerical Results of Participants’ Responses
Students and teachers responded differently in these probability problems
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associated with the Falk phenomenon, as summarised in the Table 5.19. The

majority of teachers (73%) responded correctly for item 9 while most of them

(75%) gave an incorrect response for item 10, believing that both white and black

marbles are equally likely to be taken. This indicates that the teachers seemed to
exhibit the Falk phenomenon, responding correctly when events occur in

sequence (item 9) and giving an incorrect response when an event is conditional
on another event that occurs after it (item 10). Students, on the other hand, did
not respond differently to the two items, and the percentage of students selecting

the correct response was about the same as the percentage saying that both
marbles have equal chance, in both of the two items. This suggests that the

students were confused by both items, whereas the teachers did better in item 9
but had difficulty with item 10.

Table 5.19
Percentage of responses for each option of the Falk phenomenon problems
Options
a) White marble

b) Black marble
c) Equal

Students

Teachers

Item 9

Item 10

Item 9

Item 10

13.8

21.3

3.1

3.1

47.5

39.4

38.8

38.8

73.4

23.4

12.5
75.0

160
159
64
58
N*
* The sample sizes, N, are not always equal for the items 9 and 10 because
some participants left the item 10 unanswered. Bold font indicates the
correct response.

Following Fischbein and Schnarch (1997), I divided participants’

responses to the two items into three different categories: in category I,

participants’ responses to both items were correct; in category II, participants’
responses to item 9 were correct while they were incorrect on item 10 (the Falk
phenomenon); and, in category III, participants’ responses to both items were

incorrect. Other combinations of participants’ responses to these two items
outside of these categories were ignored and classed as ‘other’ (see Table 5.20).
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Most of the teachers (about 62%), compared to fewer than 20% of the

students, exhibited the misconception by responding correctly to item 9 but

incorrectly to item 10. This differs from the findings of Fischbein and Schnarch

(1997), who found that more eleven-grade students (70%) than college students
(44%) exhibited the Falk phenomenon. The different results of these two studies

suggest the need for further investigation of the relationship between the Falk
phenomenon and the age of the participants.

The result showing most of the teachers responding correctly to item 9

also indicated that the teachers, unlike the students, could use the causality
principle when responding to the conditional probability problems where the

events are occurring forward in time. When the teachers could not infer cause in
an event that is conditioned on a future event, as in the item 10, most of them

seemed to consider the number of marbles in the box only, and ignored the
information about the second draw (Falk, 1988; Shaughnessy, 1992).

Table 5.20
Percentage of responses for each category of the Falk phenomenon problems
Options

Students

Teachers

Category I (Both Correct)

18.9

13.8

Category III (Equal chance for both)

27.0

19.0

Category II (The Falk Phenomenon)

19.5

Others

34.6

62.1
5.2

N*
159
58
* Total of sample sizes. Some participants left the item 10 unanswered.

5.5.4.1.2 Participants’ Written Justifications for Their Correct
Responses in Both Items of the Falk Phenomenon
As there were several students and teachers who gave correct responses to both

items 9 and 10, I analysed their written justifications to reveal their probabilistic
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thinking when responding to the two items. In item 9, 40% of the students’
written justifications were categorised as “other or no justification” whereas

40% of the teachers correctly calculated the probabilities of drawing the two
kinds of marbles to justify their correct responses (see Table 5.21). Among those

students who justified their correct responses, most of them recognised that
there were more black marbles in the second draw, as a white marble had been
taken out in the first draw without replacement, but none of them provided a

probability calculation. Furthermore, some of them reasoned that the second
draw must be a black marble, given that the first was a white marble, indicating
evidence of the recency effect. Most of the teachers also recognised that there

were more black marbles in the second draw. However, about half of them not
only indicated this but also used probability calculation to justify their correct

responses in the multiple-choice tier. These results again suggest that students
tended to rely on their primary intuitions while teachers used their secondary
intuitions when responding to conditional probability problems associated with
the Falk phenomenon.
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Table 5.21
Percentage of participants’ written justifications for their correct responses in item
9 of the Falk phenomenon problem
Written Justification

Students

Teachers

More black marbles*

21.0

34.0

First white then second must be black marble**

12.9

0.0

Black marbles have not been drawn

A white marble has been drawn without replacement
Less white marbles*
It's random

The number of black marbles stays the same
Calculating probabilities correctly*
Other or no justification

Total participants
* Correct justifications.
** Probability misconceptions.

1.6

14.5
4.8
3.2
1.6
0.0

40.3
62

0.0

10.6
2.1
0.0
0.0

40.4
12.8
47

For item 10, the majority of the students’ and teachers’ written

justifications were categorised as ‘other or no justification’ (see Table 5.22).

Among a few students who provided written justifications, most reasoned that a
white marble had been taken out in the second draw and so the first draw must

have been a black marble. I considered this justification as partially correct

because students did not indicate clearly that the result of the second draw
influenced what had already happened in the first draw, or the result of the
second draw should be used for determining the probability of the first draw.

Indeed, some of them reasoned that the first draw should have been a black
marble, given that the second draw was a white marble, indicating their reliance

on the recency effect as also shown in item 9. On the other hand, among the

teachers who provided an explanation for their correct responses, most
recognised that the outcome of the first draw was influenced by the outcome of
the second draw. Moreover, one of them also used a probability calculation.
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Table 5.22
Percentage of participants’ written justifications for their correct responses in
item 10 of the Falk phenomenon problem
Written Justification

Students

Teachers

A white marble has been drawn

20.0

12.5

Black marbles have not been drawn

6.7

0.0

Second white then first must be black marbles
White marbles have higher chance in the second draw
if the first draw was a black marble
Less black marbles in the second draw because a black
marble has been taken in the first draw
Calculating probabilities correctly
Other or no justification
Total participants

10.0

0.0

0.0

12.5

0.0

12.5

0.0

63.3
30

12.5
50.0
8

5.5.4.1.3 Participants’ Responses and Their Confidence
As shown in Table 5.19, the majority of participants, both students and teachers,
either responded correctly (i.e., the black marble has a greater chance) or

incorrectly (i.e., both marbles have equal chance) to both items. For each item,

using a Mann-Whitney test, I investigated whether there was a statistically

significant difference between the confidence scores of participants (both

students and teachers) who responded correctly and the confidence scores of
those who perceived that both marbles had equal chance.

For item 9, students who had correct responses tended to select higher

numbers (6 or more), while those who had incorrect responses tended to select
smaller numbers (5 or less) in the confidence scale (see Figure 5.28). The Mann-

Whitney test found a significant difference of confidence scores between
students who responded correctly (Mdn = 7.8) and those who responded

incorrectly (equal chance for both) (Mdn = 6.5, U = 2802.00, p = .006, N = 133).

However, different result was found for the teachers where they tended to have

high confidence regardless of whether they had correct or misconception
responses associated with the Falk phenomenon. The Mann-Whitney test did not
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find a significant difference of confidence scores between teachers who

responded correctly (Mdn = 9) and those who responded incorrectly (equal

chance for both) (Mdn = 8.6, U = 224.50, p = .436, N = 49). This suggests that, on
average, students tended to be well-calibrated while teachers seemed to be overconfident with their responses.

For item 10, most of the students and teachers selected higher numbers

(6 or more) in the confidence scale regardless they had correct or incorrect

responses (see Figure 5.29). The Mann-Whitney test did not find a significant
difference of confidence scores between students who responded correctly (Mdn
= 6.9) and those who responded incorrectly (equal chance for both) (Mdn = 6.8,

U = 1907.50, p = .935, N = 123). Similar result is also found for the teachers where

the confidence scores of the those who responded correctly (Mdn = 8.5) did not
differ significantly from those who responded incorrectly (equal chance for both)
(Mdn = 8.3, U = 195.00, p = .318, N = 48). This suggests that, on average, both the

students and teachers were overconfident in responding to item 10 related to the
Falk phenomenon.
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Figure 5.28
Frequency responses for each confidence scale with respect to the correct and incorrect (equal chance for both marbles) responses
for the item 9 about the Falk phenomenon

169

Figure 5.29
Frequency responses for each confidence scale with respect to the correct and incorrect (equal chance for both marbles) responses
for the item 10 about the Falk phenomenon
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As shown in Table 5.20, I categorised participants’ responses across the

two items into three categories. I also investigated whether there was a

statistically significant difference between the means of the confidence scores of

the participants in category I (responding correctly in both items), category II

(exhibiting the Falk phenomenon) and category III (responding incorrectly by
selecting equal chance for both marbles), using one-way ANOVA.

For the students, an independent one-way ANOVA showed a significant

difference between the confidence scores in the three categories (F(2, 101) =

20.72, p = .013, 𝜔𝜔 = 0.25). Post hoc testing using Tukey’s correction revealed that
the mean confidence score of the students in category III was significantly lower

than for category I (p = .020). This suggests that, on average, students who
responded that both marbles had equal chance in both of the two items were

significantly less confident than those who responded correctly in the two items.
Also, there was no significant difference between the confidence scores of the

students in category I (M = 7.8, N = 30) and those in category II (M = 7.6, N = 31,
p = .904), suggesting that the students in these two categories were very
confident with their responses to the two items. These results are also shown in

Figure 5.30, where most of the students in category I and category II selected
higher numbers (6 or more) in the confidence scale, while those in category III
seemed to select various numbers in the confidence scale.

For the teachers, however, an independent one-way ANOVA showed no

significant difference of confidence scores among the three categories (F(2, 52)

= 29.52, p = .080, 𝜔𝜔 = 0.24). However, this insignificant result could be due to the

small sample size, as only 55 teachers responded to the Falk phenomenon
problems, and the p-value is fairly close to the significance level of .05. The
descriptive result also shows that the mean confidence scores for category I (M =

8.3, N = 8), category II (M = 7.4, N = 36), and category III (M = 5.1, N = 11) were
similar, suggesting that the teachers were generally confident with their

responses to both items. This result is also reflected in Figure 5.30, where most
of the teachers selected higher numbers (6 or more) in the confidence scale,
regardless of their categories.
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Figure 5.30
Frequency responses for each range of confidence scores with respect to the three categories of responses for the two items associated
with the Falk phenomenon
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5.6 Calibration and Resolution
In this section, I discuss the calibration and resolution of students and teachers
when responding to the probability questionnaire. Calibration and resolution are

two metacognitive measures used to investigate the relationship between
accuracy and confidence judgements of students and teachers when solving
various probability problems (see Section 2.8.2 for more detail).

5.6.1 Calibration of Students and Teachers

Table 5.23 compares the calibration of students and teachers. The assumption

check using the Shapiro-Wilk test showed that the student data were normally

distributed (𝑊𝑊 = .986, 𝑝𝑝 = .096). A one sample t test found that the mean

calibration of students (29.3) was significantly different from 0 (𝑡𝑡(159) =

16.96, 𝑝𝑝 < 0.001). Similarly, a Bayesian one-sample t test found a Bayes factor

(𝐵𝐵𝐵𝐵10 ) of 1,496 × 1034 , indicating extreme evidence (Lee & Wagenmakers, 2013)

in favour of the alternative hypothesis that the mean calibration of students was
not equal to zero (𝐻𝐻1 : 𝜇𝜇 ≠ 0). These results show that the students were
overconfident in responding to the questionnaire.

A similar result was found with the teachers. Because the teachers’ data

were not normally distributed (i.e., there was a significant result from the
Shapiro-Wilk test (𝑊𝑊 = .848, 𝑝𝑝 < .001)), I used the Wilcoxon test, which is a non-

parametric test. The Wilcoxon signed-rank test found that the mean calibration

of teachers (17.4) was significantly different from 0 (𝑉𝑉 = 1653, 𝑝𝑝 < 0.001).
Similarly, a Bayesian Wilcoxon signed-rank test found that the Bayes factor

(𝐵𝐵𝐵𝐵10 ) for the data was 63.62, indicating very strong evidence (Lee &

Wagenmakers, 2013) in favour of the alternative hypothesis that the mean
calibration of teachers was not equal to zero (𝐻𝐻1 : 𝜇𝜇 ≠ 0). These results show that

the teachers, similar with their students, were also overconfident in responding
to the questionnaire.

Although both students and teachers were overconfident when

responding to the probability questionnaire, teachers were less overconfident
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than students. The independent sample t test showed that the calibration scores

of students and teachers, measured with bias index, were significantly different
(see Table 5.23). This result suggested that although both groups were
overconfident, the teachers had better calibration than the students.

Table 5.23
Mean, standard deviation (in parentheses) and significance difference of
percentage accuracy, percentage confidence, calibration and resolution of students
and teachers

Accuracy
Confidence
Calibration
Resolution

Students

Teachers

t test results

41.2 (14.5)

59.7 (13.7)

𝑡𝑡(222) = −8.77, 𝑝𝑝 < .001

17.4 (31.3)

𝑡𝑡(222) = 3.24, 𝑝𝑝 = .001

70.5 (18.9)

86.5 (12.5)

0.12 (0.52)

0.49 (0.57)

29.3 (21.9)

𝑡𝑡(215) = −5.96, 𝑝𝑝 < .001
𝑡𝑡(187) = 4.02, 𝑝𝑝 < .001

5.6.2 Resolution of Students and Teachers
In this section, I compare the resolution of students and teachers when

responding to the questionnaire. I used Goodman and Kruskal's gamma

correlation to compute the resolution of each student and teacher. As gamma

correlation requires variability in both variables (i.e., accuracy and confidence),
it will have a null value if participants put the same score in all confidence ratings,

or have either correct or incorrect responses for all items. Therefore, I defined

confidence variability as a pre-defined inclusion criterion for participants, and

excluded cases in which confidence scores were constant. This resulted in a
sample of 150 students and 39 teachers, excluding 10 (6.3%) students and 25
(39.1%) teachers.
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Figure 5.31
Scatterplots of students’ and teachers’ resolution metrics and proportion correct

175

On average, the mean gamma coefficient of the teachers (M = 0.49) was

higher than for the students (M = 0.12). The independent sample t test showed

that this difference was statistically significant 𝑡𝑡(187) = 4.02, 𝑝𝑝 < 0.001) and
Bayesian independent sample t test also found that the Bayes factor (𝐵𝐵𝐵𝐵10 ) for

the data was 249.69, suggesting very strong evidence (Lee & Wagenmakers,

2013) in favour of the alternative hypothesis that students and teachers had
different gamma coefficients (i.e., effect sizes for both groups are not equal
(𝛿𝛿 ≠ 0)). This result showed that the teachers had better resolution than
students (see Table 5.23). The significant difference of resolution scores,

measured with Goodman and Kruskal's gamma correlation, between students
and teachers could be due to higher number of students who had negative
gamma correlation, indicating that they were more confident when giving

misconception responses. There were 57 (38%) of the students compared to only
4 (10.3%) of the teachers who had negative gamma correlation. This result

showed that the poor resolution of the students is even worse where they were

quite confident for having misconception responses, suggesting that their
probability misconceptions may be difficult to overcome through instruction.

Furthermore, there appeared to be a positive correlation between the

metacognitive resolution and probability accuracy for the teachers, but not for
the students (see Figure 5.31). Following Vuorre and Metcalfe (2021), I used

nonparametric Kendall’s tau to calculate the correlation between the resolution
metrics and the proportion correct for both students and teachers. The results
showed a significant correlation for the teachers (𝑇𝑇𝑏𝑏 = .319, 𝑝𝑝 = .010) but not
for the students (𝑇𝑇𝑏𝑏 = .014, 𝑝𝑝 = .818), showing that the accuracy and

metacognitive resolution were positively related among the teachers but not the
students.

5.7 Discussion
The main purpose of the survey studies was to investigate secondary school

students’ and in-service mathematics teachers’ probability misconceptions and

metacognitive judgements when solving various probability problems. The study
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found that both secondary school students and in-service mathematics teachers
exhibited the four common probability misconceptions, extending our current

understanding of students’ and teachers’ probabilistic knowledge (Jones et al.,
2007), where most previous research has mainly focused on undergraduate

students and pre-service teachers (e.g., Batanero et al., 2014; Chernoff et al.,
2015; Stohl, 2005). Furthermore, both students and teachers were also
overconfident in their responses, with mean confidence scores greater than 6 on

a 0-10 scale (see Table 5.24) and mean percentage accuracy around 41.2% for

the students and 59.7% for the teachers, showing that they overestimated their
performance on the probability problems.

5.7.1 Students’ and Teachers’ Probabilistic Accuracy
Students seemed to be more susceptible to the representativeness

heuristic and the ratio bias than the teachers were (see Table 5.18). A higher

percentage of students than teachers seemed to rely on the representativeness
heuristic when responding to the random similarity items. This result is in line
with the studies of Fischbein and Schnarch (1997) and Kustos and Zelkowski
(2013),

who

found

that

the

percentage

of

students

showing

the

representativeness heuristic decreased as grade level increased, when
responding to a probability problem similar to the random similarity item used

in this study. Moreover, the result of my study, where 61% of students responded

correctly to the most likely item, but only 40% of them responded correctly to

the least likely item, confirms Konold et al. (1993), who found similar

inconsistencies among high school and undergraduate students. This present
study also shows similar results to Chernoff and Russell (2012), where most of

the teachers responded correctly to both the most and least likely items.

Similarly, a higher percentage of students than teachers relied on the

representativeness heuristic when responding to the base-rate fallacy item. This

result extends the limited research on students’ and teachers’ susceptibility to

the representativeness heuristic when responding to base-rate fallacy problems,
where most of the previous research dealt with undergraduate students (e.g.,
177

Bar-Hillel, 1980; Teigen & Keren, 2007; Tversky & Kahneman, 1982).

However, a different result was found in the insensitivity to sample size

and recency effect items. For the insensitivity to sample size item, a higher

percentage of teachers than students showed the representativeness heuristic.
This replicates Fischbein and Schnarch (1997) and Kustos and Zelkowski (2013),

who found that people’s representativeness heuristic increases with age when

responding to the insensitivity of sample size item. The 10% accuracy rate of the

teachers shown in my study is similar to the 13.9% of prospective teachers
reported by Carter and Capraro (2005), and somewhat lower than the 23% rate

for graduate students reported by Jendraszek (2010). For the recency effect item,
the percentage of students and teachers showing the negative recency effect (also

known as the gambler’s fallacy) was the same (about 17%), while 14.5% of the

students and none of the teachers showed the positive recency effect (also known
as the hot hand fallacy). This result supports the finding of Rubel (2007) and

Chiesi and Primi (2009), who found that while the positive recency effect
decreased with age, the negative recency effect was stable across age groups.
However, my findings differ from those of Kustos and Zelkowski (2013), who

found that the recency effect decreased with age, though they did not explain
whether both positive and negative recency effects or just one of them. These

conflicting results could have been caused by the different profiles of the
participants, where Kustos and Zelkowski’s study involved middle- to high-

achieving students, whereas my study involved low- to middle-achieving
students.

My study also showed that students were more susceptible than teachers

to the ratio bias, with a higher percentage of students than teachers displaying
this misconception when responding to both equal-ratio (also known as

heuristic) and unequal-ratio (also known as nonoptimal) items. This result

supports Klaczynski et al. (2019), who found an age-related improvement in
performance, mediated by numeracy, among American adolescents (aged 10 to

12) when responding to both equal-ratio and unequal-ratio questions. For the

equal-ratio item, the findings from my study also corroborate the study of
178

Klaczynski (2001), who found that normatively correct responses increased with

age within a sample of early (𝑀𝑀𝑎𝑎𝑎𝑎𝑎𝑎 = 12.81) and middle (𝑀𝑀𝑎𝑎𝑎𝑎𝑎𝑎 = 16.77)
adolescents and young adults (𝑀𝑀𝑎𝑎𝑎𝑎𝑎𝑎 = 21.74), but differs from Amsel et al.

(2008), who found no significant age-related progression within a sample of 13-

year-olds and university students. The different results between my studies and
Amsel et al. (2008) might be due to the different formulation of the equal-ratio

problem. In Amsel et al.’s study, but not in my studies, they presented the equal-

ratio problem as a vignette, and they informed participants about the probability

of drawing the favourable cases in the form of fractions and percentages. It is also
contrary to Furlan et al. (2015), who found that high school and university

students showed similar performances on the equal-ratio item when no time

pressure was applied. The difference results of my studies and Furlan et al.’s
study could be due to the different background of the participants. All of the

participants in Furlan et al.’s study had sufficient mathematics training to
compute the equivalence of ratios and the process of simplifying fractions,

whereas those in my studies, particularly secondary school students, still had
difficulty in comparing ratios or simplifying fractions. For the unequal-ratio item,
the findings of my study are inconsistent with Kokis et al. (2002), who found no

age-related increase in gifted and non-gifted students (aged 10 to 13). These

conflicting results, both in the equal-ratio and unequal-ratio items, suggest that

future research is needed to understand how ratio bias, both in equal-ratio and
unequal-ratio problems, might be affected by schooling or age.

However, teachers seemed to be more susceptible to the equiprobability

bias and the Falk phenomenon than the students were (see Table 5.25). A

considerably higher percentage of teachers than students showed evidence of the
equiprobability bias and the Falk phenomenon, confirming previous findings that

these misconceptions become more prevalent with age and educational level

(Chiesi & Primi, 2009; Fischbein & Schnarch, 1997; Gauvrit & Morsanyi, 2014;
Morsanyi et al., 2009). The pervasiveness of the equiprobability bias was also

shown by its appearance in items not specifically designed to reveal this
misconception. Both students and teachers exhibited the equiprobability bias in
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some other items, such as the base-rate fallacy item (see Table 5.7) and unequalratio item (see Table 5.17). Moreover, more teachers (62%) than students (20%)
demonstrated the Falk phenomenon, which replicates Nabbout-Cheiban (2017),

who found that 57% American undergraduate pre-service teachers showed the
Falk phenomenon when solving conditional probability problems. The present

study suggests that this might be the case in non-western countries as well and
among in-service, as well as pre-service, teachers of mathematics.

The analysis of both students’ and teachers’ written justifications also

indicated that the two groups used different ways of reasoning to reach their

correct responses in the multiple-choice tier. Most of the students relied on their
prior beliefs or intuitions, derived from everyday experiences and unrelated to
probability instruction, known as primary intuitions or system 1 thinking, while
the majority of the teachers used their probability knowledge and understanding,
known as secondary intuitions or system 2 thinking, in responding to the items of

the questionnaire (Fischbein, 1975, 2002; Kahneman, 2011). Furthermore, the

analysis also showed that participants who had correct responses in the
multiple-choice questions did not always have a correct understanding of the

questions or an absence of probability misconceptions. Some of the students and

teachers showed a lack of rational arguments (i.e., provided no or unrelated
explanations), used incorrect probability calculations or exhibited probability
misconceptions such as the outcome approach or the equiprobability bias when
justifying their correct responses in the multiple-choice questions.

Some authors have argued that people can hold multiple and often

contradictory perspectives and intuitions when dealing with probability
problems or situations, which imply that correct performance on multiple-choice
probability

questions

does

not

necessarily

indicate

their

normative

understanding of the topic (Heyvaert et al., 2017; Konold, 1995; Konold et al.,
1993; Pratt, 2000). Heyvaert et al. (2017), who assessed Flemish high-school

students’ probabilistic reasoning when responding to probability questions
associated with the representativeness heuristic, outcome approach and

equiprobability bias, also found similar results to my study and concluded that
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probabilistic reasoning processes ‘did not follow a linear path between reading
the question and giving an answer, but followed a zig-zag motion between
different possible approaches instead’ (p. 16). Several studies have shown that

inconsistencies in people’ probabilistic reasoning are often juxtaposed, and Pratt
(2000, 605) argued that ‘different simultaneously existing internal resources led
to those contradictory articulations’.

5.7.2 Students’ and Teachers’ Confidence in Their Probabilistic
Knowledge
The survey studies described in this chapter also showed that both students and
teachers tended to be overconfident in their responses in all items of the

questionnaire (see Table 5.25). This shows that students and teachers
overestimated their probability understanding, suggesting that they were not

fully aware of their lack of probabilistic knowledge. The overconfidence of both
students and teachers when responding to the probability questionnaire may be

derived from their personal everyday experiences with probability situations
which transform into beliefs, intuitions and self-evident ideas (Batanero et al.,

2016; Fischbein, 1975). This result extended the limited amount of research
investigating the confidence and accuracy of students and teachers when
responding to various probability problems. I have only been able to find the

study of Kustos and Zelkowski (2013), which investigated the confidence and
accuracy of secondary school students (grades 7, 9, and 11) and preservice

mathematics teachers when answering probability problems. However, Kustos
and Zelkowski only investigated three misconceptions related to the

representativeness heuristic (i.e., random similarity, recency effect, and
insensitivity to sample size), whereas my study also included base-rate fallacy

and investigated three other misconceptions (i.e., equiprobability bias, ratio bias
and the Falk phenomenon). The overconfidence of students and teachers,

including both those who had correct and misconception responses, in
responding to the recency effect item, differs from the findings of Kustos and

Zelkowski (2013), who found both students and preservice mathematics
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teachers to be well-calibrated in responding to a similar problem. Students’
overconfidence in answering random similarity items also contrasts with Kustos
and Zelkowski (2013), where 7th (aged 12-13) and 11th (aged 16-17) graders

were well-calibrated in responding to a similar problem. These inconsistent
findings could be because students who participated in Kustos and Zelkowski’s

study were from a high-performing school district and above US national
averages, while the students in my studies were from middle academic level in
Indonesia.

However, the overconfidence of students and teachers in the item

associated with insensitivity to sample size accords with Kustos and Zelkowski

(2013), who found that students and preservice teachers who had misconception
responses tended to have higher confidence when answering similar problems,
and the trend seems to be age-related (i.e., older participants tend to have higher

confidence in their misconception-based responses than younger participants).
Stankov et al. (2009) found that people with low cognitive ability tended to show
overconfidence, while those with high cognitive ability were either well
calibrated or slightly underconfident.

Although both students and teachers were overconfident when

responding to the probability questionnaire, my studies also found that, on
average, the teachers had better resolution than the students. This result

suggested that the teachers were able to evaluate what they know and do not
know about probability by assigning different confidence scores. Moreover, my

studies also showed that many of the students had negative gamma correlation,

indicating that they were confident with their misconception responses. This
finding implies that the probability misconceptions among students may be

difficult to overcome through instruction as students were confident with their
misconceptions. My studies also found that, the metacognitive analysis of the
teachers, unlike the students, showed a positive correlation between their

resolution metrics and probability accuracy. This result suggested that teachers
who had poorer knowledge of probability might also lack knowledge of what they
know and do not know about the concept. This phenomenon has been described
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as the Dunning-Kruger effect, where people with poor knowledge of a particular
topic or task tend to overestimate their competence at it (Ehrlinger et al., 2008;
Kruger & Dunning, 1999).

Overall, this study shows that the four well-known probabilistic

misconceptions identified in research from the west were also present among

Indonesian secondary school students and in-service mathematics teachers.
Furthermore, the overconfidence of both students and teachers in responding to

the probability problems indicated their poor calibration. Students also had poor
metacognitive resolution, suggesting a lack of distinction between what they

know and do not know about probability. These findings imply the need for
further research investigating whether educational interventions, different from

the current teaching practice in school mathematics, could help students to
reduce their susceptibility to certain probability misconceptions and improve
their calibration and resolution. This idea is elaborated in Chapter 6, where I

discuss the findings from an intervention study of teaching probability topics
using hands-on probability simulations, compared with a business-as-usual

condition employing a traditional, textbook-based teaching approach. The study
investigated whether the two different teaching approaches were differently

effective in helping students to overcome some of their probability
misconceptions and improve their metacognitive judgements.
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Table 5.24
Percentage of participants who had correct and misconception responses in each category of misconceptions
Students

Random Similarity

Representativeness
Heuristic

Equiprobability bias

Ratio Bias

Negative Recency Effect

Item 1
Item 8

Correct

Misconception

Correct

Misconception

60.6

39.4

93.8

6.2

39.0

Item 2

68.6

Base Rate Fallacy

Item 3

Insensitivity to Sample Size

Item 5

33.8

Marble Context

Item 4

Coin Tossing Context

Item 6

Equal-Ratio Problem

Item 7

Unequal-Ratio Problem

Item 11

Positive Recency Effect

The Falk Phenomenon

52.5
36.5

25.2

22.5
36.3

Items 9 & 10

Teachers

18.9

61.0

17.0

14.5

91.5

82.8

35.6

89.1

47.8

15.6

56.9

76.6

16.9

56.0

36.3

19.5

8.5

17.2
0.0
1.6

9.5

74.6

26.7

71.7

76.6

13.8

73.4

17.2

14.1

62.1

Notes:
* For the Falk phenomenon, correct = participants responded correctly for the two items; misconception = participants responded correctly in item 9 but
incorrectly in item 10
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Table 5.25
Means of confidence scores and p-value of participants who had correct and misconception responses in each category of misconceptions

Item 1
Random Similarity
Item 8
Representativeness
Heuristic

Equiprobability
bias

Recency Effect

Item 2

Base Rate Fallacy

Item 3

Insensitivity to Sample Size

Item 5

Marble Context

Item 4

Coin Tossing Context

Item 6

Equal-Ratio Problem

Item 7

Unequal-Ratio Problem

Item 11

Ratio Bias

The Falk Phenomenon

Items
9 & 10

M
p-value
M
p-value
M
p-value
M
p-value
M
p-value
M
p-value
M
p-value
M
p-value
M
p-value
M
p-value

Students
Correct
Misconception
9
6
S (<.001)
7
6
S (.016)
8
7.5
NS (.536)
8
8
NS (.641)
7.5
8
NS (.508)
7.6
7
NS (.174)
5.6
7.3
S (.001)
6.7
7.3
NS (.266)
7.6
7.4
NS (.406)
7.8
7.6
NS (.904)

Teachers
Correct
Misconception
10
6.5
S (.007)
9
8
NS (.069)
9
9.5
NS (.939)
9.5
9
NS (.130)
9
8
NS (.361)
6.2
8.7
S (.033)
9
8.9
NS (.875)
8.8
9.1
NS (.324)
8.8
8.2
NS (.232)
8.3
7.4
NS (.743)

Notes:
* M = median; S = significant difference; NS = no significant difference.
** For the Falk phenomenon: correct = participants responded correctly for the two items; misconception = participants responded correctly in item 9
but incorrectly in item 10
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Chapter 6
Intervention Study Results: Probability
Conceptions

and

Metacognition

of

Students During Instruction
In this chapter, I discuss the results of a teaching intervention study with a prepost nonequivalent-groups quasi-experimental design (see Chapter 3). This

study aimed to investigate whether a simulation-based, hands-on teaching

programme emphasising students’ understanding of proportional reasoning
prior to learning probability can help Indonesian eighth-grade junior secondary
school students understand some probability concepts better than a more direct,

textbook-based teaching approach. This aim corresponds to research question 3,

which is to what extent and in what ways does a simulation-based teaching

intervention improve 13-14-year-old eighth-grade secondary school students’
probability conceptions and metacognitive judgements? In particular, how do

students’ reasoning and metacognitive judgements differ between the experimental
and comparison classes?
I expected that encouraging students to learn ratio comparison prior to

probability learning, and having them explore the sample space through handson simulations 20, could reduce some of their probabilistic misconceptions. I will

start by outlining the methods used in this study and then discuss students’

20

All probability simulations in this intervention study were done physically
where students conducted the simulations using random generators such as
coins and dice. Hereafter, it is simplified and written as simulations throughout
this chapter, which means hands-on simulations.
186

accuracy and confidence in both experimental and comparison classes. Following
that, I will discuss students’ responses relating to each misconception category

and describe their work during the teaching intervention in the experimental
class.

6.1 Methods
6.1.1 Materials
6.1.1.1 Pre-Test, Post-Test, and Delayed Post-Test
The questionnaire from the survey studies (see Chapter 3) consisting of 11

multiple-choice items was used as pre-test, post-test and delayed post-test to

measure students’ probabilistic knowledge before and after participating in the

teaching intervention. These items focused on four well-known probability
misconceptions, namely: the representativeness heuristic (recency effects,

random-similarity, base-rate fallacy, and effect of sample size), ratio bias,

equiprobability bias, and the Falk phenomenon. (For a description of these
misconceptions and the associated literature, please see Chapter 2.)

6.1.1.2 Instructional Activities for the Experimental Class
Students were taught using the improved version of the instructional activities
that was previously piloted with 8 eighth-grade junior secondary school students
(see Chapter 4). A detailed description of the instructional activities can be found
in Table 6.2, and the entire accompanying teacher guide and student worksheets
can be found in Appendix C. There were 5 instructional activities which were

taught in 10 meetings; some activities took 2 meetings to complete. The main

idea underlying this instructional sequence was to provide opportunities for
students in the experimental class to understand proportional relationships
prior to learning probability, carry out probability simulations physically and

explore the sample space of an event through simulations. During the teaching

intervention, students were encouraged to do activities such as making

predictions, carrying out simulations physically, recording outcomes, comparing
187

predictions with outcomes, using proportional reasoning when comparing

probabilities, and observing relative frequencies. The structure of each activity
was similar, and broadly followed the pattern explained below:

1. Introduction (5 minutes). The teacher introduced the activity to the students
by having a discussion about students’ experiences related to the activity.

2. Presenting the activity worksheets (5 minutes). Following the introduction,
the students were presented with a worksheet consisting of the questions to
be discussed. The worksheets for all activities can be seen in Appendix C.

3. Trying out the random generators individually and making predictions (10
minutes). Before working on the worksheets, students were encouraged to
try out the random generators individually, such as tossing coins or dice for
10 to 15 times. After trying out the random generators, students made
predictions and wrote them on the worksheets.
4. Conducting the simulations (10 minutes). Students, working in peers or
groups, conducted the simulations, such as tossing coins and throwing dice
many times, following the guidelines presented in the worksheet. Students
confirm or disconfirm their prediction by comparing it with the result of
simulations.
5. Discussing the outcomes and answering the questions (15 minutes). The
students discussed the outcomes of the experiment within their groups and
answered the questions on the worksheets. Some of these questions asked
the students to compare their predictions with the outcomes of the
simulations and discuss it.

6. Whole-class discussion (25 minutes). The teacher encouraged the students to
discuss the results of their simulations and their answers on the worksheets
with all of the students in the classroom. Before this whole-class discussion,
the students’ data from the simulations were pooled and presented at the
front of the classroom.

6.1.1.3 Instructional Activities for the Comparison Class

The instructional activities in the comparison class closely followed the teaching
materials presented in the students’ mathematics textbook (see Figure 6.1). The

probability topics discussed in this textbook were theoretical and experimental
probabilities, finding sample space using tree diagrams and tables, and

compound events (see Table 6.1). Most of the probability topics taught in the

comparison class were similar to those in the experimental class, except students

in the comparison class did not learn about proportional relationships before
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learning probability, and neither did they do any simulations. Accordingly, as

both experimental and comparison classes had the same amount of teaching
time, the students in the comparison class did more practice of solving
probability problems presented in the textbook, compared to students in the
experimental class.

Table 6.1
Descriptions of probability topics shown in the Indonesian mathematics textbook
Probability
topics
Theoretical
probability
Experimental
probability
Sample space
Compound
events

Descriptions
Students learn how to compute probability using probability
formula, adapting classical view of probability, where
probability of an event is obtained by the fraction of
favourable to all possible outcomes in the sample space (see
Figure 6.1).
Students learn about relative frequencies of probabilistic
events, adopting frequentist view of probability, where
probability of an event is obtained from the fraction of
observed relative frequencies of that event in repeated trials
to the number of trials.
Students learn how to find all the possible outcomes in the
sample space by using tree diagrams and tables.

Students learn how to compute probability of compound
events, where more than one independent event occurs
simultaneously, such as tossing two coins or throwing two
dice. Students are encouraged to use either tree diagrams or
two-way tables to find all the possible outcomes and calculate
the probability of an event using the probability formula.
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Figure 6.1
Example of how probability is introduced in the mathematics textbook used in the
comparison class (Kementerian Pendidikan dan Kebudayaan, 2014, p. 157)

My translation
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Before conducting the teaching intervention, I observed the mathematics

teacher who taught in these two classes, teaching one lesson to each class, in

order to understand how she delivered her teaching and how students learned
in their normal mathematics lessons. I also discussed her teaching approach with

her before teaching the lessons myself. In my observation, the teaching of
mathematics was mainly textbook-oriented, where the teacher relied heavily on

the contents of the mathematics textbook and dictated the mathematical
concepts and procedures to the students with corresponding examples. Students
were mostly passive, paid attention to the teachers’ explanation, made some
notes and worked on the exercises presented in the textbook.

As the teacher, I attempted to replicate the teaching style and approach

used by the mathematics teacher of the comparison class, which is a typical
mathematics teaching practice in Indonesia as reported in the literature (see, for

instance, Hadi, 2002; Human Development Department East Asia and Pacific
Region, 2010; Jupri et al., 2014; Sembiring et al., 2008). I relied on the contents
of the mathematics textbook and explained the probability concepts to the

students with the corresponding examples and provided exercises. Students
usually made some notes during the lessons and worked on the exercises. I also

conducted a manipulation check by asking the mathematics teacher of the
comparison class for her view on my lessons, which she observed. She confirmed
that my lessons appeared to her to be very similar in style to those she would

have taught, and her view was that the quality of the lessons was at least as strong

as her typical lessons (comparison class teacher, personal communication,

November 2019). Furthermore, my experience as a teacher of mathematics in
Indonesia for about 5 years means that I am very familiar with this style of

teaching, and I am confident of my ability to replicate this style for the
comparison class.
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Table 6.2
Overview of the instructional activities for the experimental class (for full details
see Section 3.7.2)
Activity 1 - Ratio Bias Targeted. This activity was adapted from the
Mathematics Assessment Project (2015), intended to encourage students
understand part-part and part-whole relationships when comparing ratios.
These are very important concepts for students to understand before learning
probability concepts, particularly for comparing probabilities (see Section 2.6).
Students experienced mixing orange juice and soda to familiarize themselves
with the activity of mixing orange drinks. Following this discussion, students
were divided into groups of 4 or 5. They were instructed to discuss the task
where they had to compare mix A (3 orange juice & 4 sodas) with mix B (4
orange juice & 5 sodas) and find out which mix would make the most or least
orangey drink. The main purpose of this activity was to encourage students to
apply ratio reasoning, particularly reasoning about part-whole relationships,
when comparing ratios. It was expected that this activity could help students
to overcome their misconceptions associated with the ratio bias.

Activity 2 - Negative and Positive Recency Effects Targeted. This task was
adapted from Lappan et al. (2005) and involved students exploring the sample
space of a probabilistic event through simulation activities of tossing a coin.
Students were given a story problem where they had to help Althaf to find out
through flipping a coin which drink – milk or chocolate – he should drink for
his breakfast. Althaf will drink chocolate when the coin lands on its head, and
milk when the coin shows its tail. After trying out tossing a coin several times,
students had to predict how many days Althaf would drink chocolate in
November (30 days). They were then asked to toss a coin 30 times and record
the results on the worksheet provided. The students then compared the results
with their predictions and had a discussion about it. The results from the class
were then combined and the students discussed the pattern. The main purpose
of this activity was to encourage students to understand that small samples are
often biased, but in large samples the ratio of heads and tails should be close to
equal. This activity was also intended to help students to see the connection
between experimental and theoretical probabilities. It was expected that this
activity could help students to overcome their representativeness heuristic,
particularly as related to the negative and positive recency effects.

Activity 3 - Representativeness Heuristic Targeted. This task, adapted from
Degner (2015), involved students learning about compound events, the notion
of fairness, and the use of tree diagrams. Students were given a problem similar
to the previous activity but this time they had to toss two coins instead of just
one. They were told that Althaf would drink chocolate when the two coins
landed on the same side, and milk when the two coins landed on different sides.
As in the previous activity, after tossing the two coins several times, the
students were asked to predict how many days Althaf would drink chocolate
in November (30 days). They then tossed the two coins, recorded the results,
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and compared them with their predictions. The purpose of this activity was to
help the students to understand that outcomes that seem more random (HT &
TH) are not always more likely to happen (representativeness heuristic). It was
also intended to get students to explore the sample space of compound events
and find all possible outcomes through simulations, before using tree
diagrams.

Activity 4 – Equiprobability Bias Targeted. The game-based activity called
the river crossing game, adapted from Shaughnessy and Arcidiacono (1993),
was used, in which students investigated the distribution of the sum when
tossing two dice. The activity consisted of two parts. In part 1, the students
used two ordinary dice, numbered 1 to 6, and in part 2 two modified dice,
adapted from Nilsson (2007). In both parts, the aim of the game was the same
except students were given 12 counters in part one, while they were given 24
counters (yellow and red settings) and 36 counters (blue and white settings)
in part two. The students worked in pairs as a team and pairs of teams
competed in the game. They were asked to record their starting position before
placing their counters on the board numbered 1 to 12 (see Figure 6.2). Once
the counters had been placed, the students took turns rolling a pair of dice.
When a team had any counter on the board whose number matched the sum
of the dice, one counter was removed from the board, regardless of who rolled
the dice. The first team that succeeded in removing all of the counters from the
board won the game. Students also recorded all the results of rolling the two
dice. Then the students discussed how they won or lost the game, and they also
discussed the pattern in the sum of scores on the two dice in the recorded data
and how this could help them to find the best arrangement for the counters.
This game-based activity was intended to encourage students to understand
that in some random situations not all possible outcomes have equal
probabilities (equiprobability bias).

Activity 5 – Ratio Bias Targeted. The marble game involved students
applying ratio reasoning in solving probability comparison problems. The
activity consisted of two parts, and the students were asked to compare two
boxes containing black and while marbles in each part. In part one, the students
compared two boxes that had equivalent probabilities (equal-ratio problem)
while in part two, they compared two boxes that had different probabilities
(unequal-ratio problem)(Klaczynski et al., 2019; Reyna & Brainerd, 2008). The
students were informed about the number of marbles in the boxes, and they
were given about 10 minutes to try drawing a marble from the box without
looking. The students were then asked to predict which box they thought
would give a higher chance of drawing a white marble. They were instructed
to conduct an experiment in which they took out a marble from the boxes
without looking, with replacement, and recorded the results. The results were
then combined with other results from the class and the students had a
discussion about it. This activity was intended to encourage students to apply
part-whole relationships when comparing probabilities, which could reduce
their misconceptions related to the ratio bias.
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Figure 6.2
Students putting their counters on the board when playing the river crossing game

6.1.2 Participants
The participants were two classes of eighth-grade students from a public junior
secondary school located in an urban area in the province of South Sulawesi in
Indonesia. One class with 34 students and the other with 33 students (see Table
3.1). However, some of the students missed one or two meetings during the

teaching intervention, and they were then excluded from the analysis. This

resulted in a dataset consisting of N = 48 students (16 males and 32 females,

mean age = 13 years 6 months). These students were considered by the school to
be at a lower academic level than the national average 21. This school was a

convenience sample and operated a mixed-attainment policy 22, which is a

common policy for public schools in Indonesia. The students took part either in
According to the results of National Examination conducted in the academic
year of 2018/2019, the province of South Sulawesi ranked 19th out of 34
provinces in the national examination in the academic year of 2018/2019
(Kementerian Pendidikan dan Kebudayaan, 2019).
22 Since 2017, Ministry of Education and Culture introduced a new policy for
public school admissions, known as “zonasi” or school zoning system, meaning
that children living close to the schools are given priority for admission (PDSPK
Kemendikbud, 2018). Since then, public schools in Indonesia receive students
with more diverse academic achievement, creating a heterogenous, mixedattainment classroom (Dharmawan, 2019).
21
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the simulation-based teaching condition (experimental group; n = 23; 7 males and
16 females, mean age = 13 years 7 months), or in the traditional, textbook-based

teaching condition (comparison group; n = 25; 9 males and 16 females, mean age
= 13 years 6 months).

6.1.3 Procedure

Students in both the experimental and comparison classes completed the pretest prior to participating in the teaching experiment. They then took part in the
teaching experiment, consisted of 10 meetings, each lasting for about 70 minutes.
I took the role of the teacher in these two classes and taught them during their

mathematics lessons over the 3-week period of the study. Students then did the
post-test one day after finishing the teaching experiment. About 7 weeks later,

the students completed the test again, which I denote as the delayed post-test. In

each of the three tests, the students had to complete the probability
questionnaire consisting of 11 probabilistic reasoning problems, provide written
justifications, and indicate their confidence in their responses (see Chapter 5).

Students were given 60 minutes to complete each of the tests. They completed

the pre- and post-tests under my supervision and also delayed post-tests under
the classroom mathematics teacher’s supervision, in their own classroom during
their regular mathematics lessons.

6.2 Comparison Between the Experimental and comparison
Classes
This section discusses the results of both the quantitative and the qualitative

analyses of the students’ responses and confidence scores in the pre-test, posttest, and delayed post-test. The quantitative results include a comparative
analysis between the experimental and comparison classes in terms of (1)

accuracy and confidence, and (2) misconception responses for each category. The
qualitative results include an analysis of students’ written justifications in the

pre-test, post-test, and delayed post-test. I performed both frequentist and
Bayesian quantitative analyses (see Robert, 2007; Wagenmakers, 2007;
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Wasserman, 2004) using JASP version 0.14.1 (JASP Team, 2020). Conventional

frequentist null-hypothesis significance testing leads to p-values which, if below

the significance level, allow rejection of the null hypothesis. However, they do not

provide evidence in favour of the null hypothesis since failure to reject the null

may simply indicate inadequate power. However, Bayesian null-hypothesis
significance testing leads to Bayes factors, which quantify the “relative predictive
performance” of competing models or hypotheses (Van Den Bergh et al., 2020, p.

78). Thus, Bayesian analysis provides a comparison of two models, which can be
characterized as the null and alternative hypotheses, or which can be two rival

models with different effects (Masson, 2011). It is possible to conclude from a
Bayesian analysis that one hypothesis is more probable than another.

Bayesian analysis used the default Cauchy prior centred at zero with a

scale parameter of .707 in JASP (Goss-Sampson, 2020). Bayesian analysis can
complement the frequentist analysis where Bayes factors can quantify relative

evidence for both null and alternative hypotheses, providing additional
information for hypothesis testing of the data (Quintana & Williams, 2018; Van
Den Bergh et al., 2020). Moreover, the Bayes factor can also differentiate between
evidence of absence (i.e. the observed data favoured the null hypothesis over the
alternative hypothesis) and absence of evidence (i.e. neither of the null nor the

alternative hypothesis is favoured by the observed data) where the standard pvalue of frequentist analysis is unable to make this distinction (Faulkenberry et

al., 2020; Wagenmakers, Marsman, et al., 2018). To take advantage of the benefits
of both frequentist and Bayesian approaches, I conducted both kinds of analysis
throughout. Also, I used Lee and Wagenmakers’ classification scheme (Lee &
Wagenmakers, 2013), which is an adaptation of Jeffrey’s scheme (Jeffreys, 1961),
for the interpretation of Bayes factors and Cohen’s benchmarks (Cohen, 1988)
for interpreting the effect sizes.

6.2.1 Students’ Accuracy Across the Three Tests
The first analysis assessed the main effects of teaching condition and test time
(i.e., whether the test was pre-, post- or delayed post-tests) on students’ accuracy,
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and also examined the interaction between teaching condition and test time
using both frequentist and Bayesian mixed ANOVA. The analysis was performed

with teaching conditions (experimental/comparison) as a between-subjects
factor and test time (pre-test/post-test/delayed post-test) as a within-subjects
factor. The frequentist mixed ANOVA compares variances between the levels of

defined factors, where the null hypothesis states that these variances are equal,

whereas the Bayesian mixed ANOVA compares the predictive performance of
possible competing models under consideration (Goss-Sampson, 2020).

I expected that there would be no difference in students’ accuracy

between the two classes in the pre-test, given that the students had not learned
probability topics prior to their participation in the teaching experiments.

However, for the post-test and delayed post-test, I expected that students’
accuracy would differ between the two classes, which seems in line with the
descriptive statistics reported in Table 6.3.

Table 6.3
Means and standard deviations of students’ accuracy in the experimental and
comparison classes for each of the three time points
Tests

Experimental Class

Comparison Class

M

SD

M

SD

Pre-test

4.3

1.3

4.3

1.4

Delayed post-test

4.7

4.0

1.2

Post-test

5.2

1.5
1.6
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3.9

1.6

6.2.1.1 Main Effect of Teaching Conditions
The frequentist mixed ANOVA showed a significant main effect of teaching

condition with a medium effect size 23 �𝐹𝐹(1, 46) = 4.844, 𝑝𝑝 = .033, 𝜂𝜂𝑝𝑝2 = .095�. A
Bayesian Mixed ANOVA found a Bayes factor (𝐵𝐵𝐵𝐵10 ) of 1.76, which is considered
as “anecdotal” evidence in favour of alternative model (Lee & Wagenmakers,

2013). This indicates that the data are about 1.76 times more likely under the
alternative model with only the teaching condition as a predictor than under the
null model which states that there is no difference in students’ accuracy between
the teaching conditions (see Table 6.4). These results, from both frequentist and

Bayesian mixed ANOVA, suggest that there was an overall difference in students’
accuracy between the experimental and comparison classes across the three time

points, as shown in Figure 6.3. However, it still remains to be established whether
this main effect of teaching condition was driven by the two time points (i.e., postand delayed post-tests) or not.

6.2.1.2 Main Effect of Test Time
The frequentist mixed ANOVA showed no significant main effect of test time

�𝐹𝐹(2, 92) = .585, 𝑝𝑝 = .559, 𝜂𝜂𝑝𝑝2 = .013�. A Bayesian mixed ANOVA found a Bayes

factor (𝐵𝐵𝐵𝐵10 ) of 0.10, which is considered as “moderate” evidence for the null
hypothesis (Lee & Wagenmakers, 2013). This indicates that the null model was
about 10 times more favoured than the alternative model (see table 6.4). These

results from both the frequentist and Bayesian mixed ANOVA indicate no
difference in students’ overall accuracy across the three tests.

There is an ongoing debate surrounding the interpretation and use of effect
sizes in education research (e.g. Bakker et al., 2019; Simpson, 2020). However,
following (Simpson, 2019), I use Cohen’s benchmarks in this thesis to provide
information about the magnitude of the difference between the experimental and
comparison classes, but I do not intend this to be interpreted as a measure of the
‘effectiveness’ of the intervention.
23
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Table 6.4
Model comparison of Bayesian mixed ANOVA for all models under consideration for
students’ accuracy
Models

P(M)

P(M|data)

BFM

BF10

Null model (incl. subject)

0.2

0.304

1.749

1.000

C+T+C×T

0.2

0.077

0.332

0.252

0.129

0.102

C

C+T
T

0.2

0.535

0.2

0.053

0.2

0.030

4.610
0.222

error %

1.760

3.112

0.173

2.014

3.208
0.966

Note: All models are compared to the null model. The abbreviations “C” and “T” stand
for teaching conditions and test time respectively. The term “C × T” stands for the
interaction between the two factors.

Table 6.5
Bayesian mixed ANOVA of the students’ accuracy with test time added as a nuisance
factor
Models

P(M)

P(M|data) BFM

BF10 error %

Null model (incl. T, subject)

0.3

0.194

0.483

1.000

C

0.3

0.347

1.062

1.784

C+C×T

0.3

0.459

1.695

2.359

1.929
4.173

Note: All models include test time and subject. The abbreviations “C” and “T” stand for
teaching conditions and test time respectively. The term “C × T” stands for the
interaction between the two factors

6.2.1.3 The Interaction Between Teaching Condition and Test
Time
A frequentist mixed ANOVA showed a significant interaction between teaching

condition and test time, with a small effect size �F(2, 92) = 3.146, 𝑝𝑝 = .048, 𝜂𝜂𝑝𝑝2 =

.064�. A Bayesian mixed ANOVA, following Wagenmakers et al. (2018), adopting
a two main effects model (i.e., teaching condition + test time) predicted the data
relatively poor compared to the null model or main effect of teaching condition

model (see Table 6.4). Accordingly, instead of testing the interaction model by
comparing it with the poorly performing two main effects model (Wagenmakers
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et al., 2018), I analysed whether the model with the main effect of teaching

condition only (the model that outperformed the null model the most) is better

than the model with the main effect of teaching condition plus the teaching
condition by test time interaction. I did this using the JASP interface to specify

test time as a nuisance variable, meaning that test time was included in every
model, including the null model. The results show that the model with the main

effect of teaching condition plus the teaching condition by test time interaction
outperformed the model with the main effect of teaching condition only, with the

Bayes factor 𝐵𝐵𝐵𝐵10 = 2.359 which is considered as anecdotal evidence (see Table

6.5).

Overall, the significant result of the frequentist mixed ANOVA and the

anecdotal evidence of the Bayesian mixed ANOVA indicated that students’

accuracy was different between the experimental and comparison conditions

across the three time points. Accordingly, I conducted some post-hoc analyses to
identify at what time points differences were present between the two
conditions.

6.2.1.4 Post-hoc Analysis
For the pre-test scores, I conducted two-tailed frequentist and Bayesian t-tests in

order to discover any pre-existing differences in either direction. However, for
the post-test and delayed post-test scores, I used a one-tailed t-test (i.e.,
alternative hypothesis dictates that the students’ accuracy in the comparison

class is less than in the experimental class in the post-test and delayed post-test)

for both the frequentist and Bayesian analysis. This decision was in line with the
direction of the research questions (van Doorn et al., 2020), where I hypothesized

that, following the intervention, the experimental class would perform better
than the comparison class in the post-test and delayed post-test. Cho and Abe

(2013) suggested that the result would be more rigorous when testing a
directional hypothesis with one-sided tests rather than resorting to two-sided
tests.
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6.2.1.4.1 Students’ Accuracy in the Pre-Test
Frequentist t tests did not find a significant difference between the mean pre-test

scores of the students in the experimental class and those in the comparison
class, 𝑡𝑡(46) = .041, 𝑝𝑝 = .967, 𝑑𝑑 = .012. The Bayes factor (𝐵𝐵𝐵𝐵01 ) was 3.472,

meaning that the observed data are approximately 3.47 times more likely to

occur under the null hypothesis than under the alternative hypothesis. The

Bayesian results reveal that there is moderate evidence for the assumption that
the two classes were equal in their probability knowledge at the time of the pretest and the frequentist analysis does not contradict this.

6.2.1.4.2 Students’ Accuracy in the Post-Test

I used a Mann-Whitney U test for both the frequentist and the Bayesian analyses,
because a Shapiro-Wilk test of the data from the experimental class showed a

significant deviation from normality (𝑊𝑊 = .891, 𝑝𝑝 = .016). The mean post-test
score of students in the experimental class was significantly higher, 𝑈𝑈 =

165.50, 𝑝𝑝 = .005, 𝑟𝑟 = .424, than of those in the comparison class. A Bayesian onesided Mann-Whitney U test gave 𝐵𝐵𝐵𝐵−0 = 8.483, which means that the observed

data are approximately 8.48 times more likely to occur under the alternative
hypothesis than under the null hypothesis, indicating moderate evidence in
favour of the alternative hypothesis. The results from both the frequentist and
Bayesian analysis suggest that students in the experimental class performed

better compared to those in the comparison class following the teaching
intervention.

6.2.1.4.3 Students’ Accuracy in the Delayed Post-Test
I also used frequentist and Bayesian Mann-Whitney U tests for analysing

students’ scores in the delayed post-test because a Shapiro-Wilk test of the data
in the comparison class showed a significant deviation from normality (𝑊𝑊 =

.908, 𝑝𝑝 = .027). The frequentist analysis showed that the mean of students’
scores in the experimental class was significantly different from those in the

comparison class (𝑈𝑈 = 197.50, 𝑝𝑝 = .029, 𝑟𝑟 = .313). Bayesian analysis found
𝐵𝐵𝐵𝐵−0 = 1.864, which means that the observed data are approximately 1.86 times
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more likely to occur under the alternative hypothesis than under the null
hypothesis, indicating ‘anecdotal’ evidence in favour of the alternative
hypothesis. Weak Bayesian evidence combined with a significant result from the
frequentist analysis suggests the need to collect more data (Rouder et al., 2009).

I conclude that there was moderate evidence for the effectiveness of the

teaching intervention at the immediate post-test, but this decreased to only

anecdotal evidence after a 7-week delay. Certainly, the results are promising, and

suggest that it would worth following up this study using a larger sample of
participants.

Figure 6.3
Means of students’ accuracy in the pre-test, post-test and delayed post-test with
95% confidence intervals

6.2.2 Students’ Confidence Across the Three Tests
The second analysis investigated the confidence of students in the experimental

and comparison classes across the three time points. Similar to the analysis of

accuracy, I conducted both frequentist and Bayesian mixed ANOVA using JASP
for analysing students’ confidence across the three tests. The same mixed ANOVA

design was used for students’ mean confidence, and Mauchly’s test indicated that
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the assumption of sphericity had been violated for within-subject effects 𝜒𝜒 2 (2) =

11.9, 𝑝𝑝 = .003. Therefore, the Greenhouse-Geisser sphericity correction was

used (𝜀𝜀 = .811). The descriptive results of students’ confidence in the two classes
for each time point are shown in Table 6.6.

Table 6.6
Means and standard deviations of students’ confidence in the experimental and
comparison classes for each of the three time points
Tests

Experimental Class

Comparison Class

M

SD

M

SD

Pre-test

7.3

1.9

8.4

1.8

Delayed post-test

7.2

8.0

1.8

Post-test

7.1

2.1
2.2

7.9

1.9

6.2.2.1 Main Effects of Teaching Conditions
The frequentist mixed ANOVA showed no significant main effect of teaching

conditions �𝐹𝐹(1, 46) = 3.237, 𝑝𝑝 = .079, 𝜂𝜂𝑝𝑝2 = .066� (see Figure 6.4). A Bayesian

mixed ANOVA also gave an inconclusive result (𝐵𝐵𝐵𝐵10 = 1.16), with neither model

supported over the other (see Table 6.7). Accordingly, although the frequentist

ANOVA showed no significant result, the Bayesian ANOVA provided an
inconclusive result suggesting that there was not enough information to know

whether the mean confidence of students in the two teaching conditions were
similar or not.
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Table 6.7
Model comparison of Bayesian mixed ANOVA for all models under consideration for
students’ mean confidence
Models
Null model (incl. subject)
C

C+T
T

C+T+C×T

P(M)
0.2

P(M|data)
0.370

BFM
2.347

BF10
1.000

error %

0.2

0.103

0.461

0.279

3.636

0.2

0.430

0.2

0.083

0.2

0.014

3.012
0.361
0.059

1.162

1.526

0.224

0.843

0.039

4.148

Note: All models are compared to the null model. The abbreviations “C” and “T”
stand for teaching conditions and test time respectively. The term “C × T” stands
for the interaction between the two factors.

6.2.2.2 Main Effects of Test Time
Using the Greenhouse-Geisser correction, the frequentist mixed ANOVA also
showed no significant main effect of test time �𝐹𝐹(1.62, 74.64) = 1.365, 𝑝𝑝 =

.259, 𝜂𝜂𝑝𝑝2 = .029�. The Bayesian mixed ANOVA gave a Bayes factor (𝐵𝐵𝐵𝐵10 ) of 0.224,

indicating that the obtained data was about 1/0.224 = 4.464 (moderate
evidence) times as likely under the null model, which states that there is no

difference in students’ mean confidence between the three test times, compared

to the model with only test time as a predictor. These results suggest that

students’ mean confidence between the three time points was similar across the

two teaching conditions.

6.2.2.3 The Interaction Between Teaching Condition and Test
Time
A frequentist mixed ANOVA showed no significant interaction between teaching
condition and test time �𝐹𝐹(1.62, 74.64) = .217, 𝑝𝑝 = .759, 𝜂𝜂𝑝𝑝2 = .005�. Comparing
the Bayes factor of the model with the interaction against the Bayes factor of the

model with only the two main effects, gave a Bayes factor for the interaction of

0.039/0.279 = 0.139. A similar result was found when using JASP interface to
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specify Teaching Conditions and Test Time as nuisance variables, where the
Bayes factor for including the interaction was 𝐵𝐵𝐵𝐵10 = 0.136 (see Table 6.8). This

means that the main effects model was preferred over the interaction model with

a Bayes factor of 7.19 (i.e., 1/0.139), classified as moderate evidence. These

results showed that students in the experimental class had similar mean
confidence to those in the comparison class across the pre-, post-, and delayed
post-tests.

Table 6.8
Bayesian mixed ANOVA of the students’ confidence with teaching conditions and
test time added as nuisance factors
Models
Null model (incl. C, T, subject)
C×T

P(M)
0.5
0.5

P(M|data) BFM
0.881
7.371
0.119
0.136

BF10 error %
1.000
0.136 5.801

Note: All models include teaching conditions, test time and subject. The abbreviations
“C” and “T” stand for teaching conditions and test time respectively. The term “C × T”
stands for the interaction between the two factors

The results from frequentist ANOVA showed no significant interaction between
teaching condition and test time and Bayesian ANOVA also showed that all
models are either inconclusive or outperformed by the null model. These suggest

that students’ mean confidence was similar regardless of the teaching conditions

and test time.
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Figure 6.4
Means of students’ mean confidence in the pre-test, post-test and delayed post-test
with 95% confidence intervals

6.2.3 Students’ Responses in Each Misconception Category
I carried out further analyses to investigate how students’ responses to each of

the four misconceptions changed at the three time points. I investigated the

changes in the proportion of students’ correct responses and also analysed their
written justifications at the three time points. The example of correct

justifications for each of the questions in the pre-, post-, and delayed post-tests

are shown in Table 6.9. To illustrate how the intervention may have helped

students to address some of their misconceptions, I also discuss the students’

written justifications using the probabilistic thinking framework proposed by
Jones et al. (1997) (see Section 2.5). Prior to the analysis, I translated these
students’ written justifications from Indonesian to English. I analysed written
justifications of students in both the experimental and comparison classes,

focusing on those who successfully overcome their misconceptions after
following the teaching intervention, as shown by their multiple-choice responses
in the pre- and post- tests.
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Table 6.9
Correct justifications for each of the questions in the pre-, post-, and delayed post-tests
Questions

Example of Correct Justifications

Representativeness Heuristic
Question 1. A coin is tossed six times and the results are recorded.
Which sequence of Head (H) and Tail (T) below is the most likely
to result from the event?

H
(Head)

T
(Tail)

• Each sequence has probability of 1/64.
• Each toss is independent.

Question 2. Sandra has a bag with 20 marbles: 10 green and 10 blue marbles. • Each draw is independent.
Sandra took a marble out from the bag without looking and recorded the result. She
put the marble back into the bag and shook the bag. She repeated this process five • In each draw, both green and blue
times. After drawing five times, Sandra had five blue marbles. What is more likely
marbles have probability of ½ to be
for Sandra to draw next?
selected.
a) A blue marble
b) A green marble
c) Equal chance of blue and green marbles
Question 3. There are 10 sweets in a bag: 3 strawberry sweets and 7 chocolate • Because there are more chocolates
sweets. Anita shakes the bag and takes out a sweet without looking into the bag. than strawberries sweets.
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Anita’s favourite fruit is strawberry but she does not like chocolate. What is the most • The chance of taking chocolate sweets
likely sweet that Anita will take out from the bag?
is 7/10 whereas the chance of taking
strawberry sweets is 3/10.
a) A strawberry sweet
b) A chocolate sweet
c) Both are equally likely to be taken
Question 5. In a bag, there are 10 blue marbles and 10 red marbles. Hendra and • Because when you draw more, like in
Wawan will take a marble from the bag without looking with replacement (after 100 draws, it is less likely to deviate
taking out a marble, Hendra and Wawan will put it back into the bag and shake it from 50 percent.
before taking it out again). Hendra and Wawan repeat this process for several times.
• Because the more you draw, the
Hendra wants to get at least 6 blue marbles in 10 draws.
number of heads and tails tend to be
Amel wants to get at least 60 blue marbles in 100 draws.
the same, approaching 50-50 chance
Which person do you think has more chance of getting what they want?

a) Hendra
b) Wawan
c) Hendra and Wawan have an equal chance
Question 8. A coin is tossed six times and the results are recorded.
Which sequence of Head (H) and Tail (T) below is the least likely
to result from the event?
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H
(Head)

T
(Tail)

• Each sequence has probability of 1/64.
• Each toss is independent.

Equiprobability Bias
Question 4. There are three marbles in the bag: 2 red and 1 blue marbles. You are • Because there are three possible
going to take out 2 marbles simultaneously from this bag without looking. Which is
outcomes, and two of them are 1 red
more likely to happen?
and 1 blue marbles

a) Taking out 2 red marbles
b) Taking out 1 red and 1 blue marbles
c) Both a and b are equally likely
Question 6. Fitrah tosses four coins simultaneously onto the table at random once. • Because there are more possible
What is the most likely result?
combinations in 2 heads and 2 tails
compare to 3 heads and 1 tail
a) 3 heads and 1 tail
b) 2 heads and 2 tails
c) Both a and b are equally likely

• 2 heads and 2 tails have 6 possible
combinations, while 3 heads and 1 tail
only have 4 possible combinations

Ratio Bias
Question 7. Althaf has two boxes each containing two different colours of marbles: • Because, when we simplify the two
statements, Box A and Box B have the
same ratio of white and black marbles
Box A: 30 white marbles and 70 black marbles
which is 3 : 7.
Box B: 3 white marble and 7 black marbles

Althaf will take out a marble without looking from one of the boxes. Which box gives
him a higher chance of taking out a white marble?

a) Box A
b) Box B
c) Both have the same chance
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Question 10. Citra has two boxes with two different colours of marbles:
Box A: 1 white and 2 black marbles

Box B: 3 white and 7 black marbles

• In Box A, the chance to get a white
marble is 1/3, while in Box B is 3/10.

• In Box A, if we have 3 white marbles,
there will be 6 black marbles. So, Box A
Citra will take out a marble without looking from one of the boxes. Which box
has a higher chance to draw a white
should Citra choose so that she has a higher chance of taking out a white marble?
marble.
a) Box A
b) Box B
c) Both have the same chance
The Falk Phenomenon
•
Question 9. Rusli has a box containing 2 white marbles and 2 black marbles. Rusli • Black marble because there are 2 black
takes out a marble from his box without looking and finds that it is a white one.
marbles and only 1 white marble in the
Without putting the first marble back into the box, he takes out a second marble
box.
without looking. Which is more likely for Rusli to take out for the second marble?

a) White marble
b) Black marble
c) White and black marbles are equally likely to be taken
Question 10. Zaky has a box containing 2 white marbles and 2 black marbles. Zaky • Black marble because the second draw
takes out a marble from his box without looking. He puts it aside without looking at
was white marble and it was not
it. He takes out a second marble from the box without looking and finds that it is
returned which means there are more
white. What is more likely for Zaky to have taken out for the first marble?
chance to get black marble in the first
draw.
a) White marble
b) Black marble
c) White and black marbles are equally likely to have been taken
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• Since the second draw is white, there
are 2 black and 1 white marbles for the
first draw.

Table 6.10
Mean percentage of correct responses for each misconception category across the two classes in each of three time points and their
significance using ANOVA (SDs are displayed in parentheses)
Misconceptions
Representativeness
Heuristic
Equiprobability
Bias
Ratio Bias

The Falk
Phenomenon

Experimental Class
Significance
Delayed
Pre-test Post-test
Post-test
𝜼𝜼𝟐𝟐𝒑𝒑
F
p
49.6
(17.9)
34.8
(38.2)
19.6
(29.2)
36.9
(30.9)

53.9
(19.5)
21.7
(33.1)
47.8
(35.3)
54.4
(42.4)

53.0
(24.6)
23.9
(39.5)
39.1
(36.8)
41.3
(46.8)

.436

.574

.019

5.253 .009

.193

1.369 .265

.059

1.637 .206

.069

Comparison Class
Pre-test Post-test
60.8
(24.1)
12.0
(26.1)
40.0
(28.9)
12.0
(29.8)

48.0
(22.4)
16.0
(34.5)
38.0
(29.9)
24.0
(35.7)

Delayed
Post-test
57.6
(21.9)
12.0
(21.8)
26.0
(25.5)
18.0
(35.0)

Significance
𝜼𝜼𝟐𝟐𝒑𝒑
F
p

3.291

.046

.121

1.940

.155

.075

.194
.812

.825
.450

.008
.033

Table 6.11
Percentage of correct responses and correct justifications for each misconception category across the two classes in each of three
time points
Misconceptions
Representativeness Heuristic
Equiprobability Bias
Ratio Bias
The Falk Phenomenon

Experimental Class

Comparison Class

Pre-test

Post-test

Delayed Post-test

Pre-test

Post-test

Delayed Post-test

4.4
0.0
2.2
8.7

17.4
0.0
15.2
30.4

17.4
0.0
6.5
19.6

5.6
0.0
0.0
0.0

5.6
0.0
0.0
10.0

5.6
0.0
0.0
2.0
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6.2.3.1 Representativeness Heuristic
6.2.3.1.1 Quantitative Analysis
Five items in the tests investigated students’ susceptibility to the
representativeness heuristic. Table 6.10 showed that the mean percentage of

students’ correct responses in the experimental class was not significantly
different across time points, whereas significant difference was shown in the

comparison class. Both frequentist and Bayesian mixed ANOVA were used to
examine the effect of teaching intervention in reducing the representativeness
heuristic of students in both experimental and comparison classes, using the data
of students’ responses in the multiple-choice tier. The frequentist mixed ANOVA

showed that there were no significant effect for teaching conditions �𝐹𝐹(1, 46) =

.475, 𝑝𝑝 = .494, 𝜂𝜂𝑝𝑝2 = .010� and test time �𝐹𝐹(2, 92) = .953, 𝑝𝑝 = .389, 𝜂𝜂𝑝𝑝2 = .020�.

There was also no significant interaction between the effects of teaching
conditions and test time �𝐹𝐹(2, 92) = 2.892, 𝑝𝑝 = .061, 𝜂𝜂𝑝𝑝2 = .059�.

Table 6.12
Bayesian mixed ANOVA of the students’ percentage of correct responses for the
representativeness heuristic items
Models

P(M)

P(M|data) BFM

BF10 error %

Null model (incl. subject)

0.2

0.599

5.967

1.000

T

0.2

0.099

0.440

0.166

C

C+T+C×T

C+T

0.2
0.2
0.2

0.198
0.072
0.033

0.985
0.310
0.135

0.330

1.476

0.120

47.472

0.054

0.868
1.837

Note: The abbreviations “C” and “T” stand for teaching conditions and test time
respectively. The term “C × T” stands for the interaction between the two factors

For the Bayesian mixed ANOVA, the Bayes factor for the main effect of

teaching conditions (𝐵𝐵𝐵𝐵10 ) was 0.330 which was considered as anecdotal

evidence for the null hypothesis that there is no difference in students’
percentage of correct responses for the representativeness heuristic items
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between the two teaching conditions. The Bayes factor for the main effect of test
time (𝐵𝐵𝐵𝐵10 ) was 0.166 which was considered as moderate evidence for the null

hypothesis that there is no difference in students’ percentage of correct

responses for the representativeness heuristic items across the three main
points. I then compared the null model to the two alternative models which
included the two main effects and interaction effect (see Table 6.12). The Bayes

factor for the two main effects only (𝐵𝐵𝐵𝐵10 ) was 0.054 which is considered as

strong evidence for the null hypothesis. Also, the Bayes factor for the main effects
with interaction (𝐵𝐵𝐵𝐵10 ) was 0.120 which is considered as moderate evidence for

the null hypothesis. These results show that, on average, the percentage of

students’ correct responses in the representativeness heuristic items was similar
across the three time points, both for the experimental and for the comparison
classes.

Although some students responded correctly in the multiple-choice tier,

they did not always explain it correctly in the justification tier. This was shown

when analysing students’ written justifications for their correct responses in the
multiple-choice tier, where different results were found. There were more

students in the experimental class than in the comparison class who had both

correct responses and correct justifications in the post-test and delayed post-

tests, both are approximately 17%, than those in the pre-test (see Table 6.11).
This suggests that students in the experimental class improved their

probabilistic understanding and decreased their use of the representativeness

heuristic after following the teaching intervention. However, different results
were found in the comparison class, where the percentage of students who had

correct responses and correct justifications were about the same in the pre-,

post-, and delayed post-tests (see Table 6.11). This means that students in the
comparison class did not improve their probabilistic understanding or reduce
their representativeness heuristic after following the teaching intervention.
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6.2.3.1.2 Improvement of Students’ Understanding Before and
After the Intervention
Among the five items investigating the representativeness heuristic in the tests,
I will now discuss in more detail the two items (i.e., items 2 and 3) in which

students in both classes were most improved, where they had correct responses
and correct justifications to these items following the teaching intervention. In

item 2, there were 6 (26.1%) students in the experimental class compared to only

1 (4%) student in the comparison class who made progress when responding to
this item. In item 3, there were 11 (47.8%) students in the experimental class
compared to only 3 (12%) students in the comparison class who made progress
when responding to this item 3 following the teaching intervention.

Figure 6.5
Item 2 investigating recency effect used in the pre-, post-, and delayed post-tests
Sandra has a bag with 20 marbles: 10 green and 10 blue marbles. Sandra took
a marble out from the bag without looking and recorded the result. She put
the marble back into the bag and shook the bag. She repeated this process five
times. After drawing five times, Sandra had five blue marbles.
What is more likely for Sandra to draw next?
a) A blue marble

b) A green marble

c) Equal chance of blue and green marbles
Explain your reasoning:

Figure 6.6 shows response and written justification of Rian 24 for item 2 in

the pre-test, which was a common incorrect explanation for justifying the correct

response in the multiple-choice tier of item 2. Her written justification indicated

that she used the outcome approach to justify her correct responses in the

24

All names used in this thesis are pseudonyms.
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multiple-choice tier where she argued that both marbles had equal chance to be

drawn because Sandra cannot see which marble she will take. This showed that
Rian was operating on subjective thinking (level 1) (Jones et al., 1997) when

responding to item 2, making prediction using her intuitive or subjective
judgement. After following the traditional textbook-based teaching intervention,

however, she made progress in her reasoning where she recognised the equal
number of green and blue marbles in the bag (see Figure 6.7). Her written

justification shown in suggested that she was in transitional thinking (level 2)

where she reasoned based on the limited quantitative judgement and resorted
less to subjective judgement.

Figure 6.6
Response and written justification of Rian from comparison class for item 2 in the
pre-test

Translation:
c) Equal chance of blue and green marbles
Explain your reasoning:

Because Sandra cannot see which marble will be taken out. Although there
are more green marbles that Sandra has taken out from the bag, the green
marbles also have equal chance to be taken.
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Figure 6.7
Response and written justification of Rian from comparison class for item 2 in the
post-test

Translation:
c) Equal chance of blue and green marbles
Explain your reasoning:

Because there are equal number of blue and green marbles, so that it is

possible to take either blue or green marbles.

Similar written justifications were also shown by students in the

experimental class to justify their correct responses in the multiple-choice tier of
item 2 in the pre-test. For example, Bayu showed outcome approach (arguing

that Sandra took a marble without looking) and recency effect (arguing that the
other two options are also possible because Sandra always had blue marbles and
the next draw might be a different marble) to justify his correct responses,
indicating that he used subjective thinking (level 1) (see Figure 6.8). However,

after following the simulation-based, hands-on teaching intervention, he
improved his probabilistic reasoning by pointing out the equal number of blue

and green marbles, though he still also reasoned using outcome approach (see

Figure 6.9). This suggested that Bayu was on transitional thinking (level 2) in

which he used quantitative judgement but still combine it with subjective
judgement.
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Figure 6.8
Response and written justification of Bayu from experimental class for item 2 in the
pre-test

Translation:
c) Equal chance of blue and green marbles
Explain your reasoning:

Because when taking a marble, she took it without looking. If someone
answered a) they can be right too because she always had blue marbles when
taking a marble, and those who answered b) may also correct because
probably the next draw will be different.
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Figure 6.9
Response and written justification of Bayu from experimental class for item 2 in the
post-test

Translation:
c) Equal chance of blue and green marbles
Explain your reasoning:

Because those 20 marbles are: 10 green marbles and 10 blue marbles have

equal number and we take it without looking and shake the marbles, so that
automatically the two marbles have equal chance to be taken.

Most of the students in both classes who made progress in their written

justifications following the teaching intervention improved their probabilistic
reasoning from subjective to transitional thinking when responding to item 2.

However, one of the students from experimental class, and none of the
comparison class, made a considerable improvement in her justifications where

she reasoned based on the outcome approach in the pre-test and then used

formal quantification of probability to justify her correct responses in the posttest (see Figure 6.10). Thus, she showed considerable growth in probabilistic
thinking following the teaching intervention by moving from subjective to
numerical thinking.
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Figure 6.10
Response and written justification of Annisa from experimental class for item 2 in
the post-test

Translation:
c) Equal chance of blue and green marbles
Explain your reasoning:

I keep choosing the option that both have equal chance because there are 20

marbles and both green and blue marbles had equal number, so that I
selected C which is blue and green marbles have equal chance to be taken.
𝑃𝑃(𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) =
𝑃𝑃(𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) =

𝑛𝑛(𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔) 10 10 1
=
÷
=
𝑛𝑛(𝑆𝑆)
20 10 2

𝑛𝑛(𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏) 10 10 1
=
÷
=
20 10 2
𝑛𝑛(𝑆𝑆)

219

Figure 6.11
Item 3 investigating base-rate fallacy used in the pre-, post-, and delayed post-tests
There are 10 sweets in a bag: 3 strawberry sweets and 7 chocolate sweets.
Anita shakes the bag and takes out a sweet without looking into the bag.
Anita’s favourite fruit is strawberry but she does not like chocolate. What is
the most likely sweet that Anita will take out from the bag?
a) A strawberry sweet
b) A chocolate sweet

c) Both are equally likely to be taken
Explain your reasoning:

Figure 6.12 presents the response and justification of Siti, which was a

typical incorrect response and incorrect justification of students from the

comparison class for item 3 in the pre-test. Based on her written justification, Siti
showed evidence of subjective thinking (level 1) (Jones et al., 1997) when

responding to item 3, where she seemed to make prediction based on her

intuitive or subjective judgement. However, after following the traditional

textbook-based teaching intervention, she responded correctly to this item. Her
written justification, as shown in Figure 6.13, indicated that she was in informal
quantitative thinking (level 3) where she used number informally to make
probabilistic judgement.

Figure 6.12
Response and justification of Siti from comparison class for item 3 in the pre-test
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Translation:
a) A strawberry sweet

Explain your reasoning:
Because Anita likes strawberry sweets and Anita must be trying to get a
strawberry sweet.
Figure 6.13
Response and justification of Siti from comparison class for item 3 in the post-test

Translation:
a) A chocolate sweet

Explain your reasoning:
Because there are more chocolate sweets than strawberry sweets in the bag.

Students in the experimental class also had similar responses and

justifications when responding to item 3 in the pre-test (see Figure 6.14). Based

on her written justification for her incorrect response, Citra used transitional

thinking (level 2), where she started to make a prediction on the basis of
quantitative judgements but then reverted to her subjective/intuitive
judgements.

After

following

the

simulation-based,

hands-on

teaching

intervention, she made progress in her probabilistic reasoning and responded
correctly to item 3. Her response and written justification, shown in Figure 6.15,
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suggested that she used numerical thinking (level 4), where she assigned
numerical probabilities to make a probabilistic judgement.

Figure 6.14
Response and written justification of Citra from experimental class for item 3 in the
pre-test

Translation:
c) Both are equally likely to be taken
Explain your reasoning:

In this question I still choose the last choice at the bottom which is both are
equally likely to be taken because Anita shakes the bag and takes out without
looking (closing her eyes) though the question says that there are only 2
strawberry and 7 chocolate sweets while Anita likes strawberry rather than
chocolate sweets but what can we do if it turns out that chocolate sweet was
taken because Anita takes out without looking and also strawberry has a
chance to be taken out because again without looking.
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Figure 6.15
Response and written justification of Citra from experimental class for item 3 in the
post-test

Translation:
b) A chocolate sweet

Explain your reasoning:
Because there are 7 chocolate sweets in the bag whereas only 3 strawberry
sweets, though it is taken out without looking but the most likely sweet to be
taken out is chocolate sweets though Anita does not like it.
𝑃𝑃(𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) =
𝑃𝑃(𝑐𝑐ℎ𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜) =

𝑛𝑛(𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)
3
=
= 0.3
𝑛𝑛(𝑆𝑆)
10

𝑛𝑛(𝑐𝑐ℎ𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜)
7
=
= 0.7
𝑛𝑛(𝑆𝑆)
10

Citra showed growth in probabilistic thinking following the teaching

intervention, where she was at transitional thinking when responding to

question 3 in the pre-test but displayed numerical thinking in responding to the

same question in the post- and delayed post-tests. There were only two students
in the experimental class and none in the comparison class who showed
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numerical thinking in their responses to and justifications for item 3 in both the
post- and delayed post-tests. Most of the other students in both classes who had
correct responses and correct justifications for this question in the post- and
delayed post-tests were using informal quantitative thinking, where they used

quantitative judgements in determining and comparing probabilities but did not
assign numerical probabilities (see Figure 6.12).

6.2.3.2 Equiprobability Bias

6.2.3.2.1 Quantitative Analysis
Two of the items were intended to investigate students’ equiprobability bias.

Table 6.10 showed that the mean percentage of students’ correct responses in

the experimental and comparison classes were not significantly different at the

three time points. These results indicated that the percentage of students’ correct

responses to the equiprobability bias items were similar across the three time
points, both for the experimental and comparison classes. The frequentist mixed

ANOVA showed that there were no significant effect for teaching conditions
�𝐹𝐹(1, 46) = 3.855, 𝑝𝑝 = .056, 𝜂𝜂𝑝𝑝2 = .077� and test time �𝐹𝐹(2, 92) = .540, 𝑝𝑝 =

.585, 𝜂𝜂𝑝𝑝2 = .012�. There was also no significant interaction between the effects of

teaching conditions and test time �𝐹𝐹(2, 92) = 1.187, 𝑝𝑝 = .310, 𝜂𝜂𝑝𝑝2 = .025�.

Table 6.13
Bayesian mixed ANOVA of the students’ percentage of correct responses for the
equiprobability bias items
Models

P(M)

P(M|data) BFM

BF10 error %

Null model (incl. subject)

0.2

0.397

2.638

1.000

C+T

0.2

0.051

0.213

0.127

C

T

C+T+C×T

0.2
0.2
0.2

0.497
0.040
0.015

3.957
0.167
0.059

1.251

2.992

0.101

0.736

0.037

3.012
1.659

Note: The abbreviations “C” and “T” stand for teaching conditions and test time
respectively. The term “C × T” stands for the interaction between the two factors
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In the Bayesian mixed ANOVA, the Bayes factor for the main effect of

teaching conditions (𝐵𝐵𝐵𝐵10 ) was 1.251 which was considered as anecdotal

evidence for the alternative hypothesis that there is a significant difference in

students’ percentage of correct responses for the equiprobability bias items
between the two teaching conditions. The Bayes factor for the main effect of test
time (𝐵𝐵𝐵𝐵10 ) was 0.166 which was considered as moderate evidence for the null
hypothesis that there is no difference in students’ percentage of correct

responses for the equiprobability bias items across the three main points. The

Bayes factor for the two main effects only (𝐵𝐵𝐵𝐵10 ) was 0.127 which is considered
as moderate evidence for the null hypothesis. Furthermore, the Bayes factor for

the main effects with interaction (𝐵𝐵𝐵𝐵10 ) was 0.037 which is considered as strong
evidence for the null hypothesis. These results show that the percentage of
students’ correct responses in the equiprobability bias items was similar across
the three time points, both for the experimental and for the comparison classes.

The same results were also found when considering students’ written

justifications for their correct responses. None of the students who had correct
responses in the multiple-choice questions showed correct justifications, in
either the experimental or the comparison classes (see Table 6.11). This suggests

that the teaching intervention did not help students to deal with probability
problems associated with equiprobability bias, and this also supports findings

from previous research that this misconception seems to be resistant to

education (e.g., Morsanyi et al., 2009). Because none of the students had correct

justifications when responding to equiprobability bias items after the
intervention, I did not discuss their written justifications in more detail.

6.2.3.3 Ratio Bias

6.2.3.3.1 Quantitative Analysis
There were also two items investigating students’ use of ratio bias. Table 6.10
showed that the mean percentage of students’ correct responses in the

experimental class was significantly different at the three time points, whereas

those of comparison class were not. Similar to the representativeness heuristic
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items, I also used both frequentist and Bayesian mixed ANOVA to examine the
effect of teaching intervention in reducing the ratio bias of students in both

experimental and comparison classes. The frequentist mixed ANOVA showed
that there were no significant effect for teaching conditions �𝐹𝐹(1, 46) = .020, 𝑝𝑝 =

.887, 𝜂𝜂𝑝𝑝2 = 4.450𝑒𝑒 −4 � and test time �𝐹𝐹(2, 92) = 2.783, 𝑝𝑝 = .067, 𝜂𝜂𝑝𝑝2 = .057�.

However, the analysis found significant interaction between the effects of

teaching conditions and test time �𝐹𝐹(2, 92) = 4.974, 𝑝𝑝 = .009, 𝜂𝜂𝑝𝑝2 = .098�. Holm

corrected post hoc testing showed that there was a significant increase of

percentage accuracy in students from experimental class (mean difference =
28.3, p = .018).

Table 6.14
Bayesian mixed ANOVA of the students’ percentage of correct responses for the
ratio bias items
Models

P(M)

P(M|data) BFM

BF10 error %

Null model (incl. subject)

0.2

0.339

2.050

1.000

T

0.2

0.209

1.058

0.617

C+T+C×T
C

C+T

0.2
0.2
0.2

0.329
0.075
0.048

1.961
0.325
0.201

0.971

1.591

0.222

0.726

0.141

2.870
2.710

Note: The abbreviations “C” and “T” stand for teaching conditions and test time
respectively. The term “C × T” stands for the interaction between the two factors

In the Bayesian mixed ANOVA, the Bayes factor for the main effect of teaching
conditions (𝐵𝐵𝐵𝐵10 ) was 0.222 which was considered as moderate evidence for the

null hypothesis that there is no difference in students’ percentage of correct

responses for the ratio bias items between the two teaching conditions. The

Bayes factor for the main effect of test time (𝐵𝐵𝐵𝐵10 ) was 0.617 which was

considered as anecdotal evidence for the null hypothesis that there is no
difference in students’ percentage of correct responses for the ratio bias items
across the three main points. I then compared the null model to the two
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alternative models which included the two main effects and interaction effect

(see Table 6.14). The Bayes factor for the two main effects only (𝐵𝐵𝐵𝐵10 ) was 0.141

which is considered as moderate evidence for the null hypothesis. Also, the Bayes

factor for the main effects with interaction (𝐵𝐵𝐵𝐵10 ) was 0.971 which is considered

as anecdotal evidence for the null hypothesis. These results show that, on

average, the percentage of students’ correct responses in the ratio bias items

increased significantly from pre-test to post-test for students in the experimental
class, while those for the students in the comparison class were similar across
the three time points.

Similar results were also found when analysing students’ written

justifications for their correct responses in the multiple-choice tier. The

percentage of students who had correct responses and correct justifications
when dealing with ratio bias items increased in the experimental class, from 2%

in the pre-test to 15% in the post-test (see Table 6.11). This suggested that the

teaching intervention may have helped the students in the experimental class to

improve their probabilistic understanding and reduce their tendency to ratio

bias. By contrast, none of the students in the comparison class showed correct
justifications for their correct responses in the ratio bias questions.

6.2.3.3.2 Improvement of Students’ Understanding Before and
After the Intervention
In this section, I will discuss students’ written justifications for their correct

responses in the two items investigating the ratio bias in the tests. However, I

will only discuss the written justifications of students from the experimental
class because none of the students in the comparison class had correct written

justifications for their correct responses in the tests following the teaching
intervention. There were 5 (21.7%) students in item 7 and 2 (8.7%) students in
item 11 who made progress following the teaching intervention where they had
correct responses and correct justifications. Item 7 invited students to compare

the probabilities of drawing a white marble from the two boxes containing equal
ratio of white and black marbles, where these marbles represented as a ratio of
227

small numbers in one box and as a ratio of higher numbers in the other box (see
Figure 6.16).

Figure 6.16
Item 7 investigating ratio bias (equal-ratio) used in the pre-, post-, and delayed
post-tests
Althaf has two boxes each containing two different colours of marbles:
Box A : 30 white marbles and 70 black marbles
Box B : 3 white marble and 7 black marbles

Althaf will take out a marble without looking from one of the boxes.
Which box gives him a higher chance of taking out a white marble?

a. Box A
b. Box B

c. Both have the same chance
Explain your reasoning:

Figure 6.17 shows response and written justification of Rita from

experimental class for item 7 in the pre-test which was a common explanation
for selecting the option a. Her written justification for her incorrect response

suggested that she exhibited the ratio bias by perceiving that Box A has higher
probability to draw a white marble because it has more white marbles than Box

B. However, she also seemed to confuse with her responses by saying that the
other two options also have equal chance because the event of taking out a

marble was done without looking. This indicated that she also used the outcome
approach in which she believed that the other options might happen because we

did not know what will happen when taking out a marble without looking. These
results showed that Rita was operating on subjective thinking (level 1) when

responding to item 7, making prediction using her intuitive or subjective
judgement.
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Figure 6.17
Response and written justification of Rita from experimental class for item 7 in the
pre-test

Translation:
a) Box A

Explain your reasoning:

Because logically, Box A has 30 white marbles which is more than Box B. But

when taking out a marble, she did it without looking so (b, c) also have equal
chance.

After following the teaching intervention, however, Rita had considerable

improvement in her probabilistic reasoning where she compared the ratio of

white and black marbles in the two boxes using ratios (see Figure 6.18). This

suggested that she was in numerical thinking (level 4) where she assigned equal
numerical ratios between the two boxes when justifying her correct response.
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Figure 6.18
Response and written justification of Rita from experimental class for item 7 in the
post-test

Translation:
c) Both have the same chance
Explain your reasoning:

I selected Box B because when we simplified Box A:
𝐵𝐵𝐵𝐵𝐵𝐵 𝐴𝐴 =

30 10 3 𝑤𝑤ℎ𝑖𝑖𝑖𝑖𝑖𝑖 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
÷
=
70 10 7 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

The result will be the same with Box B which is 3 white marble and 7 black
marbles. So, both boxes have equal chance.

In item 11, students were asked to compare the probabilities of drawing

a white marble from the two boxes containing unequal ratio of white and black
marbles, where these marbles represented as a ratio of small numbers in one box
and as a ratio of higher numbers in the other box (see Figure 6.19).
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Figure 6.19
Item 11 investigating ratio bias (unequal-ratio) used in the pre-, post-, and delayed
post-tests
Citra has two boxes with two different colours of marbles:
Box A: 1 white and 2 black marbles

Box B: 3 white and 7 black marbles

Citra will take out a marble without looking from one of the boxes.

Which box should Citra choose so that she has a higher chance of taking out a
white marble?
a. Box A
b. Box B

c. Both have the same chance
Explain your reasoning:

Figure 6.20 presents response and written justification of Bayu from

experimental class for item 11 in the pre-test. His written justification for his
incorrect response showed that he used less-more strategy in which she
perceived that Box A has less total number of marbles than Box B and therefore

has higher chance of drawing a white marble. This indicated that, although Bayu

correctly responded in the multiple-choice tier, he was in subjective thinking
(level 1) where he compare the probability of events based on various subjective
judgements.

However, after following the teaching intervention, Bayu improved his

probabilistic reasoning and responded correctly in item 11 in the post-test. His
written justification showed that he compared the favourable and unfavourable

marbles in each box, and converted them into decimals to make a decision. This
result indicated that Bayu used numerical thinking (level 4) by attending to the

two quantities (favourable and unfavourable marbles) and assigned numerical
probabilities to compare the two boxes.
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Figure 6.20
Response and written justification of Bayu from experimental class for item 11 in
the pre-test

Translation:
a) Box A

Explain your reasoning:

Because less chance to get a white marble and automatically with 3 marbles,
which is 1 white marble and 2 black marbles, can make it easier to get a white
marble quickly.
Figure 6.21
Response and written justification of Bayu from experimental class for item 11 in
the post-test
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Translation:
a) Box A

Explain your reasoning:
𝐵𝐵𝐵𝐵𝐵𝐵 𝐴𝐴 =

=

1 𝑤𝑤ℎ𝑖𝑖𝑖𝑖𝑖𝑖 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
2 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
1
2

𝐵𝐵𝐵𝐵𝐵𝐵 𝐴𝐴 =
=

3 𝑤𝑤ℎ𝑖𝑖𝑖𝑖𝑖𝑖 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
7 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
3
7

(Convert to decimals)
Box A = 0.5
Box B = 0.428

So, from this result, box which has a higher chance is Box A

6.2.3.4 The Falk Phenomenon

6.2.3.4.1 Quantitative Analysis
Two items examined the Falk phenomenon. Table 6.10 showed that the mean

percentage of students’ correct responses in the experimental and comparison

classes were not significantly different at the three time points. I conducted both
frequentist and Bayesian mixed ANOVA to examine the effect of teaching

intervention in reducing the Falk phenomenon of students in both experimental
and comparison classes, using the data of students’ responses in the multiplechoice tier.

The frequentist mixed ANOVA showed that there was a significant effect

for teaching conditions �𝐹𝐹(1, 46) = 11.838, 𝑝𝑝 = .001, 𝜂𝜂𝑝𝑝2 = .205�. However, no
significant effects were found for test time �𝐹𝐹(2, 92) = 2.594, 𝑝𝑝 = .080, 𝜂𝜂𝑝𝑝2 =

.053� and also no significant interaction between the effects of teaching
conditions and test time �𝐹𝐹(2, 92) = .158, 𝑝𝑝 = .854, 𝜂𝜂𝑝𝑝2 = .003�. In the Bayesian

mixed ANOVA, the bayes factor for the main effect of teaching conditions (𝐵𝐵𝐵𝐵10 )

was 22.752 which was considered as strong evidence for the alternative

hypothesis that there is a significant difference in students’ percentage of correct

responses for the Falk phenomenon items between the two teaching conditions.

The Bayes factor for the main effect of test time (𝐵𝐵𝐵𝐵10 ) was 0.618 which was
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considered as anecdotal evidence for the null hypothesis that there is no
difference in students’ percentage of correct responses for the Falk phenomenon
items across the three main points. The Bayes factor for the two main effects only

(𝐵𝐵𝐵𝐵10 ) was 14.247 which is considered as strong evidence for the alternative

hypothesis, and the Bayes factor for the main effects with interaction (𝐵𝐵𝐵𝐵10 ) was

1.968 which is considered as anecdotal evidence for the null hypothesis. These

results indicated that the model with the two main effects only outperformed the
model with the main effect of teaching condition plus the teaching condition by

test time interaction. Overall, the Bayesian mixed ANOVA results showed that the
data were best represented by a model that included teaching conditions or both

teaching conditions and test time. The results from both frequentist and Bayesian
mixed ANOVA suggested that percentage of students’ correct responses in the

Falk phenomenon items were significantly different between those in the
experimental and comparison classes across the three time points.

Table 6.15
Bayesian mixed ANOVA of the students’ percentage of correct responses for the Falk
phenomenon items
Models

P(M)

P(M|data) BFM

BF10 error %

Null model (incl. subject)

0.2

0.025

0.101

C+T

0.2

0.351

2.164 14.247

C

C+T+C×T
T

0.2
0.2
0.2

0.561
0.048
0.015

1.000

5.104 22.752

3.159

0.204

3.404

0.062

1.968
0.618

1.725
1.016

Note: The abbreviations “C” and “T” stand for teaching conditions and test time
respectively. The term “C × T” stands for the interaction between the two factors

Although there was no significant difference of percentage of students’

correct responses among the three time points for the two groups, different
results were found when analysing students correct justifications for their

correct responses in the Falk phenomenon items. The percentage of students
with correct responses and correct written justifications when dealing with the
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two Falk phenomenon items increased from pre-test to post-test, in both the

experimental and comparison classes. This suggested that the simulation-based,
hands-on teaching intervention and the traditional, textbook-based teaching

approach might both have helped students to overcome their probability
misconceptions relating to the Falk phenomenon.

6.2.3.4.2 Improvement of Students’ Understanding Before and
After the Intervention
As the Falk phenomenon occurs when students perceive that the second event

cannot condition the first event in conditional probabilities, it is interesting to

investigate how students in the two classes responded and made their

justifications in item 10, which asked them to compute the probability of the first

event given the outcome of the second event (inversion item). The percentage of
students who had correct responses and correct justifications for the inversion
item increased in the post-test and delayed post-test in the experimental class,
but none of the students in the comparison class correctly justified their correct

responses at any of the three time points (see Table 6.16). This suggests that the

teaching intervention in the experimental class helped the students to reduce
their probability misconception, known as the Falk phenomenon, when dealing

with conditional probability problems.

Table 6.16
Percentage of correct responses and correct justifications for the two questions
associated with the Falk phenomenon across the two classes in each of three time
points
Experimental Class

Question 9
(causality)

Question 10
(inversion)

Comparison Class

P1

P2

P3

P1

P2

P3

13.0

43.5

30.4

0.0

20.0

4.0

4.3

17.4

8.7

0.0

Note: P1: pre-test, P2: post-test, and P3: delayed post-test.
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0.0

0.0

Figure 6.22
Item 10 investigating the Falk phenomenon used in the pre-, post-, and delayed
post-tests
Zaky has a box containing 2 white marbles and 2 black marbles. Zaky takes

out a marble from his box without looking. He puts it aside without looking
at it. He takes out a second marble from the box without looking and finds
that it is white. What is more likely for Zaky to have taken out for the first
marble?

a) White marble
b) Black marble

c) White and black marbles are equally likely to have been taken
Explain your reasoning:

Figure 6.22 shows item 10 of the tests which asked students to compute

the probability of the first draw given the result of the second draw is known, in

a conditional probability. There were 4 (17.4%) students in the experimental
class and none in the comparison class who had both correct response and

correct written justifications in this item following the teaching intervention. The

response and written justification of Raisa for item 10 in the pre-test, as shown
in Figure 6.23, showed the typical explanation of students for justifying their

incorrect responses. Her written justification suggested that she was in subjective
thinking (level 1) where she did not recognise that the probability of an event

changes in non-replacement situations. However, she responded correctly to this
item in the post-test and provided correct written explanation to justify her

response (see Figure 6.24). Her written explanation showed that she recognized

that the probability of the event changed as the outcome of the second draw was

known. Accordingly, this indicated that her thinking was at informal quantitative

thinking (level 3) where she acknowledged that the information about the

outcome of the second draw should be used to determine the probability of the
first draw in a non-replacement situation of conditional probability.
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Figure 6.23
Response and written justification of Raisa from experimental class for item 10 in
the pre-test

Translation:
c) White and black marbles are equally likely to have been taken
Explain your reasoning:

Because white and black marbles have equal chance to be taken out.
Figure 6.24
Response and written justification of Raisa from experimental class for item 10 in
the post-test

Translation:
b) Black marble

Explain your reasoning:

Because there are still 2 black marbles while there is only 1 white marble
remains, my opinion is black marble.
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6.3 Students’ Metacognitive Judgements During Instruction
In this section, I discuss students’ metacognitive judgements before and after
following the teaching intervention. Students’ metacognition was measured
based on their calibration and resolution metrics in the pre- and post-tests. I first

discuss the calibration results of both the experimental and comparison classes,

before and after the teaching intervention, followed by a section on their
resolution results.

6.3.1 Students’ Calibration Before and After the Intervention
Calibration and resolution are two common metacognitive measures to examine

monitoring accuracy. Calibration refers to the degree of fit between participants’
average level of performance or knowledge and their average confidence

judgements, whereas resolution measures whether an individual can
discriminate between correct and incorrect responses on an item level (see
Section 2.8.2 for more detailed discussion).

The frequentist one sample t tests showed that the calibration metrics of

students in both classes, both before and after the teaching intervention, were

significantly larger than zero. The Bayes factors of the two classes in the two tests
also showed extreme evidence (Lee & Wagenmakers, 2013) in favour of the

alternative hypothesis that the difference between average confidence and
average accuracy of the students was not equal to zero. These results showed

that students in both classes remained overconfident following the teaching
intervention. Probability instruction did not significantly reduce overconfidence

among the students.

Although students in both classes were overconfident following the

teaching intervention, students in the experimental class were less overconfident

than students in the comparison class. The bias index (i.e., the mean difference

between average confidence and average accuracy) of the students in the

experimental class decreased significantly in the post-test while the bias index of
the students in the comparison class remained the same (see Table 6.17). This

showed that students in the experimental class, but not in the comparison class,
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improved their calibration significantly following the teaching intervention.

Consequently, although both classes were overconfident with their responses,

students in the experimental class showed a significant improvement in their
calibration, becoming less overconfident.

Table 6.17
Students’ calibration metrics before and after following the teaching intervention
Comparison Class

Mean
(SD)
𝜌𝜌value

Pre-test

Post-test

44.49
(19.28)

43.93
(26.99)

< .001

< .001

Bayes
Factor 36348.628 8103.155
(𝐵𝐵𝐵𝐵10 )

Experimental Class
Mean
Difference
0.56
(19.45)
.887

0.213

Pre-test

Post-test

33.56
(24.14)

24.15
(17.67)

< .001

< .001

17085.065 13492.687

Mean
Difference
9.41
(18.35)
.022

2.53

6.3.2 Students’ Resolution Before and After the Intervention
As discussed in Section 5.6.2 of the survey studies, I used similar pre-defined

inclusion criterion before calculating students’ resolution metrics in the pre- and
post-tests, excluding participants who had no variability in either variable (i.e.,
no correct answers or had same confidence scores for all items). This left 17

students in the comparison class and 19 in the experimental class. I then

computed their calibration using Goodman and Kruskal's gamma correlation, as
explained in Section 2.8.2.2.

The frequentist one sample t tests showed that the resolution metrics of

students in both classes, both before and after the teaching intervention, were
not significantly different from zero. Also, the Bayes factors of the comparison

class showed moderate evidence and the Bayes factors of the experimental class
showed anecdotal evidence in favour of the null hypothesis that the difference

between mean resolution of the pre- and post-tests of the students was equal to
zero (see Table 6.18).
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However, although mean gamma coefficient of the students in the

experimental class was lower than those in the comparison class in the pre-test,

their gamma coefficient was higher than those in the comparison class in the

post-test. This indicates that, on average, students in the experimental class
improved their resolution more than students in the comparison class did,

although both classes improved their resolution following the teaching
intervention. Furthermore, using both frequentist and Bayesian Kendall’s tau
correlation, I also found no significant correlation between metacognitive

resolution and probability accuracy of the students in both classes, both in the
pre- and post-tests (see Table 6.19). This result might be due to the small number
of participants included in the analysis.

Table 6.18
Students’ resolution metrics before and after following the teaching intervention
Comparison Class

Experimental Class

Mean (SD) of Pre-test

0.097 (0.656)

0.001 (0.56)

Mean Difference

0.101 (0.820)

0.230 (0.84)

.279

.444

Mean (SD) of Post-test

0.198 (0.556)

𝜌𝜌-value

.619

Bayes Factor (𝐵𝐵𝐵𝐵10 )

0.231 (0.48)
.246

Table 6.19
Correlation between metacognitive resolution and probability accuracy of the
students in both classes before and after following the teaching intervention
Comparison Class

𝜌𝜌-value

Bayes Factor (𝐵𝐵𝐵𝐵10 )

Experimental Class

Pre-test

Post-test

Pre-test

Post-test

.270

.251

.537

.355

.589

.627
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.359

.471

6.4 Discussion
The main purpose of this intervention study was to investigate the changes in

probabilistic reasoning, and in the susceptibility to the four common
probabilistic misconceptions, of Indonesian eighth-grade students following a

teaching intervention. The study was conducted as a nonequivalent-groups

design in which the intervention group (experimental class) used a simulationbased teaching programme, emphasising the importance of proportional

reasoning for learning probability, while the comparison group (comparison

class) used a traditional, textbook-based approach (see Chapter 3).

The main finding of this study is that students in the experimental class,

who learned probability through the simulation-based teaching programme and

studied ratio comparisons prior to learning probability, improved their
probabilistic reasoning and displayed fewer misconceptions than those in the
comparison class who learned probability through a traditional, textbook-based

teaching approach. Furthermore, the improvement shown in the experimental
class was still present seven weeks after the teaching intervention was
conducted. The study also showed that students in both classes remained

overconfident following the teaching intervention and their mean resolution,

measured by Goodman and Kruskal's gamma correlation, was not significantly
different from zero. The overconfidence of the students after the teaching

intervention suggested that the two teaching approaches used in the
experimental and comparison classes did not help the students to improve their

calibration. Moreover, the non-significant result of their mean resolution also
indicated that students in both classes did not discriminate successfully between

correct and incorrect responses. I will now summarise the main findings with
regard to accuracy and confidence in the following sections.

6.4.1 Students’ Probabilistic Accuracy Before and After the
Teaching Intervention
Following the teaching intervention, fewer students in the experimental class
than in the comparison class showed evidence of the representativeness
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heuristic, ratio bias and the Falk phenomenon. For the representativeness
heuristic, a higher percentage of students in the experimental class than in the
comparison class had both correct responses and correct justifications in the

post- and delayed post-tests. This result supports Shaughnessy (1977), who
found that college students who learned probability through an activity-based

course (similar to simulation-based teaching in the experimental class, where

college students also performed experiments) significantly overcame their
susceptibility to the representativeness heuristic, compared to students who

learned through a lecture-based course. It is also consistent with Fischbein and

Gazit (1984), who found that a higher proportion of 12-13-year-old students in

the experimental class (who learned probability topics) had correct responses
and justifications to a question relating to the representativeness heuristic than
did those in the comparison class (who did not learn any probability topics).

The result is also in accordance with a more recent study by Khazanov and

Prado (2010) comparing three groups of college students: group 1 was taught by
a trained instructor using cognitive conflict instructional materials, group 2 was

taught by an untrained instructor but still used cognitive conflict instructional
materials, and group 3 was taught by an untrained instructor and did not use

cognitive conflict instructional materials. The instructional materials used in
groups 1 and 2 consisted of two activities in which students performed hands-on
experiments, similar to the simulations used in the experimental class in my
study. Similar to my finding, Khazanov and Prado found that a significantly lower

percentage of college students exhibited the representativeness heuristic in
group 1 than in group 3.

A similar result was found for the ratio bias, regarding both equal-ratio

and unequal-ratio questions. A higher percentage of students in the experimental
class than in the comparison class had both correct responses and correct

justifications in the post- and delayed post-tests. This contrasts with Fischbein

and Gazit (1984), who found that 10-13-year-old students in the experimental
class (learned probability topics) performed worse when responding to
questions relating to the ratio bias (equal-ratio problems only) than did those in
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the comparison class (did not learn any probability topics). This could be because

Fischbein and Gazit (1984) did not include lessons on proportional reasoning
and probability comparisons in their teaching programme, which could have

helped students to deal with probability problems relating to ratio bias, as
seemed to be the case in my study.

For the Falk phenomenon, again a higher percentage of students in the

experimental class than in the comparison class had both correct responses and
correct justifications in the inversion question in the post- and delayed post-tests.

This contributes to the limited research on the influence of teaching practices in
overcoming the Falk phenomenon among students. Furthermore, the fact that

none of the students in the comparison class could justify their correct responses
in the inversion question also corroborates the study of Ocal (2014), who found
that the number of eleventh-grade students in Turkey exhibiting the Falk
phenomenon was the same before and after learning about probability in their

regular teaching, which was similar to the teaching approach in the comparison
class in my study.

However, the result for the equiprobability bias was different. I found that

neither of the teaching approaches in the experimental or comparison classes
helped reduce students’ reliance on equiprobability bias. Although some

students in both conditions responded correctly to the questions relating to

equiprobability bias at the three time points, none of them justified their
responses correctly (by which I mean that none of them provided written
justifications similar to the criteria of correct justifications shown in Table 6.9).

This result corroborates the study of Jun (2000), who found that the percentage

of Chinese eighth-grade students (aged 13-14) who exhibited the equiprobability
bias was similar before and after a teaching intervention, both for an intervention

with and without computer simulations. Nevertheless, the result of my study

differs from the finding of Morsanyi et al. (2013), who found that college students
learning probability through experimenting with random generators decreased

their susceptibility to the equiprobability bias, though the effect worked mostly
on high-ability students. This could be because the teaching intervention in Jun’s
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and my study was designed to address several misconceptions, whereas

Morsanyi et al.’s was specifically designed to help students reduce their
equiprobability bias.

Furthermore, Morsanyi et al. also found that susceptibility to the

representativeness heuristic increased after the teaching intervention, though

the equiprobability bias decreased. This result contrasts with the finding of my

study, where the teaching intervention helped students reduce their
susceptibility to the representativeness heuristic but did not help them to correct

their equiprobability bias. These different findings indicate that students might

switch between the two misconceptions (i.e., if they reduce one, the other tends
to increase).

My finding that my teaching intervention seemed to help the students to

reduce their representativeness heuristic, but did not help with equiprobability
bias, might suggest that these two misconceptions have different origins. When

students have not learned probability topics in educational settings, they tend to
rely on their own personal experiences or intuitions, denoted as primary

intuitions by Fischbein (1975), when dealing with probability problems, and this
seems to make them more susceptible to the representativeness heuristic.
However, when students are exposed to formal probability education, they seem

to rely on their trained-based intuitions, denoted as secondary intuitions by

Fischbein (1975), which may increase their reliance on the equiprobability bias.
Accordingly, I agree with Morsanyi et al. (2013) that these misconceptions may

result from different mechanisms and need different educational intervention to
overcome.

In general, the results of this intervention study support previous studies

that concluded that encouraging students to conduct simulations when learning
about probability can help them to improve their probabilistic understanding
and overcome their reliance on certain probability misconceptions (e.g., Biehler,
1991; Koparan, 2021; Stohl & Tarr, 2002). However, the result showing that
neither of the two teaching practices helped students reduce their

equiprobability bias suggests that learning about probability based on students’
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own experiences is difficult. This may be because students usually encounter a

single probabilistic outcome without understanding the distribution of possible

outcomes in probabilistic events. It also suggests that different probability
misconceptions may need to be addressed separately, because eliminating one
misconception may not mean that students are able to overcome other
misconceptions as well.

6.4.2 Students’ Confidence Before and After the Instruction
My study also found that students in both the experimental and comparison

classes were overconfident at pre-test, post-test and delayed post-test, which is
consistent with the findings of many metacognition studies, where

overconfidence is a ubiquitous phenomenon (e.g., Harvey, 1997; Kahneman,

2011; Moore et al., 2018; Stankov & Lee, 2014). This result also supported the
findings of the recent study of Foster (2021) who found that the use of confidence

assessment in low-stakes mathematics formative assessments over certain
period of time did not affect the overall mathematics attainment of the students.

My study also contributes to the limited amount of research investigating

students’ confidence and accuracy when responding to probability problems

before and after probability instruction. The persistence of students’
overconfidence, even after participating in probability instruction, corroborates
the finding of Piehlmaier (2020), which showed that 4- to 6-year-old children

remained overconfident in estimating their performance in the Children’s

Gambling Task, even after several repetitions and receiving constant feedback
through video intervention. However, it is also important to note that
overconfidence in young children might have different origins than

overconfidence in adolescents and adults. Young children’s overconfidence

might be explained by the wishful thinking hypothesis (Lipko-Speed, 2013;

Schneider, 1998; Stipek et al., 1984), where their predictions are based on their
desire to perform, rather than on true predictions of their performance, whereas

the overconfidence among adolescents and adults might be based on accessibility
cues (Castel et al., 2013; van Loon et al., 2017) or on fluency (Ackerman & Koriat,
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2011; Ackerman & Zalmanov, 2012). My study also accords with Foster et al.

(2017) who found that students were consistently overconfident with their

performance in exams even after participating in 13 classroom examinations,
suggesting that students did not use their past exam scores as the basis for
predicting their performance on the upcoming exams.

6.4.3 Summary

Overall, this intervention study suggests that emphasising students’

proportional reasoning prior to learning probability, and encouraging them to

conduct simulations when learning probability topics, helped the students to
improve their probabilistic reasoning and reduce their susceptibility to several

probabilistic misconceptions, such as the representativeness heuristic, ratio bias
and Falk phenomenon. However, neither of the teaching approaches used in the
experimental and comparison classes seemed to help students to overcome their

equiprobability bias, and this is in line with previous research suggesting that
this misconception might be difficult to reduce with probability instruction, and

indeed often increases with probability education (e.g., Gauvrit & Morsanyi,

2014; Morsanyi et al., 2009). It seems that the representativeness heuristic, ratio
bias and Falk phenomenon, which were successfully reduced with instruction,
may be primary intuitions (i.e., independently of teaching instruction), whereas

equiprobability bias has been categorized as a secondary intuition (i.e., acquired
through teaching intervention) (see Fischbein, 1975, 2002).

Neither of the teaching approaches used in this study helped students to

become better calibrated in assessing their probabilistic understanding. The
intervention in the experimental class seemed to help the students to reduce

their susceptibility to the representativeness heuristic, but did not help them to

overcome their equiprobability bias. This contrasts with Morsanyi et al. (2013),
who found that experimenting with random generators (the same as simulations

in the experimental class) helped college students to overcome their

equiprobability bias, but increased their susceptibility to the representativeness

heuristic. Taken together, these results suggest that students may be switching
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between the two misconceptions. When students decrease one of them, it may be
more likely that they increase the other one, and this requires further research.

These findings also suggest that it may be difficult to develop

simultaneously in students both an awareness that individual outcomes of
probabilistic events are unpredictable and an awareness that there is a pattern
of outcomes over the long run. These two seemingly contradictory ideas have

been highlighted by Hacking (2006), who distinguished the Janus-faced nature of
probability. He said that probability is statistical where it deals with the

stochastic rules underlying random processes, but probability is also

epistemological, where it assesses a reasonable degree of belief, depending on

available information. These two aspects of probability may seem to students to

be in conflict, and it may be pedagogically advisable to address them separately
initially, before comparing and contrasting them so that students understand
how both can be true.

A careful tailoring of probability instruction focusing on helping students

to understand the two aspects of probability, through physical and computer
simulations, might be able to help students reduce their reliance on the two

misconceptions. A recent review of Pratt and Kazak (2018) also advocated the

use of modelling to engage students in learning probability. A modelling
approach to probability instruction, with the help of physical and computer-

based simulations, might help students understand apparent discrepancies

within probability and lead to better calibration. However, it is also important to

note that a modelling approach to probability is under-researched, and teaching
probability through modelling could be challenging in terms of the knowledge
and skills of teachers (Kazak & Pratt, 2021).

A recent study investigating whether hands-on simulations should

precede computer simulations in learning sampling distributions also suggested

that students might learn probability better if they first explore probability
concepts through hands-on simulations before making a transition to computer-

based simulations (Hancock & Rummerfield, 2020). This is also in line with
chemistry education research showing that the combination of computer and
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hands-on simulations may be more effective in enhancing students’ conceptual
understanding than either one alone (Karpen et al., 2004; Liu, 2006). Other

studies have suggested that hands-on simulations may help students to “remove

the aura of "black magic" from the simulation results” (Schwarz & Sutherland,
1997, paragraph 21), while computer simulations provide an opportunity to

acknowledge the patterns and regularities over a long series of random
situations (Pratt & Kazak, 2018).
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Chapter 7
General Discussion
In this final chapter, I summarise the findings from the survey and intervention

studies reported in Chapters 5 and 6, and relate these findings to the theoretical

accounts that I introduced in the previous chapters, discussing the implications,

both theoretical and practical. I begin by reviewing the background and aims of

the thesis. In subsequent sections, I discuss the findings of my studies and answer
the research questions outlined earlier in this thesis. The chapter ends with a

discussion of the limitations of the studies, some possible future directions of
research, and my conclusions regarding the entire thesis.

7.1 Review of Thesis Background and Aims

Research on probability teaching and learning in the field of mathematics

education and psychology has investigated many important issues in the past 60
years, including intuitions and misconceptions of children and adults when

dealing with various probability problems, as well as the teaching and learning
of probability in classrooms and schools (e.g., Batanero et al., 2016; Chernoff &

Sriraman, 2014; Kapadia & Borovcnik, 1991). However, there is still very little

probability research conducted outside of Western countries, and almost none of

those have focused on metacognitive aspects of probability teaching and learning
(Jones et al., 2007; Shaughnessy, 1992). Furthermore, most of the research on

teachers’ conceptions of probability has investigated pre-service mathematics
teachers, leaving a gap concerning the probability knowledge of in-service
mathematics teachers (Batanero et al., 2014, 2016; Chernoff & Russell, 2012;

Gómez-Torres et al., 2018).

The studies presented in this thesis were intended to address these gaps. The

survey studies (Chapter 5) had several aims, including to investigate: (1) whether

students and teachers in Indonesia present with the same misconceptions that
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have been identified in Western countries; (2) when they present these
misconceptions, whether they display high/low confidence or whether there is

evidence that they are aware that their responses may be incorrect; (3) whether
students and teachers differ substantially in their knowledge and the typical
conceptions/misconceptions that they may have; and (4) whether students and

teachers differ in their metacognitive awareness. The aims of the intervention
study (Chapter 6) were to examine whether the two teaching approaches (i.e.,
hands-on simulations and traditional textbook-based teaching approaches) had

an effect on: (1) students’ correct responses, (2) students’ susceptibility to the

four common probability misconceptions, (3) students’ metacognitive
awareness, and (4) students’ ability to justify their responses.

These studies are important as the findings could provide useful knowledge

for the practice of teaching and learning of probability. The findings could inform
both pre-service and in-service mathematics teachers regarding the strength of

the common probability misconceptions, the reasoning process behind these

misconceptions, and possible teaching approaches to address them in the
mathematics classrooms. The results of survey and intervention studies could be
used to reform the curriculum of pre-service mathematics teacher education and

to design effective professional development for in-service mathematics
teachers, in order to improve their content and pedagogical content knowledge
of probability, and their metacognitive judgements.

7.2 Answers to the Research Questions

In this section, I discuss the findings of my studies in relation to the research

questions stated in Section 1.3 and the contribution of this thesis to probability
education research and the metacognition literature.

7.2.1 Research Question 1

The first research question proposed in this thesis was What conceptions do 1314-year-old junior secondary school students and in-service mathematics teachers
in Indonesia display when dealing with various probability problems? The analysis
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of participants’ responses to the probability questionnaire, and their
justifications, showed that both secondary school students and in-service

mathematics teachers in Indonesia exhibited the four common probability
misconceptions (i.e., the representativeness heuristic, equiprobability bias, ratio
bias, and the Falk phenomenon) that are widely reported in the literature. This

result contributes to the small corpus of cross-cultural research on students’ and

teachers’ probability conceptions, which has been mentioned as needing further

research in several major review chapters on probability (e.g., Jones et al., 2007;
Shaughnessy, 1992). Several studies have shown that cultural and religious
differences could lead to different probability conceptions. For example, Amir

and Williams (1999) found that children’s culture (language, beliefs, and
experience) influenced their informal probabilistic thinking, while Chassapis and
Chatzivasileiou (2008) argued that religious beliefs and social values may
influence children’s conceptions of probability.

My studies also provided evidence about the probability knowledge of

teachers by showing that in-service mathematics teachers, similar to their
students, also exhibited these probability misconceptions when responding to
various probability problems. This finding corroborates previous research on the
probability knowledge of teachers, showing that pre-service and in-service
mathematics

teachers

were

also

susceptible

to

certain

probability

misconceptions (e.g., Batanero et al., 2014; Chernoff et al., 2015; Stohl, 2005).

This study also found that certain probability misconceptions were more

common among students than teachers and, perhaps surprisingly, some were

more common among teachers than among students. Students tended to be more

susceptible to the representativeness heuristic and ratio bias, whereas teachers
were more susceptible to equiprobability bias and the Falk phenomenon than
students were (see Section 2.2 for the definitions of these misconceptions).

These differences could be due to different modes of thinking adopted by

students and teachers when responding to the probability questions. Applying
the seminal work of Fischbein about intuitions (e.g., Fischbein, 1975, 2002;
Fischbein & Gazit, 1984), we might conjecture that students are more likely than
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teachers to rely on their intuitions and prior beliefs about probability events,

independent of any systematic instruction - what Fischbein called their primary
intuitions - and that this leads them to exhibit the representativeness heuristic

and ratio bias. Previous research suggested that the representativeness heuristic

might originate in people’s personal experiences with randomness (Fischbein,

2002; Morsanyi et al., 2013), and ratio bias is associated with the rationality level
of individuals (Pacini & Epstein, 1999). In contrast, teachers might be

conjectured to rely more on their systematically-constructed intuitions and

beliefs, influenced by probability instruction - what Fischbein termed secondary

intuitions - and these might lead them to exhibit the equiprobability bias and Falk

phenomenon. The equiprobability bias has been described as a “side-effect of
education”, whereby it increases with probability education (Morsanyi et al.,
2009), and the Falk phenomenon has been argued to be linked with causal
reasoning (Falk, 1988; Nabbout-Cheiban, 2017). My findings support previous

claims that incorrect responses produced by relying on the representativeness
heuristic may arise because of people’s life experiences or personal beliefs,

whereas those based on the equiprobability bias may be more likely to be the

result of having been explicitly taught about probability (Morsanyi et al., 2009,

2013; Morsanyi & Szucs, 2015). For more discussion of primary and secondary
intuitions, see Section 2.1.

The analysis of participants’ written justifications revealed that having

correct responses on the multiple-choice questions was not always associated
with producing correct justifications. Some of the students and teachers who had

correct responses on the multiple-choice questions demonstrated in the written

justifications the four above-mentioned or other common probability

misconceptions, such as the outcome approach (see Section 2.2 for a summary of

the different probability misconceptions mentioned here). This supports a study
by Heyvaert et al. (2017), which found that 16-18 years old high-school students

were often inconsistent in their responses and justifications to probability items.

In their study, Heyvaert et al. (2017) argued that most of the students had

multiple conflicting beliefs regarding most of the probability items, and the
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rationales and reasoning that they verbalized during the interviews often did not
match their responses in the multiple-choice items of the questionnaire.

The finding from my study also relates to literature regarding dual

process theory in probabilistic reasoning. For example, Sloman (1996) argued
that the two systems of reasoning in the dual process theory have

complementary functions and can simultaneously provide different solutions to
the problem at hand, which he called a “simultaneous conflicting belief” (p. 11).

Similarly, Pratt (2000) stated that children and adults may hold multiple
simultaneous intuitions. He proposed the notion of external resources, which are

structuring resources outside of the individual but within a setting, such as tools

and support from peers, teachers and researchers. He contrasted these with
internal resources, consisting of people’s dynamic knowledge, incorporating all

forms of informal and formal thinking. Pratt (2000) argued that “different
simultaneously existing internal resources led to … contradictory articulations”
(p. 605).

The mismatch between participants’ responses and their written

explanations found in my study suggests that previous studies in this area which

have used multiple-choice testing only may not have revealed the full picture.

Students in those studies who selected correct responses in the multiple-choice

questions might have – had they had the opportunity - written justifications that

related to various probability misconceptions. In my studies, teachers tended to
use formal mathematical reasoning or their knowledge on probability - System 2

thinking (Kahneman, 2011) or secondary intuitions (Fischbein, 1975) (See

Section 2.1) - though sometimes rudimentary, to justify their correct responses
in the multiple-choice questions. However, most of the students tended to rely

on their personal life experiences or gut feelings about probabilistic events (i.e.,
System 1 thinking or primary intuitions) when making written justifications for
their correct responses.
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7.2.2 Research Question 2
The second research question in this thesis was To what extent do metacognitive

judgements differ between 13-14-year-old junior secondary school students and inservice mathematics teachers when solving probability problems? To answer this,
I used two common quantitative measures of metacognition, known as

calibration and resolution (see Section 2.8.2), to analyse the relationship between
confidence and accuracy of both students and teachers when responding to the

probability problems in the questionnaire. Overall, students and teachers both

showed poor calibration, being overconfident in their responses. Students and

teachers were both overconfident overall, extending the findings from previous
research, which suggested that poor calibration, indicating a tendency towards

overconfidence, was common among students (Erickson & Heit, 2015; García et
al., 2016; Hacker et al., 2013) and among in-service teachers (Dassa & Nichols,

2019). The overconfidence of both students and teachers suggests that belief in
probability misconceptions, particularly the four common ones discussed above,

may be strong, not just among students, but also among in-service mathematics
teachers. Perhaps, to some extent, some secondary intuitions are transferred

from the teachers to the students during their teaching, and primary intuitions
may stem from personal experiences which then the teachers retained them from
when they were children.

Although both students and teachers were overconfident, the teachers

were less overconfident than the students, with mean calibration scores

(indicating level of overconfidence) of 17.4 for teachers and 29.3 for students

(lower mean calibration score means less overconfidence and zero indicates
perfect calibration). This difference in overconfidence between students and

teachers was statistically significant (see Section 5.6.1), indicating that the

teachers gave more accurate confidence judgements than the students did. It also
suggested that teachers estimated their probability knowledge better than the
students, though they still could not avoid the typical bias of overconfidence.

Probability knowledge does not seem cumulative, in that people might be able to
avoid some misconceptions but at the same time be highly susceptible to others.
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Students’ overconfidence may be damaging educationally, as it may lead to lack
of interest or attention during probability instruction, as they wrongly think that

they have mastered the topic (Maki et al., 2005). Similarly, teachers’

overconfidence regarding their probability knowledge could lead them to poor
self-assessment and into overestimating their teaching performance (Cross,

1977; Krause, 2021). Teachers could also transmit their misconceptions to their
students, if they misunderstand some concepts but are unaware of it.

The study also found that teachers had better metacognitive resolution

than the students. Metacognitive resolution measures on an item-by-item level
the extent to which people can discriminate between correct and incorrect

responses by assigning different confidence scores (see Section 2.8.2.2). On
average, the teachers had a higher gamma coefficient (indicating that they were

more confident when giving correct responses than when giving incorrect

responses) than the students did, and the teachers, but not the students, had a

positive correlation between their resolution metrics and the percentage of items

that they answered correctly. This means that the teachers were better able to
monitor what they knew and what they did not know about probability and
suggests that the teachers tended to give higher confidence ratings when they
knew the correct answers to the probability items, and lower confidence ratings

when they did not. Moreover, the significant correlation with accuracy also

seems to suggest that especially teachers with higher levels of probability
knowledge were better able to judge the correctness of their responses, as
compared to lower performing teachers. The students, on the other hand, had
poorer metacognitive resolution, being less aware of how well they knew or did

not know the probability concepts. Furthermore, some of the students had a

negative Gamma corelation, indicating that they were more confident when they
gave the responses representing the misconceptions. These findings may have

important implications for students’ learning of probability, where students with
poorer knowledge of their probability misconceptions may have greater
difficulty in remedying them through instruction because they more strongly
hold those incorrect beliefs.
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The calibration and resolution findings for both students and teachers

have some important consequences for probability teaching and learning. The
overconfidence and poor resolution of the students suggests that they may be

resistant to probability instruction because they think that they already
understand the topic. Moreover, these same students may not know which

probability topics they know less well, as indicated by their poor resolution, and

would benefit from further study of. Indeed, studies suggest that students who
have better metacognitive judgements tend to have better attainment in

mathematics (García et al., 2016). To address this, it might be valuable to

incorporate self-assessment of confidence into students’ probability learning

(Foster, 2021; Foster et al., 2021). Following Foster (2021), this could be done by
incorporating confidence assessment into students’ low-stakes in-class
formative and summative assessments, where students are asked to provide a

confidence score for each of their answers. The negative marking aspect of
confidence assessment, where correct responses are rewarded and incorrect
responses are penalised (see Foster, 2016), combined with positive feedback

might help students to increase their confidence and awareness, leading to better
calibration in probability.

Schneider and Artelt (2010), reviewing the results of several correlational

studies on the relationship between metacognition and mathematics

performance, reported that metacognition had a substantial relation with

students’ mathematics performance, where it accounted for about 15–20% of the

variance. Koivula and Hassmén (1999) found that students who were given the

opportunity to evaluate their confidence on tests had better accuracy than their
peers who did not. On the other hand, in my study, although the teachers were

generally overconfident in their responses to the questionnaire, they did
demonstrate an ability to discriminate between items that they knew (and
should have had high confidence in) and did not know (and should have had low

confidence in). This means that the teachers seemed to have some kind of
awareness regarding their probability knowledge, but their overconfidence
suggested that there is a need to design activities and materials to increase the
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probability and metacognitive knowledge of teachers (Batanero et al., 2016).

7.2.3 Research Question 3

The final research question of this thesis was to what extent and in what ways
does a simulation-based teaching intervention improve 13-14-year-old eighthgrade secondary school students’ probability conceptions and metacognitive
judgements? In particular, how do students’ reasoning and metacognitive
judgements differ between the experimental and comparison classes after the
intervention? The results of the intervention study reported in Chapter 6 show
that students who learned probability through the simulation-based, hands-on

teaching programme improved their probabilistic reasoning and reduced their
susceptibility to the representativeness heuristic and ratio bias, and these

benefits were retained even up to seven weeks after the teaching intervention

was concluded. These findings corroborate results from previous studies

showing that probability instruction helped students to overcome their
susceptibility to the representativeness heuristic and ratio bias (Fischbein &

Gazit, 1984; Khazanov & Prado, 2010; Shaughnessy, 1977). However, my study
also found that neither the teaching approach in the experimental nor that in the

comparison class helped students to remedy their equiprobability bias, and this

is consistent with the study of Jun (2000) involving Chinese eighth-grade

students. This result supports previous claims that the equiprobability bias
might be particularly difficult to overcome through probability instruction unless

the training is specifically targeted at this bias (Gauvrit & Morsanyi, 2014;
Morsanyi et al., 2009).

My study also found that students in the experimental class, who

participated in the simulation-based hands-on teaching programme, improved

their probabilistic reasoning more than those in the comparison class, who
participated in the traditional, textbook-based teaching approach. The analysis
of students’ justifications for their correct responses, before and after the

teaching intervention, showed that students in both classes improved their
probabilistic reasoning. However, students in the experimental class had better
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probabilistic reasoning than students in the comparison class after the teaching
intervention.

This study also found that the two classes of students showed some

metacognitive differences following the teaching intervention. Although both

classes remained overconfident, students in the experimental class, but not in the
comparison class, improved their calibration significantly (see Section 6.4.1).

This suggests that teaching probability through simulation-based, hands-on

activities may not only help students to overcome some of their misconceptions
but also improve their metacognitive calibration, which could lead them to

becoming better calibrated in learning the topic. Research on metacognition has
suggested that improving calibration of students could help them in their future

learning, including in probability (Vuorre & Metcalfe, 2021). It is also possible

that the improvement of calibration among students in the experimental class
was derived from their better probability knowledge.

Furthermore, the analysis of students’ resolution showed that, on average,

students in the experimental class improved their metacognitive resolution more

than students in the comparison class did, although both classes improved in

their resolution following the teaching intervention. Neither frequentist nor
Bayesian Kendall’s tau correlation found any significant correlation between
metacognitive resolution and probability accuracy of the students in either class,

in either the pre-test or the post-test (see Section 6.4.2). These results suggest
that students in both classes were able to discriminate between what they knew

and what they did not know about probability following the teaching
intervention. Although the mean difference of resolution metrics was greater for

the students in the experimental class, neither class showed a significant
improvement in resolution compared to their pre-test scores.

7.3 Contributions to Knowledge

This thesis makes important contributions to research on probability education.
In this section I will discuss these contributions relating to the knowledge gaps

258

identified in Chapter 2 and the fields of mathematics education and
metacognition.

7.3.1 Contribution to Mathematics Education Research
Although considerable research on probability education in the field of
mathematics education has been conducted during the last 60 years (e.g., see
Jones et al., 2007; Jones & Thornton, 2005; Pratt & Kazak, 2018; Shaughnessy,

1992 for reviews), several critical areas remain under researched. In the two

major comprehensive reviews of probability research within mathematics
education, both Shaughnessy (1992) and Jones et al. (2007) highlighted the

absence of research focusing on the role of metacognition in the teaching and

learning of probability. A topical survey of ICME discussing some major and

recent work in probability education, reported by Batanero et al. (2016), did not
include any discussion on metacognitive aspects of probability. Recently, a

review of Pratt and Kazak (2018) discussed three issues in research on the

teaching and learning of uncertainty but none of them discussed metacognitive
research in probability. This thesis has contributed to addressing this gap by

investigating metacognitive aspects of Indonesian secondary school students’
and in-service mathematics teachers’ understanding of probability.

The survey studies discussed in Chapter 5 provided evidence, for the first

time, of poor calibration among both secondary school students and in-service

mathematics teachers - specifically, a tendency to be overconfident in their

responses - when solving various probability problems. The studies also showed

that the in-service mathematics teachers had better resolution than the students

did, which is a novel finding. This result indicates that the teachers were able to

discriminate better than the students between what they know and what they do

not know about probability. These results suggest that the practice of probability
teaching and learning in mathematics classrooms should not only focus on
improving

students’

probability

understanding

and

reducing

their

misconceptions, but also on educating pre-service and in-service mathematics
teachers to increase their probability and metacognitive knowledge.
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Previous research investigating the use of simulation-based approaches

for teaching probability has argued that simulations might help students and
teachers

to

develop

their

probability

knowledge

and

reduce

their

misconceptions (Batanero et al., 2005; Stohl & Tarr, 2002; Zimmermann & Jones,

2002). However, these studies did not investigate whether simulation-based

teaching approaches might also help students to improve their metacognition
when learning about probability, which was a central focus of this thesis.

Probability is an understudied domain in metacognition research

(Dentakos et al., 2019) and no study that I am aware of has focused on both

calibration and resolution of students before and after a probability teaching
intervention. Accordingly, the intervention study discussed in Chapter 6 revealed

a novel finding that students who learned probability through a simulationbased, hands-on teaching approach improved their calibration significantly more

than did students who learned the topic through a traditional, textbook-based

teaching approach. This suggests that encouraging students to experience and
learn probability via hands-on simulations may not only improve their
probability knowledge and overcome some of their misconceptions, but may also
improve their metacognitive calibration, enhancing their ability to make accurate
judgments of their probability understanding.

The results of the survey studies involving in-service mathematics

teachers also extends the mathematics education literature regarding research

focused on probability knowledge and the metacognition of mathematics

teachers. This study provided evidence to support previous findings, which
mainly involved university students or pre-service mathematics teachers (e.g.,

Batanero et al., 2014; Chernoff et al., 2015; Chernoff & Russell, 2012), that inservice mathematics teachers, like their students, also exhibit some of these well-

known probability misconceptions when dealing with elementary probability
problems. The use of confidence judgements in this study, which has rarely been

applied in previous studies, also reveals that both students and teachers exhibit

the four well-known probability misconceptions with high confidence. This

suggests that the probability misconceptions shown by the participants in their
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responses and written justifications may be deeply entrenched in the minds of
many secondary school students and in-service mathematics teachers.

7.3.2 Contribution to Metacognition Research

Extensive research has been conducted in the field of metacognition

investigating people’s monitoring accuracy, using both calibration and

resolution, mainly focusing on text learning (Dentakos et al., 2019; Hacker et al.,

2013; Higham et al., 2016; Schraw, 2009). Some of this research has investigated

the relationship between metacognition and mathematics performance (e.g., see

Desoete & De Craene, 2019; Schneider & Artelt, 2010 for reviews) with only a few
studies examining monitoring accuracy, both calibration and resolution, of
students when learning mathematics.

However, almost no research has investigated the role of metacognition

in the teaching and learning of probability. For example, in a recent special issue

on metacognition research in mathematics education published in ZDM -

Mathematics Education (Desoete, 2019), none of the articles discussed

metacognitive aspects of probability teaching and learning. In the metacognition

literature, most of the research on monitoring accuracy has focused on the issue
of domain-generality versus domain-specificity (Azevedo, 2020; Erickson & Heit,

2015; Scott & Berman, 2013; Veenman et al., 2006), with no study I am aware of

investigating both calibration and resolution of students and teachers in the

domain of probability. The study reported in this thesis has contributed to the
metacognitive literature by addressing this gap.

The survey studies discussed in Chapter 5 explored the calibration and

resolution of both students and in-service teachers when completing the

probability questionnaire and found that both groups were overconfident when

responding to the items. The study also showed that teachers had better
resolution than the students, meaning that they were more discriminating in
assigning different confidence scores for correct and incorrect responses. The

intervention study discussed in Chapter 6 also showed that the two different
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types of teaching approaches had different effects on students’ calibration and
resolution when learning probability.

7.4 Limitations and Possible Future Research
In this section, I discuss several limitations of both the survey and intervention
studies. These are then followed by some suggestions for future research.

7.4.1 Ambiguity Over What the Confidence Tier in the
Probability Questionnaire is Measuring
The three-tier tests, which incorporated participants' confidence judgements
into the probability questionnaire, required participants, both students and

teachers, to indicate a confidence score for their responses in both the content
and justification tiers. Consequently, it is unclear whether these confidence

scores relate principally to their responses in the first tier (content tier) or to

those in the second tier (justification tier), or to some combination of these. This
means that we could not distinguish participants who might be completely sure
(high confidence) about their responses in the content tier but less sure (low
confidence) about their written justifications in the justification tier (Yang, 2019)

– for example, a participant who is sure of the answer but not the reason.

In the design of the questionnaire, I expected that responses in the content

and justification tiers would be strongly related; however, it is possible that

participants might have different confidence scores for them, as they could have
perceived the two tiers as two independent questions (Caleon & Subramaniam,

2010b). Thus, future research should consider other measures or instruments to

deal with this issue, such as clinical interviews, open-ended questions, and four-

tier tests, in which a confidence score is requested separately, both for the

response and for the justification. However, each instrument has its own

strengths and weaknesses. For example, using a comprehensive diagnostic
instrument such as a four-tier test might be overwhelming for students, as it

requires more time and cognitive processing to complete it (Yan & Subramaniam,

2018). Asking the confidence question twice is also problematic, since
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participants may respond differently the second time simply because they are

being asked again, rather than for any reason relating to the answer or
justification.

Another consideration is that a three-tier test may have greater ecological

validity, since teachers and schools might find this more practical. Perhaps the

best and simplest solution would be a three-tier test but where the confidence

tier appears before the justification tier. In this way, with the use of computers or

an online questionnaire to prevent participants from being able to review their
initial confidence scores, the confidence scores selected by participants should
be for their responses in the content tier and not for those in the justification tier,
which they have not yet reached.

In future research, combining oral and written instruments, such as

clinical interviews and the three-tier test just described, might increase the
robustness of the findings, as inferences would be drawn from more than one
data collection method; i.e., data triangulation (Kaltakci Gurel et al., 2015; Yang,

2019). However, the researchers must always be mindful of the trade-off

between additional sources of data and the time and cost incurred in the data
collection and analysis.

7.4.2 Different Time Allowed for Students and Teachers to
Complete the Probability Questionnaire
In the survey studies, the students and teachers were allowed different amounts

of time to complete the probability questionnaire. Students completed the

questionnaire in about 45 minutes under my supervision in their own classroom
during their regular mathematics lessons. However, the teachers had up to 7 days

to complete the questionnaire, without any supervision. The reason for this

difference was practical, relating to the difficulty of recruiting teachers for the

studies. Most of the teachers did not have time to complete the questionnaire

when I gave it to them in schools, and to obtain enough responses and completion
rates from the teachers, I decided to allow them to complete it within 7 days.
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This time difference in the administration of the questionnaire could be

an issue when comparing the results of students and teachers because the

teachers might have had the opportunity to obtain help or consult reference

sources. Moreover, I expected students to need longer than the teachers to finish
the questionnaire. The fact that the students completed it within 45 minutes

suggests that the teachers probably did not spend substantially longer than this
completing it, though I could not check this assumption.

I intended to address this issue of difference in administration by data

triangulation, in which I checked the validity of participants’ responses and

written justifications in the probability questionnaire with their explanations in
the one-to-one semi-structured interviews, to ascertain whether they provided
similar responses and explanations in these two different data sources. However,
I did not have enough time to conduct this data triangulation and it is something

I would like to explore in future research. Here, I could use another method to
increase the engagement and participation rate of the in-service teachers, such

as disseminating the questionnaire in a professional development event. I could

organise and invite teachers to attend a one-day free continuing professional
development event, and then disseminate the questionnaire during the event. In

this case, the teachers would have enough time to complete the probability
questionnaire under my supervision.

7.4.3 Truthfulness of Confidence Ratings
The inclusion of confidence ratings in the probability questionnaire, which was

used in both the survey and the intervention studies, raises an issue regarding

their validity in eliciting the true confidence of participants. There were 10

(6.3%) students and 15 (23.4%) teachers who selected the same confidence

scores across all items of the probability questionnaire. This could mean that they
were completing the survey without thinking about it, or that they felt the same
confidence level when solving all of the probability items, perhaps seeing

‘probability’ or even ‘mathematics’ as a single unit with regard to confidence. It
was not possible in these studies to distinguish between these possibilities.
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A further concern with confidence measurement is that students may

exaggerate their confidence scores when completing the questionnaire to show
themselves more favourably to the researcher, their teachers or peers (Foster,

2016, 2021; Foster et al., 2021). I tried to improve the validity of the confidence

ratings by inviting students to justify and explain their responses in the multiplechoice questions before indicating their confidence scores. (However, see the
discussion above about the disadvantages of doing this). This might be expected

to help students to express an appropriate level of confidence, as it provided

them with an opportunity to check their responses by explaining their reasoning
and justification before deciding on a confidence score. Following Foster (2016),

prior to completing the probability questionnaire, I also explained to the students
that their total mark would be calculated as the sum of the “how sure” values for
the correct responses minus the sum of the “how sure” values for the incorrect

responses. This method is intended to encourage students to give truthful
confidence scores when completing the questionnaire, because in the long run

they cannot increase their score by systematically over- or under-estimating
their true confidence (Foster, 2016).

Future research incorporating the use of confidence assessment with

younger students or with unfamiliar probability questions might also provide

some training to the students regarding how to complete the confidence ratings
prior to completing the probability questionnaire. This can be done by giving

students some very easy and very difficult items, and then provide them with
feedback on their confidence ratings. This might help the students to familiarize
themselves with how to indicate their confidence in the confidence ratings, which
could then increase the validity of the confidence assessment.

7.4.4 The probability Questionnaire had Low Reliability
An important issue regarding the probability questionnaire used in both the

survey and the intervention studies is that its reliability was low. This was

expected, as the questionnaire measured participants’ probability understanding
across four different areas of misconceptions (i.e., representativeness heuristic,
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equiprobability bias, ratio bias, and the Falk phenomenon) and various

probability topics (i.e., probability of an event, probability comparisons, and

conditional probability). People might understand one aspect of probability but

systematically misunderstand others and the intention of the questionnaire was
to survey broadly. Therefore, a low Cronbach alpha is not necessarily a concern.

However, I did use the total scores of participants across all items of the

questionnaire, implying that the questionnaire is to some degree attempting to

measure a single construct of ‘probability’, and for this purpose the low reliability
is a concern. However, the main analysis was focused on examining probability
conceptions relating to each of the four common probability misconceptions, and
so the low reliability score is not relevant to these conclusions.

7.4.5 Small sample of students involved in the intervention
studies
The participants of the intervention studies were two classes of eight-grade
students from the same public junior secondary school in Indonesia. One of the

classes had 34 students while the other had 33 students (see Section 6.1.2). This

showed that the intervention studies involved only small sample of students,
which might not be representative of the public junior secondary schools in

Indonesia. Thus, it implies the need for future research to replicate the studies
with larger students from various public junior secondary schools in Indonesia.

7.4.6 Intervention

studies

were

conducted

as

quasi-

experimental rather than experimental design
The intervention studies were designed and conducted in the form of quasi-

experimental rather than randomised experimental design. Specifically, the
studies were conducted as pre-post nonequivalent-groups quasi-experimental

design (see Section 3.5). This was due to the condition of the school in which the

studies were conducted, where it was impossible to randomly assign students

into the two groups (i.e., experimental and comparison groups). The lack of
random assignment may reduce the internal validity of the studies where the
266

pre-existing differences of the two groups may have caused the post-treatment
difference, known as selection bias or selection threat (Trochim et al., 2016).

I tried to mitigate the issue of random assignment of the studies by choosing

two classes of students, which would be assigned as experimental and

comparison groups, that were as similar to each other as possible. The two
classes were from parallel class of the same grade and the same school, which

made them to be compared more fairly. However, the internal validity of the
studies would be much stronger if they were conducted as randomised
experimental design, such as in the form of Randomised Controlled Trials (RCTs).

As RCTs has been widely recognised as the “gold standard” for measuring the
efficacy of school-based interventions (Lortie-Forgues & Inglis, 2019; Odom,

2021) and its use in educational research has increased significantly in the last
15 years (Connolly et al., 2018), future research in this topic might be more

beneficial when conducting the intervention studies in the form of a medium or
large-scale RCTs.

7.5 Implications for Probability Instruction and Teacher
Education
In the first two sections below, I discuss the practical implications of this research
through various applications to classroom settings. I then consider the
implications of this study for teacher preparation and in-service education.

7.5.1 Classroom Application of the Three-Tier Probability
Questionnaire

The three-tier probability questionnaire developed and used in this study could

be used by teachers in the school mathematics classroom context as a formative

assessment measure of students’ probability understanding and confidence
levels (Foster, 2016, 2021; Foster et al., 2021). The probability questionnaire
could help teachers to (1) understand their students’ probabilistic reasoning for

giving a particular response, (2) measure the certainty of students in the

correctness of their responses, (3) identify whether the incorrect responses of
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the students may be due to their lack of probability knowledge or to the presence

of particular misconceptions, and (4) differentiate correct responses due to
adequate understanding of probability from those due to guessing (Caleon &

Subramaniam, 2010a; Foster, 2016, 2021; Yang, 2019). Thus, the probability
questionnaire used in this study, combined with negative marking protocols,
could be trialled in classrooms as a possible formative assessment tool not only

to assess students’ probability conceptions but also to explore their probabilistic
reasoning and possibly discourage guessing.

The inclusion of confidence ratings in the probability questionnaire could

also help teachers to measure the strength of their students’ probability
conceptions and misconceptions. Caleon and Subramaniam (2010a) stated that

“confidence ratings may reflect the strength of students’ conceptual
understanding, as well as their Alternative Conceptions” (p.941). Results from

the three-tier probability questionnaire could help teachers to identify aspects of
probability topics that require greater attention, areas where teaching has been
weaker, and areas which would be beneficial for developing specific

interventions to improve students’ probability understanding and reduce their
related misconceptions.

7.5.2 Classroom Applications of the Instructional Activities
The instructional activities for teaching probability through hands-on

simulations, which was used in the experimental class, can be used or adapted by
teachers for teaching probability in the mathematics classroom. The intervention
study showed that students who learned probability through hands-on
simulations reduced some of their probability misconceptions and improved
their probability understanding. The hands-on simulations teaching approach

was more effective than a traditional, textbook-based teaching approach, which

is a common teaching approach for teaching mathematics in Indonesian

classrooms, and elsewhere in the world, in improving students’ probability
understanding and challenging some of their probability misconceptions.
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Teachers may also combine the hands-on simulations teaching approach

with the use of computer simulations when teaching probability. A recent study

of Hancock and Rummerfield (2020) showed that students who learned sampling
distributions through hands-on activities followed by computer simulations
improved more than those who learned the topic via computer simulations only.

The use of both hands-on and computer simulations for teaching probability in

school mathematics might also engage students in a probability modelling
activity called “integrated modelling approach” (Kazak & Pratt, 2021, P. 12),
which offers an opportunity for students to have a more comprehensive

understanding by connecting theoretical and empirical perspectives of
probability.

As well as directly using and adapting the materials from this research,

teachers might also study the resources to inform the design of other, similar
resources that could address other topics within probability. These resources

could provide a template for teachers to use to embed hands-on simulationbased lessons into their curricula more broadly.

7.5.3 Implications for Teacher Education
The finding that in-service mathematics teachers exhibited similar probability
misconceptions to those of their students, with similar overconfidence suggests
that specific teacher preparation and training for probability may be needed.

Following Batanero et al.'s (2016) recommendations, research on the probability

knowledge of teachers should focus not only on evaluating teachers’ probability
conceptions but also on designing effective activities and adequate materials for
preparing and educating mathematics teachers. Batanero et al. (2016) argued

that teachers need specific-content knowledge to guide the practice of teaching

and learning of probability in the classrooms, which they called Probability

Knowledge for Teaching (PKT) (see Section 2.3 for details). With the increasing
use of technology in mathematics instruction, including probability teaching and

learning, the probability knowledge for teaching should also incorporate

technology into its model. Following the Technological Pedagogical Content
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Knowledge (TPACK) framework (Herring et al., 2016; Koehler & Mishra, 2009;
Mishra & Koehler, 2006), I argued that research on educating teachers for

teaching probability might be more beneficial by embracing TPACK as a

conceptual framework for effectively integrating the three primary forms of

knowledge (i.e., pedagogy, content and technology) in mathematics teacher
professional development programmes.

Many teachers have weak probability subject knowledge (Batanero et al.,

2014; Chernoff, 2016; Chernoff et al., 2015) and my studies here show that they
are frequently confident in their wrong answers. These findings highlight the

need for better programmes for pre-service and in-service mathematics teachers
that will help them to address their probability misconceptions so that they are

more effective in helping their students. This could reduce the possibility of
transferring misconceptions from teachers to students.

Professional development should also help teachers to understand the

fragmented nature of probability, where addressing one misconception might

even increase students’ susceptibility to another. Teachers also need to

understand the two aspects of probability, an awareness that individual
outcomes of probabilistic events are unpredictable and an awareness that there

is a pattern of outcomes over the long run, which may be pedagogically advisable

to teach them to students separately before encouraging students to compare
and contrast them. Teachers should also understand the relationship between
proportional reasoning and probability learning, where, on the one hand,
proportional reasoning is vital for quantifying and comparing probabilities, but,

on the other hand, can hinder students’ probability learning when misapplied,
leading to the overgeneralization of proportional reasoning (see Section 2.6 for
details).

The relative prevalence of different probability misconceptions, and ways

to use metacognitive measures by incorporating confidence assessment into low-

stakes formative assessments, is also important knowledge for teachers in order

to acknowledge and address the presence of these misconceptions among their
students. The use of metacognition to guide probability teaching and learning in
270

mathematics classrooms could help teachers to identify the strength of certain

probability misconceptions among their students so that attention can be
strategically focused on areas of greater need.

7.6 Implications

for

Textbook

Authors

and

Curriculum

Designers
This thesis has confirmed that both students and in-service teachers have

weaknesses in their understanding of probability. Educational stakeholders such

as textbook authors and curriculum designers, particularly in Indonesia, could

reflect on these findings when designing school mathematics textbooks and
curricula. Previous studies have shown that mathematics textbooks have a

substantial effect on teachers’ teaching and students’ learning and achievement

in mathematics (Fan, 2013; Rezat et al., 2021; Sievert et al., 2019; van den Ham

& Heinze, 2018; Wijaya et al., 2015). Consequently, textbook authors may
consider developing mathematics textbooks that emphasise the learning of

probability through hands-on simulations and which include activities aimed at
addressing some of the most common probability misconceptions. The

relationship between proportional and probabilistic reasoning should also

considered in the design of mathematics textbooks, and strategies adopted to
prevent and address probability misconceptions such as ratio bias.

This doctoral research also showed that hands-on simulations helped

students to overcome the representativeness heuristic but not the

equiprobability bias. Mathematics textbooks should be designed to present
varied tasks associated with common probability misconceptions (Morsanyi et

al., 2009) and to engage students in these in practical ways. Textbooks should

integrate the predictability and unpredictability aspects of probability, so that

students have both an awareness that individual outcomes of probabilistic
events are unpredictable as well as an awareness that there is a regular pattern
of outcomes over the long run (Morsanyi et al., 2013).

The tendency for students to rely on their primary intuitions when

completing the probability questionnaire, as shown in the survey studies,
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suggests that it may be beneficial for probability topics to be included into the

school mathematics curriculum earlier than is current practice in many
countries, including Indonesia, where students first encounter probability in
mathematics lessons at age 13 (eight-grade). The Principles and Standards for

School Mathematics published by NCTM (2000) recommended that the basic

concept of probability is introduced to children in Grades 3-5 of primary schools

(ages 8-11). A recent Pre-K–12 Guidelines for Assessment and Instruction in

Statistics Education II (GAISE II) also suggested introducing probability
informally at an early age (Bargagliotti et al., 2020). Although several countries
have included probability topics into their primary school mathematics

curriculum, some other countries have preferred to delay it until early secondary
school education, arguing that primary school teachers have difficulties in

understanding probability and therefore are not prepared to teach the topic
(Batanero et al., 2016). The national curriculum in England made this decision in
its most recent version (DfE, 2013).

7.7 Final Remarks

The research presented in this thesis offers theoretical and practical

contributions to the literature on probability misconceptions, probability
instruction, and metacognition. To the literature on probability misconceptions,

I offer new insights on the conceptions and misconceptions of probability held

by 13-14-year-old junior secondary school students and in-service secondary
school mathematics teachers. To researchers on probability misconceptions, I
offer a new methodological tool of using a three-tier diagnostic test to investigate

the probability understanding of students and teachers in relation to the four

common probability misconceptions. To the literature on probability instruction,

I offer insights into the use of a simulation-based, hands-on teaching programme

emphasising students’ understanding of proportional reasoning prior to learning
probability so as to help students reduce their susceptibility to certain common

probability misconceptions and improve their metacognition. To the literature
on metacognition, I offer a new domain of investigation, measuring
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metacognitive monitoring accuracy of students and teachers in probability,
where research in this area is scarce.

The empirical findings of this thesis suggest that both students and

teachers need better probability instruction, not only to improve their
understanding of probability topics but also to reduce their susceptibility to

certain probability misconceptions and improve their metacognitive monitoring
and regulation of their responses to tasks and their learning. Encouraging

students to understand proportional reasoning prior to learning probability and

teaching probability through hands-on simulations seems promising in
addressing certain probability misconceptions in students, although this

teaching programme did not seem to help in improving students’ metacognition.

Future research in this area may examine whether students’ cognitive ability

levels (i.e., lower vs higher cognitive abilities) are related to their probability
conceptions and metacognitive judgements, and whether training effects differ
between higher and lower ability students. With the increasing use of technology
within mathematics classrooms, future research may also investigate whether

the use of technology, or a combination of hands-on and computer simulations,

could better help students to address their probability misconceptions and
enhance their metacognitive monitoring accuracy in naturalistic classroom
settings.
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Appendix A
Probability Questionnaire

Name

:

Gender

: Male / Female

Teaching experience :

years

Directions
For each of the questions below:
a. For each question, choose the answer you think is best by drawing an X sign for the
option a, b, c, d, e, or f
b. Explain your reason for choosing the answer on the space provided
c. Please indicate how sure you are that your answer is correct by circling one of the
numbers on the scale provided. For the scale, 0 means “completely unsure” and 10
means “completely certain”
d. Your total mark would be calculated as the sum of the “how sure” values for the correct
responses minus the sum of the “how sure” values for the incorrect responses.

1. A coin is tossed five times. Which sequence of Head (H) and
Tail (T) below is the most likely to result from the event?
a)
b)
c)
d)
e)
f)

HHTTH
HHHTT
THHHT
HTHTH
THHTH
All sequences are equally likely to occur

H
(Head)

T
(Tail)

Explain your reasoning:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:

Completely
unsure

Completely
certain
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2. Rony has a bag with 30 marbles: 15 green and 15 blue marbles.
Rony took a marble out from the bag without looking and recorded the result.
He put the marble back into the bag and shook the bag. He repeated this process four times.
After drawing four times, Rony had four green marbles, as shown below.

What is more likely for Rony to draw next?
a) A blue marble
b) A green marble
c) Equal chance of blue and green marbles
Explain your reasoning:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:

Completely
unsure

Completely
certain
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3. There are 12 sweets in a bag: 4 strawberry sweets and 8 chocolate sweets. Eva shakes the
bag and takes out a sweet without looking into the bag. Eva’s favourite fruit is strawberry
but she does not like chocolate. What is the most likely sweet that Eva will take out from
the bag?
a) A strawberry sweet
b) A chocolate sweet
c) Both are equally likely to be taken
Explain your reasoning:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:

Completely
unsure

Completely
certain
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4. There are three marbles in the bag: 2 red and 1 blue marbles. You are going to take out 2
marbles simultaneously from this bag without looking. Which is more likely to happen?
a) Taking out 2 red marbles
b) Taking out 1 red and 1 blue marbles
c) Both a and b are equally likely
Explain your reasoning:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:

Completely
unsure

Completely
certain
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5. In a bag, there are 10 blue marbles and 10 red marbles. Safran and Amel will repeatedly
take a marble from the bag without looking.
Safran wants to get at least 7 blue marbles in 10 draws.
Amel wants to get at least 70 blue marbles in 100 draws.
Which person do you think has more chance of getting what they want?
a) Safran
b) Amel
c) Safran and Amel have an equal chance
Explain your reasoning:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:

Completely
unsure

Completely
certain
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6. Four coins are thrown onto the table at random once. What is the most likely result?
a) 3 heads and 1 tail
b) 2 heads and 2 tails
c) Both a and b are equally likely
Explain your reasoning:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:

Completely
unsure

Completely
certain
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7. Althaf has two boxes each containing two different colours of marbles:
Box A

: 10 white marbles and 90 black marbles

Box B

: 1 white marble and 9 black marbles

Althaf will take out a marble without looking from one of the boxes.
Which box gives him a higher chance of taking out a white marble?
a) Box A
b) Box B
c) Both have the same chance
Explain your reasoning:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:

Completely
unsure

Completely
certain
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8. A coin is tossed five times. Which sequence of Heads (H) and
Tails (T) is the least likely to result from the event?
a) H H T T H
H
(Head)

b) H H H T T

T
(Tail)

c) T H H H T
d) H T H T H
e) T H H T H
f) All sequences are equally likely to occur
Explain your reasoning:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:

Completely
unsure

Completely
certain
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9. Andy and Hendra each have a box containing two white marbles and two black marbles.
(A) Andy takes out a marble from his box without looking and finds that it is a white one.
Without putting the first marble back into the box, he takes out a second marble without
looking. Which is more likely for Andy to take out for the second marble?
a) White marble
b) Black marble
c) White and black marbles are equally likely to be taken
Explain your reasoning:
------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:

Completely
unsure

Completely
certain

(B) Hendra takes out a marble from his box without looking. He puts it aside without
looking at it. He takes out a second marble from the box without looking and sees that
it is white. What is more likely for Hendra to have taken out for the first marble?
a) White marble
b) Black marble
c) White and black marbles are equally likely to have been taken
Explain your reasoning:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:

Completely
unsure

Completely
certain
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10. Erika has two boxes with two different colours of marbles:
Box A: 1 white and 2 black marbles
Box B: 2 white and 5 black marbles
Erika will take out a marble without looking from one of the boxes.
Which box give her a higher chance of taking out a white marble?
a) Box A
b) Box B
c) Both have the same chance
Explain your reasoning:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:

Completely
unsure

Completely
certain
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Nama

:

Jenis Kelamin

: Laki-Laki / Perempuan

Umur

:

tahun

Petunjuk
Untuk setiap pertanyaan berikut:
a. Pilih jawaban yang menurut anda paling benar dengan memberi tanda X pada huruf a,
b, c, d, e, atau f
b. Jelaskan alasanmu memilih jawaban tersebut pada kolom yang telah disediakan
c. Tunjukkan seberapa yakin kamu bahwa jawabanmu benar dengan melingkari angka
pada skala yang telah disediakan. Pada skala tersebut, 0 berarti “sangat tidak yakin”
dan 10 berarti “sangat yakin sekali”
d. Nilai keseluruhan anda akan dihitung dengan menjumlahkan nilai pada skala untuk
jawaban yang benar dikurangi dengan nilai pada skala untuk jawaban yang salah.

1. Sebuah koin di lemparkan sebanyak lima kali. Manakah
diantara urutan Angka (A) dan Gambar (G) dibawah ini
yang paling mungkin terjadi dari kejadian tersebut?
A
(Angka)

a) A A G G A

G
(Gambar)

b) A A A G G
c) G A A A G
d) A G A G A
e) G A A G A
f) Semua urutan tersebut memiliki kesempatan yang sama untuk terjadi
Jelaskan alasanmu:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Tunjukkan seberapa yakin kamu bahwa jawabanmu benar:

Sangat
tidak yakin

315

Sangat
yakin sekali

2. Rony mempunyai sebuah kantong yang berisi 30 kelereng: 15 kelereng hijau dan 15
kelereng biru. Rony mengambil sebuah kelereng dari kantong tersebut tanpa melihatnya
dan mencatat hasilnya. Dia kemudian mengembalikan kelereng tersebut ke dalam kantong
dan mengocok kantong tersebut. Dia mengulangi proses tersebut sebanyak empat kali.
Setelah melakukan pengambilan sebanyak empat kali, Rony mendapatkan empat kelereng
hijau, seperti pada gambar dibawah ini

Kelereng manakah yang paling mungkin untuk didapatkan oleh Rony pada pengambilan
berikutnya?
a) Kelereng biru
b) Kelereng hijau
c) Kelereng biru dan kelereng hijau mempunyai kesempatan yang sama untuk terambil
Jelaskan alasanmu:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Tunjukkan seberapa yakin kamu bahwa jawabanmu benar:

Sangat
tidak yakin

Sangat
yakin sekali
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3. Dalam sebuah kantong, terdapat 12 permen: 4 permen rasa stroberi dan 8 permen rasa
coklat. Eva mengocok kantong tersebut dan mengambil sebuah permen tanpa melihat ke
dalam kantong tersebut. Buah kesukaan Eva adalah stroberi tetapi dia tidak suka coklat.
Permen manakah yang paling mungkin untuk diambil oleh Eva dari kantong tersebut?
a. Permen rasa stroberi
b. Permen rasa coklat
c. Kedua permen tersebut memiliki kesempatan yang sama untuk terambil
Jelaskan alasanmu:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Tunjukkan seberapa yakin kamu bahwa jawabanmu benar:

Sangat
tidak yakin

Sangat
yakin sekali
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4. Sebuah kantong berisi tiga buah kelereng: 2 kelereng merah dan 1 kelereng biru. Kamu
akan mengambil 2 kelereng secara bersamaan dari kantong tersebut tanpa melihatnya.
Pernyataan manakah dibawah ini yang paling mungkin terjadi?
a. Terambilnya 2 kelereng merah
b. Terambilnya 1 kelereng merah dan 1 kelereng biru
c. Kedua pernyataan a dan b mempunyai kesempatan yang sama
Jelaskan alasanmu:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Tunjukkan seberapa yakin kamu bahwa jawabanmu benar:

Sangat
tidak yakin

Sangat
yakin sekali
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5. Dalam sebuah kantong, terdapat 10 kelereng biru dan 10 kelereng merah. Safran dan Amel
akan mengambil sebuah kelereng dari kantong tersebut tanpa melihatnya dan mengulangi
hal tersebut beberapa kali.
Safran ingin mendapatkan paling tidak 7 kelereng biru dalam 10 kali pengambilan.
Amel ingin mendapatkan paling tidak 70 kelereng biru dalam 100 kali pengambilan.
Menurutmu, siapakah yang mempunyai kesempatan yang lebih besar untuk mendapatkan
apa yang dia inginkan?
a. Safran
b. Amel
c. Safran and Amel mempunyai kesempatan yang sama
Jelaskan alasanmu:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Tunjukkan seberapa yakin kamu bahwa jawabanmu benar:

Sangat
tidak yakin

Sangat
yakin sekali
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6. Empat koin dilemparkan secara bersamaan diatas meja secara acak sebanyak satu kali.
Manakah yang paling mungkin terjadi?
a. 3 angka dan 1 gambar
b. 2 angka dan 2 gambar
c. Kedua pernyataan a dan b mempunyai kesempatan yang sama
Jelaskan alasanmu:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Tunjukkan seberapa yakin kamu bahwa jawabanmu benar:

Sangat
tidak yakin

Sangat
yakin sekali
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7. Althaf mempunyai dua kotak dengan dua jenis kelereng yang berbeda warna:
Kotak A : 10 kelereng putih dan 90 kelereng hitam
Kotak B : 1 kelereng putih dan 9 kelereng hitam
Althaf akan mengambil sebuah kelereng dari salah satu kotak tersebut tanpa melihatnya.
Kotak manakah yang memberi kesempatan yang lebih besar bagi Althaf untuk
mendapatkan sebuah kelereng putih?
a. Kotak A
b. Kotak B
c. Kedua kotak tersebut mempunyai kesempatan yang sama
Jelaskan alasanmu:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Tunjukkan seberapa yakin kamu bahwa jawabanmu benar:

Sangat
tidak yakin

Sangat
yakin sekali
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8. Sebuah koin di lemparkan sebanyak lima kali. Manakah
diantara urutan Angka (A) dan Gambar (G) dibawah ini yang
paling tidak mungkin terjadi dari kejadian tersebut?
A
(Angka)

a) A A G G A

G
(Gambar)

b) A A A G G
c) G A A A G
d) A G A G A
e) G A A G A
f) Semua urutan tersebut memiliki kesempatan yang sama untuk terjadi
Jelaskan alasanmu:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Tunjukkan seberapa yakin kamu bahwa jawabanmu benar:

Sangat
tidak yakin

Sangat
yakin sekali
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9. Andy dan Hendra masing-masing mempunyai sebuah kotak yang berisi 2 kelereng putih
dan 2 kelereng hitam.
(A) Andy mengambil sebuah kelereng dari kotak tersebut tanpa melihatnya dan menemukan
hasilnya yang terambil adalah kelereng putih. Tanpa mengembalikan kelereng pertama
yang terambil tersebut ke dalam kotak, dia kembali mengambil sebuah kelereng dari kotak
tersebut tanpa melihatnya untuk kedua kalinya. Kelereng manakah yang paling mungkin
diambil oleh Andy pada pengambilan yang kedua tersebut?
a. Kelereng putih
b. Kelereng hitam
c. Kelereng putih dan kelereng hitam mempunyai kesempatan yang sama untuk terambil
Jelaskan alasanmu:
------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Tunjukkan seberapa yakin kamu bahwa jawabanmu benar:

Sangat
tidak yakin

Sangat
yakin sekali

(B) Hendra mengambil sebuah kelereng dari kotak tersebut tanpa melihatnya. Dia meletakkan
kelereng tersebut disampingnya tanpa melihatnya. Dia kembali mengambil sebuah
kelereng dari kotak tersebut tanpa melihatnya untuk kedua kalinya dan melihat hasilnya
yang terambil adalah kelereng putih. Kelereng manakah yang paling mungkin terambil
oleh Hendra pada pengambilan yang pertama sebelumnya?
a. Kelereng putih
b. Kelereng hitam
c. Kelereng putih dan kelereng hitam mempunyai kesempatan yang sama untuk terambil
Jelaskan alasanmu:
------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Tunjukkan seberapa yakin kamu bahwa jawabanmu benar:

Sangat
tidak yakin
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Sangat
yakin sekali

10. Erika mempunyai dua kotak yang berisi dua jenis kelereng yang berbeda warna:
Kotak A : 1 kelereng putih dan 2 kelereng hitam
Kotak B : 2 kelereng putih dan 5 kelereng hitam
Erika akan mengambil sebuah kelereng dari salah satu kotak tersebut tanpa melihatnya.
Kotak manakah yang memberi kesempatan yang lebih besar bagi Erika untuk mendapatkan
sebuah kelereng putih?
a. Kotak A
b. Kotak B
c. Kedua kotak tersebut mempunyai kesempatan yang sama
Jelaskan alasanmu:
------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Tunjukkan seberapa yakin kamu bahwa jawabanmu benar:

Sangat
tidak yakin

Sangat
yakin sekali
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Appendix B
Interview Protocol

INTERVIEW SCHEME

General direction
•
•
•
•
•
•

Present the student’s written work in the questionnaire and give him/her some
time to read about it
Read the question and ask the students about their answer to the question, as
shown in the questionnaire
Ask them to clarify their answer and justification when necessary
Posing the question in different way or changing the task itself to get the details of
student’s thinking
Create a cognitive conflict when student has inconsistent answers in the
questionnaire.
Try with extreme cases such as tossing hundred coins at one time to challenge
students’ ideas and answers

Some possible questions
Question 1 (most likely)
•
•
•
•

Why all sequences have equal chance? What do you think about sequence with all
heads or all tails?
Why sequence with frequent switches is the most likely?
What do you mean by it depends on how you throw the coin?
Why sequence with long run is the most likely?

Question 2 (recency effect)
•
•

•

You said that it can be blue or green, but we always get green marble in the first
four draws. Do you think it does not inform us anything? Why?
You said the next draw will be blue (green), why? Can it be green (blue)? If you
draw 100 times, how many times of getting green marble (or blue marble) do you
expect? Why?
If we have 10 green and 20 blue marbles in the bag, are green and blue marbles
still have equal chance to be taken out? What about 1 green and 29 blue marbles?

Question 3 (base-rate frequency)
•
•
•

If Eva does not like strawberry and chocolate, does it matter?
If there are equal number of strawberry and chocolate in the bag, and Eva likes
strawberry, which sweet is the most likely to be taken out by Eva? Why?
Why you said both flavours of sweet can happen? So the fact that Eva likes
strawberry does not matter in this case?
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Question 4 (equiprobability bias)
•
•
•
•

Why do you think 1 red and 1 blue marbles is the most likely? If we have 4 red and
1 blue marbles in the bag, what is the most likely to happen, a or b? Why?
Why do you think 2 red marbles is the most likely?
What do you mean by it depends on luck?
Why do you think that both have equal chance?

Question 5 (sample size)
•
•
•
•
•
•

Why Amel’s wish is impossible?
If you draw more, will you get more blue marbles or more red marbles? Why?
What do you mean by both Safran and Amel have chance with equal
comparisons?
You choose Amel because she draws more than Safran. So, if you draw more will
you get more blue marbles or more red marbles? Why?
If you draw less, will you get less blue marbles or less red marbles? Why?
What do you mean by finding 70 blue marbles in 100 draws has little chance?
Why?

Question 6 (equiprobability bias)
•
•
•
•

What do you mean by it is easy to get Heads? Why?
Why do you think that both can happen? What about 4 Heads or 4 Tails?
What do you mean by heads and tails are in balance? Why they should be in
balance?
What do you mean by it depends on how you throw it?

Question 7 (ratio bias)
•
•
•
•
•

You choose box A because it has more white marbles. But it also has more black
marbles, what do you think about it?
You choose box B because it has less black marbles. But it also has less white
marbles, what do you think about it?
What do you mean by box A (box B) has more (less) marbles?
You said box A and box B is the same, just differ in numbers, what do you mean
by that?
What do you mean by box A and box B have equal comparisons?

Question 8 (least likely)
•
•
•

Why do you think it is impossible to have heads and tails interchangeably
(frequent switches)?
What do you mean by it impossible to have the same results (long runs)?
What do you mean by it depends on how you throw the coin?
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Question 9 (the Falk phenomenon)
•
•
•

What do you mean by Andy has taken a white marble? Can it be a white marble
again in the next draw?
What do you mean by the number of black marbles is not changed?
What do you mean by “because we cannot see it”? So anything can happen?

Question 10 (ratio bias)
•
•
•
•
•

You choose box B because it has more white marbles. But it also has more black
marbles? Does it matter?
You use division to find the answer. Can you explain about it?
You choose box A because it has less black marbles. But it also has less white
marbles? Does it matter?
You make a comparison between box A and box B, can you explain how you do
it? What do you mean by that?
Why do you compare the difference between white and black marbles in the tow
boxes? Does it matter?

Possible general questions:
•
•
•
•
•
•

Why did you choose that response?
Why not this response?
What about this one? Why isn't this one right?
What do you mean by that?
If that response had not been available, which response would you have chosen?
If their explanations make no sense, I can ask them to imagine explaining it to a
child one year younger than themselves. "Imagine I was a child in Year 8. How
would you explain it to me?" or "Can you explain that again using different words?"
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Appendix C
Student worksheets

MIXING ORANGE DRINKS
Every year during the Ramadan time, the Grade 8 students at
Makassar State School have an event called Iftar party. In this
event, everyone pitches in to help with preparing meals and clean
up.
This year, Anisa and Bayu were in charge of making orange drink
for the people coming to the iftar party. They wanted to make
something different, so they planned to make the fizzy orange
drink by mixing Sprite soda and Sunquick orange juice. As this is
the first time for them to make fizzy orange drink, they do not know what kind of
mix that would taste best. So, they decided to test some mixtures.
Mix A
3 cups of orange juice

4 cups of soda

Mix B
2 cups of orange juice

3 cups of soda

Mix C
5 cups of orange juice

9 cups of soda

Mix D
8 cups of orange juice

12 cups of soda

1. Does the fizzy orange drink in the mix A taste the same as mix B, or different?
If you think it tastes the same, explain how you can tell.
If you think it tastes different, does it taste more or less orangey? Explain how you
know.
----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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2. Does the fizzy orange drink in the mix B taste the same as mix D, or different?
If you think it tastes the same, explain how you can tell.
If you think it tastes different, does it taste more or less orangey? Explain how you
know.
------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------3. Which mix will make juice that is the most “orangey”? Explain your reasoning.
------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------4. Which mix will make juice that is the least “orangey”? Explain your reasoning.
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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5. Can you order the mixes, from least orangey (on the left) to most orangey (on
the right)? Explain your reasoning.
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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COIN TOSSING

Althaf always has a drink for breakfast. He likes Milo Chocolate so
much that he wants it every morning. Althaf’s mother wants him
to drink Indo Milk at least some mornings because it is more
nutritious than Milo Chocolate.
Althaf and his mother have found a fun way to choose which drink
he will have for breakfast. Each morning in one month, Althaf
tosses a coin. If the coin lands on heads, he will have Milo Chocolate. If the coin lands
on tails, he will have Indo Milk.

1. Predict how many days in November Althaf will drink Milo Chocolate (coin
lands on heads). Explain your prediction.
------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------2. Work in a group of two people. Conduct an experiment to test your prediction.
Toss a coin 30 times (one for each day in November). In a separate paper,
record your results in a table such as the one shown with 30 rows:
Day / Toss Number
1
2
…
30
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Outcome (H or T)

3. Record the total number of Heads and Tails
Outcome

Total Number

H
T
4. Compare the number of heads that you observed from the experiment with the
number you predicted in question 1. Is it different? Why?
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

Whole-class Discussion
5. In a table similar to the one shown below, we will record the results from all the
groups in class about how many heads each group observed in their 30 tosses of
the coin.
Number of Heads
0
1
2
…
30
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Tally

Frequency

6. Based on what you found for November, how many times do you expect Althaf to
drink Milo Chocolate in December? Explain your reasoning.
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

7. Althaf’s mother tells him that the chance of a coin showing heads when he tosses it
𝟏

is 𝟐. Does this mean that every time he tosses a coin twice he will get one head and
one tail? Explain your reasoning.

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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FLIPPING OUT

Althaf has come up with one more way to use probability to decide
his breakfast drink.
This time, he tosses two coins.
His mother agrees to let him use this method.

•

If the coins match, he gets to drink Milo Chocolate. The coins match when both
show the same side.

•

If the coins do not match, he gets to drink Indo Milk. The coins do not match
when both show different side.

1. Predict how many days in November Althaf will drink Milo Chocolate (coins
match). Explain your prediction.
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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2. Work in a group of two people. Conduct an experiment to test your prediction.
Toss a coin 30 times (one for each day in November). In a separate paper, record
your results in a table such as the one shown with 30 rows:

Day / Toss Number

Outcome

1
2
…
30

3. Record the total number of match and no-match from your experiment.
Outcome

Total Number

Match
No-Match

4. Compare the number of match that you observed from the experiment with the
number of match you predicted in question 1. Is it different? Why?
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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Whole-class Discussion
5. In a table similar to the one shown below, we will record the results from all the
groups in class about how many matches each group observed in their 30 tosses
of the coins.
Number of Match

Tally

Frequency

0
1
2
…
30
6. Based on the class data above, do you think a match and a no-match have the
same chance of occurring? Explain your reasoning.
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

7. Think about the possible results when you toss two coins.
a. In how many ways can a match occur?
--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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b. In how many ways can a no-match occur?
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------8. Do a match and a no-match have the same chance of occurring? Explain your
reasoning.
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

9. Suppose Althaf suggest new rules, flipping 3 coins instead of 2 coins.
a. What are all the possible outcomes for flipping 3 coins?
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------b. What is the probability of having each of these outcomes occur?
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10. Use your probability model from question 9 to determine the rules so that
Althaf has an equally likely chance of drinking Milo Chocolate and Indo Milk.
Write your rules below.
------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------11. How does using 3 coins make the rules more complicated than using 2 coins?
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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RIVER CROSSING GAME
PART 1
DIRECTIONS
This is a game for two teams. Each team is given
12 counters representing boats to be placed on
the numbers along the bank of a river (labelled
1 to 12). The arrangement of the counters
(boats) is completely up to the teams. The teams
are

separated

when

working

out

their

strategies.
The teams take turns throwing two dice. On each roll the sum of the two upturned
numbers is determined. If either team has a counter corresponding to the sum of
the dice (the scores), they may move it across the river to the other side and then
remove the counter. Play continues until one team removes all twelve counters
from the board.

The Problem
What is the best arrangement for the counters?
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12
11
10
9
8
7
6
5
4
3
2
1
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12
11
10
9
8
7
6
5
4
3
2
1

COUNTER PLACEMENTS FOR RIVER CROSSING
Team A

1

2

3

4

5

6

7

8

9

10

11

12

Indicate counter placement with X.

Team B

1

2

3

4

5

6

7

8

9

10

11

12

Indicate counter placement with X.

Team C

1

2

3

4

5

6

7

8

9

10

11

12

Indicate counter placement with X.

Team D

1

2

3

4

5

6

7

8

9

10

11

12

Indicate counter placement with X.
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LINE PLOT FOR SUMS OF TWO DICE

1

2

3
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4

5

6

7

8

9

10 11 12

1. Before you start the game, put down the best arrangement of the 12 counters
on the board that you predict will win the game. Copy this arrangement in the
worksheet provided. Why do you predict this? Write down your reason.
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

2. Work in a group of 2 teams, each team consists of 2 people. Play the game by
following the directions. Record the results in the worksheets provided.
Explain your results. Are they different from what you predicted in question 1?
Why is this?
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

3. Play the game for the second time. Will you change the placement of your
counters after playing the game for the first time? Explain why or why not.
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---------------------------------------------------------------------------------------------------------------4. How many different ways we can obtain each of the possible sums from tossing
the two dice? Complete the table below.
1st Dice

2nd Dice

Sum

5. Complete the grid below that represents the area model for possible sums of
tossing two dice.
2nd Dice
+

1

2

3

4

5

6

1

1st Dice

2
3
4
5
6

6. Write a note to your friend about The River Crossing Game. Explain to your
friend what you think is the best placement for the 12 counters. Explain why
you think this is the best placement.
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-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

RIVER CROSSING GAME
PART 2
DIRECTIONS
You are going to play the River Crossing Game again, but you will use different dice
than before. There are four different dice that will be used in this game.
1) The yellow setting - The faces were marked with one and two dots, distributed as
(111 222) and (111 222).
2) The red setting - Included two different dice, each with a distribution of two
outcomes among the faces as (222 444) and (333 555).
3) The blue setting - Similar to the yellow setting, but the dice now had four sides
marked one and two sides marked two, that is (1111 22) and (1111 22).
4) The white setting - These dice were a mix of the red and the blue setting. The dice
displayed the distribution (2222 44) and (3333 55).

Just like in part 1, There will be two teams competing in this part 2. Each team is
given 24 counters for yellow and red settings, and 36 counters for blue and white
settings. These counters, representing boats, will be placed on the numbers along
the bank of a river (labelled 1 to 12). The arrangement of the counters (boats) is
completely up to the teams. The teams are separated when working out their
strategies.
The teams take turns throwing two dice. On each roll the sum of the two upturned
numbers is determined. If either player has a counter corresponding to the sum of
the dice (the scores), they may move it across the river to the other side and then
remove the counter. Play continues until one player removes all counters from the
board.
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1. Before you start the game, put down the best arrangement of the 24 counters
(or 36 counters) on the board that you predict will win the game. Copy this
arrangement in the worksheet provided. Why do you predict this? Write down
your reason.
------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------2. Work in a group of 4 people, each team consists of 2 people. Play the game by
following the directions. Record the results in the worksheets provided.
Explain your results. Are they different from what you predicted? Why is this?
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

3. Write a note to your friend about The River Crossing Game. Explain to your
friend what you think is the best placement for the 24 counters (or 36 counters).
Explain why you think this is the best placement.
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MARBLES GAME
Part 1

Directions
The game consists of two identical boxes containing two different coloured
marbles.
Box A : 20 white marbles and 80 black marbles
Box B : 2 white marble and 8 black marbles

1. Predict which box do you think give a higher chance of drawing a white marble.
Explain your prediction.
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

2. If you draw a marble from each box for 25 times with replacement (i.e. after
drawing a marble, you put it back into the box and shake it), how many times
do you think you will get a white marble from box A and box B? Explain your
prediction.
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3. Work in group of four people. Conduct an experiment to test your prediction.
The procedure:
Draw a marble for each of the boxes. Record the result in the table provided. Put
the marbles back into the boxes and shake the boxes. Draw a marble again for
each of the boxes. Repeat this process for 25 times. Record your results in a
table provided.

4. Record the total number of black and white marbles for each box.
Outcome

Box A

Box B

White marble
Black marble

5. Compare the number of white marbles that you observed from the experiment
with the number you predicted. Is it different? Why?
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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Whole-class discussion
6. Anton says:

There are more chance to draw a white
marble in the Box A than Box B because
Box A has more white marbles than Box B

What do you think about Anton’s opinion? Explain your reasoning.
----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

7. Erika says:

Box A and Box B have an equal chance of
drawing a white marble because Box A and
Box B have an equal ratios, which is 1 : 4.

What do you think about Erika’s opinion? Explain your reasoning.
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RESULT OF DRAWING A MARBLE FROM TWO BOXES
Draw number
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

352 | S t u d e n t M a t e r i a l s

Box A

Box B

MARBLES GAME
Part 2
Directions
The game consists of two identical boxes containing two different coloured
marbles.
Box A : 3 white marbles and 4 black marbles
Box B : 6 white marbles and 9 black marbles

1. Predict which box do you think give a higher chance of drawing a white marble.
Explain your prediction.
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

2. If you draw a marble from each box for 25 times with replacement (i.e. after
drawing a marble, you put it back into the box and shake it), how many times
do you think you will get a white marble from box A and box B? Explain your
prediction.
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3. Work in group of four people. Conduct an experiment to test your prediction.
The procedure:
Draw a marble for each of the boxes. Record the result in the table provided. Put
the marbles back into the boxes and shake the boxes. Draw a marble again for
each of the boxes. Repeat this process for 25 times. Record your results in a
table provided.

4. Record the total number of black and white marbles for each box.
Outcome

Box A

Box B

White marble
Black marble

5. Compare the number of white marbles that you observed from the experiment
with the number you predicted. Is it different? Why?
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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Whole-class discussion
6. Safran says:

There are more chance to draw a white
marble in the Box B than Box A because
Box B has more white marbles than Box A

What do you think about Safran’s opinion? Explain your reasoning.
----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

7. Dewi says:

Box A has more chance to draw a
white marble than box B because box
A has less black marbles than box B

What do you think about Dewi’s opinion? Explain your reasoning.
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RESULT OF DRAWING A MARBLE FROM TWO BOXES
Draw number
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
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Box A

Box B

MINUMAN JERUK SODA
Setiap tahun selama bulan Ramadan, siswa kelas 8 di SMP
Negeri

Makassar

mengadakan acara

buka

puasa

bersama. Dalam acara ini, semua orang terlibat dan
saling membantu dalam menyiapkan hidangan buka
puasa.
Tahun ini, Anisa and Bayu bertugas membuat minuman jus jeruk untuk
orang-orang yang datang di acara buka puasa tersebut. Mereka ingin
membuat sesuatu yang berbeda, maka mereka berencana untuk untuk
membuat minuman jeruk soda dengan mencampurkan minuman
bersoda Sprite dan jus jeruk Sunquick. Karena ini adalah hal yang
pertama kali bagi mereka membuat minuman jeruk soda, mereka
tidak tahu campuran seperti apa yang akan memberi rasa paling enak.
Sehingga, mereka memutuskan untuk menguji coba beberapa jenis
campuran.
Campuran A
3 cangkir jus jeruk

4 cangkir soda

Campuran B
2 cangkir jus jeruk

3 cangkir soda

Campuran C
5 cangkir jus jeruk

9 cangkir soda

Campuran D
8 cangkir jus jeruk
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12 cangkir soda

1. Apakah minuman jeruk soda pada campuran A mempunyai rasa yang sama
dengan campuran B, atau berbeda?
Jika menurut kamu kedua campuran tersebut mempunyai rasa yang sama, jelaskan
bagaimana kamu bisa tahu hal tersebut.
Jika menurut kamu kedua campuran tersebut mempunyai rasa yang berbeda, apakah
rasa jeruknya lebih terasa atau kurang terasa? Jelaskan bagaimana kamu bisa tahu hal
tersebut.
----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

2. Apakah minuman jeruk soda pada campuran B mempunyai rasa yang sama
dengan campuran D, atau berbeda?
Jika menurut kamu kedua campuran tersebut mempunyai rasa yang sama, jelaskan
bagaimana kamu bisa tahu hal tersebut.
Jika menurut kamu kedua campuran tersebut mempunyai rasa yang berbeda, apakah
rasa jeruknya lebih terasa atau kurang terasa? Jelaskan bagaimana kamu bisa tahu hal
tersebut.
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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3. Campuran manakah yang akan menghasilkan minuman jeruk soda yang paling
“terasa rasa jeruknya”? Jelaskan alasanmu.
------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------4. Campuran manakah yang akan menghasilkan minuman jeruk soda yang paling
tidak “terasa rasa jeruknya”? Jelaskan alasanmu.
------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------5. Dapatkah kamu mengurutkan campuran-campuran tersebut, dari yang paling
tidak terasa rasa jeruknya (dibagian kiri) sampai yang paling terasa rasa
jeruknya (dibagian kanan)? Jelaskan alasanmu.
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MELEMPAR KOIN
Althaf selalu minum susu atau milo coklat pada saat
sarapan pagi. Dia sangat menyukai Milo Coklat sehingga
dia ingin meminumnya setiap pagi. Ibu Althaf ingin agar
Althaf juga minum Susu IndoMilk paling tidak beberapa
hari karena minuman tersebut lebih bernutrisi
daripada Milo Coklat.
Althaf dan ibunya bersepakat untuk menggunakan cara yang
menyenangkan dalam menentukan minuman apa yang akan Althaf
minum setiap sarapan pagi. Setiap pagi selama satu bulan, Althaf
melempar sebuah koin. Jika koin tersebut muncul angka, dia akan
minum Milo Coklat. Jika koin tersebut muncul gambar, dia akan minum
Susu IndoMilk.
1. Perkirakanlah, berapa banyak hari dalam bulan Nopember Althaf akan minum
Milo Coklat (koin muncul angka)? Jelaskan alasanmu.
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2. Lakukan eksperimen untuk menguji coba perkiraan kamu tersebut.
Lemparkan sebuah koin sebanyak 30 kali (satu lemparan untuk satu hari
dalam bulan Nopember). Catatlah hasil lemparan yang kamu dapatkan
tersebut pada tabel yang telah disediakan.

3. Catatlah jumlah angka dan gambar yang muncul pada tabel berikut.
Hasil

Jumlah

A
G
* A: Angka; G: Gambar
4. Bandingkan jumlah angka yang kamu dapatkan dari eksperimen tersebut
dengan jumlah angka yang kamu perkirakan sebelumnya pada pertanyaan
nomor 1. Apakah berbeda? Mengapa?
----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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Diskusi Kelas
5. Pada tabel seperti dibawah ini, kita akan mencatat hasil dari semua siswa di kelas
tentang berapa banyak angka yang didapatkan oleh setiap siswa dalam
pelemparan koin sebanyak 30 kali.
Jumlah angka

Turus

Frekuensi

0
1
2
…
30
6. Berdasarkan hasil yang kamu dapatkan untuk bulan Nopember, berapa kali kamu
harapkan Althaf akan minum Milo Coklat pada bulan Desember? Jelaskan
alasanmu.
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

7. Ibu Althaf menyampaikan kepada Althaf bahwa kesempatan sebuah koin akan
𝟏

muncul angka ketika dia melemparkannya adalah 𝟐. Apakah hal ini berarti bahwa
setiap saat Althaf melempar sebuah koin sebanyak dua kali, dia akan
mendapatkan satu angka dan satu gambar? Jelaskan alasanmu.
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Hari / Lemparan Ke
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
* A: Angka; G: Gambar
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Hasil (A or G)*

MELEMPAR DUA KOIN
Althaf mengusulkan cara lain menggunakan konsep
peluang untuk menentukan minuman yang akan dia
minum pada saat sarapan pagi.
Kali ini, dia akan melemparkan dua koin.
Ibu Althaf setuju dan mengizinkan Althaf untuk menggunakan cara
tersebut.

Aturan permainan
• Jika kedua koin tersebut bersesuaian, Althaf akan minum Milo
Coklat. Kedua koin tersebut bersesuaian jika keduanya
menunjukkan sisi yang sama.
•

Jika kedua koin tersebut tidak bersesuaian, Althaf akan minum
IndoMilk. Kedua koin tersebut tidak bersesuaian jika keduanya
menunjukkan sisi yang berbeda.

1. Perkirakanlah, berapa banyak hari dalam bulan Nopember Althaf akan minum
Milo Coklat (kedua koin bersesuaian). Jelaskan alasanmu.
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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2. Lakukan eksperimen untuk menguji coba perkiraan kamu tersebut.
Lemparkan sebuah koin sebanyak 30 kali (satu lemparan untuk satu hari
dalam bulan Nopember). Catatlah hasil lemparan yang kamu dapatkan tersebut
pada tabel yang telah disediakan.

3. Catatlah jumlah bersesuaian dan tidak bersesuaian yang muncul pada
eksperimen yang telah kamu lakukan.
Hasil

Jumlah

Bersesuaian
Tidak Bersesuaian

4. Bandingkan jumlah bersesuaian yang kamu dapatkan dari eksperimen
tersebut dengan jumlah bersesuaian yang kamu perkirakan sebelumnya pada
pertanyaan nomor 1. Apakah berbeda? Mengapa?
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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Diskusi Kelas
5. Pada tabel seperti dibawah ini, kita akan mencatat hasil dari semua siswa di
kelas tentang berapa banyak bersesuaian yang didapatkan oleh setiap siswa
dalam pelemparan koin sebanyak 30 kali.
Jumlah bersesuaian

Turus

Frekuensi

0
1
2
…
30
6. Berdasarkan hasil yang kita dapatkan diatas, apakah menurut kamu
bersesuaian dan tidak bersesuaian mempunyai kesempatan yang sama untuk
terjadi? Jelaskan alasanmu.
------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------7. Pikirkan tentang hasil yang mungkin terjadi ketika kamu melemparkan dua
koin.
a. Berapa banyak cara terjadinya kedua koin bersesuaian?
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b. Berapa banyak cara terjadinya kedua koin tidak bersesuaian?
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------8. Apakah bersesuaian dan tidak bersesuaian mempunyai kesempatan yang sama
untuk terjadi? Jelaskan alasanmu.
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

9. Anggap Althaf mengusulkan cara baru, melemparkan 3 koin.
a. Apa saja hasil yang mungkin terjadi dari kejadian melemparkan 3 koin
tersebut?
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------b. Berapa peluang terjadinya masing-masing hasil tersebut?
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10. Gunakanlah model peluang yang kamu dapatkan dari pertanyaan nomor 9
untuk menentukan aturan-aturan sehingga Althaf mempunyai kesempatan
yang sama untuk meminum Milo Coklat dan IndoMilk. Tuliskan aturan-aturan
tersebut dibawah ini.
------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------11. Bagaimana bisa penggunaan 3 koin membuat aturan permainan menjadi lebih
rumit daripada menggunakan 2 koin?
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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Hari / Lemparan Ke
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
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Hasil

PERMAINAN MENYEBRANGI SUNGAI
BAGIAN 1
PETUNJUK
Permainan ini dimainkan oleh dua tim. Setiap
tim diberikan 12 pion yang merepresentasikan
kapal-kapal yang akan menyebrangi sungai
tersebut. Pion-pion (kapal-kapal) tersebut akan
ditempatkan pada angka-angka di sepanjang
tepi sungai (yang bertanda 1 sampai 12).
Penyusunan pion-pion (kapal-kapal) tersebut
sepenuhnya tergantung dari setiap tim. Setiap tim akan menyusun strategi mereka
masing-masing secara sendiri-sendiri.
Setiap tim secara bergiliran akan melemparkan dua dadu. Dalam setiap lemparan,
dua angka yang muncul akan dihitung jumlahnya. Jika salah satu tim atau kedua
tim tersebut mempunyai pion (kapal) yang berada pada angka yang sama dengan
jumlah dari kedua mata dadu tersebut, maka tim tersebut dapat memindahkan
poinnya menyebrangi sungai dan kemudian mengeluarkan pion tersebut dari
papan permainan. Permainan akan terus berlanjut sampai salah satu tim berhasil
mengeluarkan semua pionnya dari papan permainan.

Pertanyaannya
Bagaimanakah penyusunan yang paling tepat untuk semua pion-pion
tersebut?
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12
12
11
11
10
10
9
9
8
8
S 7 U N G A7 I
6
6
5
5
4
4
3
3
2
2
1
1
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PENYUSUNAN PION-PION UNTUK MENYEBRANGI SUNGAI
Tim A

1

2

3

4

5

6

7

8

9

10

11

12

Letak pion diberi tanda X.

Tim B

1

2

3

4

5

6

7

8

9

10

11

12

Letak pion diberi tanda X.

Tim C

1

2

3

4

5

6

7

8

9

10

11

12

Letak pion diberi tanda X.

Tim D

1

2

3

4

5

6

7

8

9

10

11

Letak pion diberi tanda X.
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12

SEBARAN TITIK UNTUK SETIAP JUMLAH MATA DADU

1

2

3

4
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5

6

7

8

9

10 11 12

1. Sebelum kamu memulai permainan ini, susunanlah pengaturan terbaik untuk
12 pion tersebut pada papan permainan, yang menurut kamu akan
memenangkan permainan tersebut. Salinlah penyusunan tersebut kedalam
lembar kerja yang telah disediakan. Mengapa kamu berpendapat bahwa
penyusunan tersebut adalah yang terbaik untuk memenangkan permainan ini?
Jelaskan alasanmu.
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

2. Buatlah kelompok yang terdiri dari 2 tim, setiap tim terdiri dari 2 orang siswa.
Mainkanlah permainan tersebut sesuai dengan petunjuk yang ada. Catatlah
hasil dari permainan tersebut kedalam lembar kerja yang telah disediakan.
Jelaskan hasil yang kamu dapatkan. Apakah berbeda dengan yang kamu
perkirakan sebelumnya pada pertanyaan 1? Mengapa demikian?
----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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3. Mainkan permainan tersebut untuk kedua kalinya. Apakah kamu akan
mengubah susunan pion-pion kamu setelah memainkan permainan untuk
pertama kalinya? Jelaskan mengapa melakukan perubahan atau tidak
melakukan perubahan tersebut.
------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------4. Berapa banyak cara yang berbeda untuk kita mendapatkan masing-masing
setiap jumlah dari kedua mata dadu tersebut? Lengkapilah tabel berikut ini.
Dadu ke-1
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Dadu ke-2

jumlah

5. Lengkapilah kotak-kotak dibawah ini yang merepresentasikan model untuk
semua kemungkinan jumlah dari dua mata dadu tersebut.
Dadu ke-2
+

1

2

3

4

5

6

1

Dadu ke-1

2
3
4
5
6

6. Tulislah sebuah catatan yang ditujukan kepada teman kamu tentang
Permainan Menyebrangi Sungai ini. Jelaskan kepada teman kamu tersebut
tentang cara terbaik untuk menyusun 12 pion tersebut. Jelaskan mengapa
kamu berpikir bahwa cara tersebut adalah yang paling baik.
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PERMAINAN MENYEBRANGI SUNGAI
BAGIAN 2
PETUNJUK
Pada pertemuan ini, kalian akan memainkan
kembali

Permainan

Menyebrangi

Sungai,

namun kalian akan menggunakan dadu yang
berbeda

dengan

dadu

pada

pertemuan

sebelumnya. Ada empat jenis dadu berbeda
yang akan kalian gunakan pada permainan ini.
1) Kondisi pertama – sisi dadu diberi tanda sebanyak satu dan dua titik, dengan
sebaran seperti berikut (111 222) dan (111 222).
2) Kondisi kedua – menggunakan dua dadu berbeda, masing-masing dengan sebaran
dua tanda titik pada sisinya seperti berikut (222 444) dan (333 555).
3) Kondisi ketiga – Mirip dengan kondisi pertama, namun kedua dadu memiliki empat
sisi dengan tanda satu titik dan dua sisi dengan tanda dua titik, yakni (1111 22) dan
(1111 22).
4) Kondisi keempat – Kedua dadu pada kondisi ini adalah perpaduan kondisi kedua
dan ketiga. Kedua dadu menunjukkan sebaran tanda titik sebagai berikut (2222 44)
dan (3333 55).
Seperti halnya pada bagian 1, Akan ada dua tim yang saling berkompetisi pada
bagian 2 ini. Setiap tim akan diberikan 24 pion untuk kondisi pertama dan kedua,
dan 36 pion untuk kondisi ketiga dan keempat. Pion-pion tersebut, yang
merepresentasikan kapal-kapal, akan diletakkan pada angka-angka disepanjang
tepi sungai (yang bertanda 1 sampai 12). Penyusunan pion-pion (kapal-kapal)
tersebut sepenuhnya tergantung dari setiap tim. Setiap tim akan menyusun
strategi mereka masing-masing secara sendiri-sendiri.
Setiap tim secara bergiliran akan melemparkan dua dadu. Dalam setiap lemparan,
dua angka yang muncul akan dihitung jumlahnya. Jika salah satu tim atau kedua
tim tersebut mempunyai pion (kapal) yang berada pada angka yang sama dengan
jumlah dari kedua mata dadu tersebut, maka tim tersebut dapat memindahkan
poinnya menyebrangi sungai dan kemudian mengeluarkan pion tersebut dari
papan permainan. Permainan akan terus berlanjut sampai salah satu tim berhasil
mengeluarkan semua pionnya dari papan permainan.
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Kondisi Pertama
1. Sebelum kamu memulai permainan ini, susunanlah pengaturan terbaik untuk
24 pion tersebut pada papan permainan, yang menurut kamu akan
memenangkan permainan tersebut. Salinlah penyusunan tersebut kedalam
lembar kerja yang telah disediakan. Mengapa kamu berpendapat bahwa
penyusunan tersebut adalah yang terbaik untuk memenangkan permainan ini?
Jelaskan alasanmu.
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

2. Buatlah kelompok yang terdiri dari 2 tim, setiap tim terdiri dari 2 orang siswa.
Mainkanlah permainan tersebut sesuai dengan petunjuk yang ada. Catatlah
hasil dari permainan tersebut kedalam lembar kerja yang telah disediakan.
Jelaskan hasil yang kamu dapatkan. Apakah berbeda dengan yang kamu
perkirakan sebelumnya pada pertanyaan 1? Mengapa demikian?
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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Kondisi Kedua
3. Sebelum kamu memulai permainan ini, susunanlah pengaturan terbaik untuk
24 pion tersebut pada papan permainan, yang menurut kamu akan
memenangkan permainan tersebut. Salinlah penyusunan tersebut kedalam
lembar kerja yang telah disediakan. Mengapa kamu berpendapat bahwa
penyusunan tersebut adalah yang terbaik untuk memenangkan permainan ini?
Jelaskan alasanmu.
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

4. Buatlah kelompok yang terdiri dari 2 tim, setiap tim terdiri dari 2 orang siswa.
Mainkanlah permainan tersebut sesuai dengan petunjuk yang ada. Catatlah
hasil dari permainan tersebut kedalam lembar kerja yang telah disediakan.
Jelaskan hasil yang kamu dapatkan. Apakah berbeda dengan yang kamu
perkirakan sebelumnya pada pertanyaan 3? Mengapa demikian?
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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Kondisi Ketiga
5. Sebelum kamu memulai permainan ini, susunanlah pengaturan terbaik untuk
36 pion tersebut pada papan permainan, yang menurut kamu akan
memenangkan permainan tersebut. Salinlah penyusunan tersebut kedalam
lembar kerja yang telah disediakan. Mengapa kamu berpendapat bahwa
penyusunan tersebut adalah yang terbaik untuk memenangkan permainan ini?
Jelaskan alasanmu.
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

6. Buatlah kelompok yang terdiri dari 2 tim, setiap tim terdiri dari 2 orang siswa.
Mainkanlah permainan tersebut sesuai dengan petunjuk yang ada. Catatlah
hasil dari permainan tersebut kedalam lembar kerja yang telah disediakan.
Jelaskan hasil yang kamu dapatkan. Apakah berbeda dengan yang kamu
perkirakan sebelumnya pada pertanyaan 5? Mengapa demikian?
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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Kondisi Keempat
7. Sebelum kamu memulai permainan ini, susunanlah pengaturan terbaik untuk
36 pion tersebut pada papan permainan, yang menurut kamu akan
memenangkan permainan tersebut. Salinlah penyusunan tersebut kedalam
lembar kerja yang telah disediakan. Mengapa kamu berpendapat bahwa
penyusunan tersebut adalah yang terbaik untuk memenangkan permainan ini?
Jelaskan alasanmu.
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

8. Buatlah kelompok yang terdiri dari 2 tim, setiap tim terdiri dari 2 orang siswa.
Mainkanlah permainan tersebut sesuai dengan petunjuk yang ada. Catatlah
hasil dari permainan tersebut kedalam lembar kerja yang telah disediakan.
Jelaskan hasil yang kamu dapatkan. Apakah berbeda dengan yang kamu
perkirakan sebelumnya pada pertanyaan 7? Mengapa demikian?
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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9. Tulislah sebuah catatan yang ditujukan kepada teman kamu tentang
Permainan Menyebrangi Sungai ini. Jelaskan kepada teman kamu tersebut
tentang cara terbaik untuk menyusun 24 pion (atau 36 pion) untuk masingmasing kondisi tersebut. Jelaskan mengapa kamu berpikir bahwa cara tersebut
adalah yang paling baik untuk memenangkan permainan ini.
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BERMAIN KELERENG
Bagian 1

Petunjuk
Permainan ini menggunakan dua buah kantong kertas yang sama yang memuat
dua jenis kelereng warna yang berbeda.
Kantong A

: 20 kelereng putih dan 80 kelereng hitam

Kantong B

: 2 kelereng putih dan 8 kelereng hitam

1. Perkirakanlah, kantong manakah yang memberi kesempatan lebih besar untuk
mendapatkan kelereng putih. Jelaskan alasanmu.
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

2. Jika kamu mengambil sebuah kelereng tanpa melihat dari masing-masing
kantong tersebut sebanyak 25 kali dengan pengembalian (setelah mengambil
sebuah kelereng, kamu mengembalikan kelereng tersebut ke dalam kantong
dan mengocoknya), menurut kamu berapa kali kamu akan mendapatkan
sebuah kelereng putih dari kantong A dan kantong B? Jelaskan alasanmu.
----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

385 | L e m b a r K e r j a S i s w a

3. Buatlah kelompok yang terdiri dari empat orang. Lakukanlah eksperimen
untuk menguji prediksi kamu.
Petunjuk:
Ambil sebuah kelereng dari masing-masing kantong tersebut tanpa melihat.
Catatlah hasilnya pada tabel yang telah disediakan. Letakkan kembali kelereng
tersebut kedalam kantong dan kocoklah kantong tersebut. Ambil sebuah
kelereng kembali dari masing-masing kantong tersebut. Ulangi proses ini
sebanyak 25 kali. Catatlah hasil yang kamu peroleh pada tabel yang telah
disediakan.

4. Catatlah jumlah kelereng hitam dan kelereng putih yang terambil dari masingmasing kantong.
Hasil

Kantong A

Kantong B

Kelereng putih
Kelereng hitam

5. Bandingkan jumlah kelereng putih yang kamu dapatkan dari eksperimen
dengan jumlah kelereng putih yang kamu prediksikan sebelumnya. Apakah ada
perbedaan? Mengapa?
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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Diskusi kelas
6. Anton mengatakan:

Lebih banyak kesempatan terambilnya
kelereng putih dari Kantong A daripada dari
Kantong B karena Kantong A mempunyai
lebih lebih banyak kelereng putih daripada
Kantong B
Bagaimana menurutmu tentang pendapat Anton tersebut? Jelaskan alasanmu.
----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

7. Erika mengatakan:

Kantong A dan Kantong B mempunyai
kesempatan yang sama untuk mendapatan sebuah
kelereng putih karena Kantong A dan Kantong B
mempunyai ratio yang sama, yakni 1 : 4.
Bagaimana menurutmu tentang pendapat Erika tersebut? Jelaskan alasanmu.
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HASIL DARI PENGAMBILAN SEBUAH KELERENG DARI KEDUA KANTONG
Pengambilan ke
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
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Kantong A

Kantong B

BERMAIN KELERENG
Bagian 2
Petunjuk
Seperti halnya pada bagian 1, permainan pada bagian 2 ini juga menggunakan dua
buah kantong kertas yang sama yang memuat dua jenis kelereng warna yang
berbeda.
Kantong A

: 3 kelereng putih dan 4 kelereng hitam

Kantong B

: 6 kelereng putih dan 9 kelereng hitam

1. Perkirakanlah, kantong manakah yang memberi kesempatan lebih besar untuk
mendapatkan kelereng putih. Jelaskan alasanmu.
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

2. Jika kamu mengambil sebuah kelereng tanpa melihat dari masing-masing
kantong tersebut sebanyak 25 kali dengan pengembalian (setelah mengambil
sebuah kelereng, kamu mengembalikan kelereng tersebut ke dalam kantong
dan mengocoknya), menurut kamu berapa kali kamu akan mendapatkan
sebuah kelereng putih dari kantong A dan kantong B? Jelaskan alasanmu.
----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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3. Buatlah kelompok yang terdiri dari empat orang. Lakukanlah eksperimen
untuk menguji prediksi kamu.
Petunjuk:
Ambil sebuah kelereng dari masing-masing kantong tersebut tanpa melihat.
Catatlah hasilnya pada tabel yang telah disediakan. Letakkan kembali kelereng
tersebut kedalam kantong dan kocoklah kantong tersebut. Ambil sebuah
kelereng kembali dari masing-masing kantong tersebut. Ulangi proses ini
sebanyak 25 kali. Catatlah hasil yang kamu peroleh pada tabel yang telah
disediakan.

4. Catatlah jumlah kelereng hitam dan kelereng putih yang terambil dari masingmasing kantong.
Hasil

Kantong A

Kantong B

Kelereng putih
Kelereng hitam

5. Bandingkan jumlah kelereng putih yang kamu dapatkan dari eksperimen
dengan jumlah kelereng putih yang kamu prediksikan sebelumnya. Apakah ada
perbedaan? Mengapa?
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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Diskusi Kelas
6. Safran mengatakan:

Lebih banyak kesempatan terambilnya
kelereng putih dari Kantong B daripada dari
Kantong A karena Kantong B mempunyai
lebih banyak kelereng putih daripada
Kantong A
Bagaimana menurutmu tentang pendapat Safran tersebut? Jelaskan alasanmu.
----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

7. Dewi mengatakan:

Kantong A mempunyai lebih banyak
kesempatan untuk mendapatkan sebuah
kelereng putih daripada Kantong B karena
Kantong A mempunyai lebih sedikit
kelereng hitam daripada Kantong B
Bagaimana menurutmu tentang pendapat Dewi tersebut? Jelaskan alasanmu.
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------391 | L e m b a r K e r j a S i s w a

HASIL DARI PENGAMBILAN SEBUAH KELERENG DARI KEDUA KANTONG
Pengambilan ke
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
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Kantong A

Kantong B

Appendix D
Probability Questionnaire
Used in the Pilot Study

Instrument for measuring students’ misconceptions about probability

1. The rationale
This instrument is for measuring typical misconceptions about probability:
representativeness

heuristic

(recency

effects,

random-similarity,

base-rate

frequency, and effect of sample size), ratio bias, and equiprobability bias
(misunderstanding of randomness, inability of aggregating sample space, and law of
large numbers). Most of the problems presented in this instrument are adopted, with
some

modifications,

from

previous

research

as

stated

in

the

table.

Representativeness heuristic, distinction between compound and simple events, and
equiprobability bias problems are randomly interspersed in the packet of problems.
I will conduct a blind validity check with two experts about the categorisation of the
problems.
Most of the items in this instrument have been tested with primary school children
and undergraduate students, but not with secondary school students and pre-service
and in-service teachers. Although, there has been an increased amount of research
about secondary school students’ probabilistic conceptions since Shaughnessy’s call
(1992), most of them used different version of the problems presented in this
instrument (e.g., previous research used different ratios of heads and tails while this
instrument uses the same ratios). Accordingly, this study provides a new version of
the problems so as to shed new light on secondary school students’ and pre-service
and in-service teachers’ probabilistic conceptions. Research on cognitive models of
probabilistic reasoning, such as Watson et al.’s (1997) and Jones et al.’s (1999)
studies using the SOLO Taxonomy developed by Biggs and Collis (1982), showed that
students from different level of schooling exhibited different level of probabilistic
reasoning (from naïve to more formal or normative conceptions). So, it is reasonable
to expect that this study with secondary school students and pre-service and inservice teachers might give different results from previous studies with primary
school children and undergraduate students.
Moreover, many cross-sectional studies have been done to find out about the effect
of schooling and age on students’ probability misconceptions, but there are
393

discrepancies in their results. For example, Fischbein and Schnarch (1997) found that
the negative recency effect decreased with age, whereas the sample size effect
increased with age. They also found that equiprobability bias was stable across the
age of students. Chiesi and Primi (2009) found that the negative recency effect was
stable across age, whereas equiprobability bias was quite dominant in college
students, in which more than 20% of them exhibited this misconception. Kustos and
Zelkowski (2013) found that both the recency effect and representativeness heuristic
decreased with age. This different result shows that probability misconceptions are
developmentally different among students, and this study can shed new light on the
probabilistic conceptions of 14-15-year-old secondary school students as well as and
pre-service and in-service teachers. Shaughnessy (1992) and Jones et al. (2007) also
pointed out the limited amount of probability research outside of western countries,
and questioned whether these misconceptions also appear across many different
cultures or whether the culture of students and teachers might affect their
probabilistic reasoning. Testing this instrument in Indonesia can add to the few
cross-cultural studies in secondary school students’ and pre-service and in-service
teachers’ probabilistic conceptions and might also offer new insights on the influence
of culture (e.g., religious beliefs and cultural values) on students’ probabilistic
thinking, though it will not be homogenous in this regard.
Categorisation Problems Informal conceptions
Recency effect

Randomsimilarity
Randomsimilarity
Base-rate
frequency

Item 2

Item 1

Item 8
Item 3

a. A blue marble
Negative recency effect
b. A green marble
Positive recency effect
Option a, b, c, d, e
Random-similarity
Option a, b, c, d, e
Random-similarity
a. A strawberry sweet
Base-rate frequency
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Correct
Answer

Sources
(Adapted
from)
c. Equal
Chiesi & Primi
chance of blue
(2009)
and green
marbles
f. All
sequences are
equally likely
to occur
f. All
sequences are
equally likely
to occur
b. A chocolate
sweet

Chernoff
Russell
(2012)

&

Chernoff
Russell
(2012)

&

AfantitiLamprianou &

(Object domain
problem)
Base-rate
frequency
(Social domain
problem)

Item 9

Sample size
Item 5
Equiprobability
bias
(misunderstan
ding of
randomness)
Equiprobability
bias (inability
of aggregating
sample space)
Ratio bias
(Nonoptimal)

Ratio Bias
(Heuristic)

Item 4

Item 6

Item 10

Item 7

c. Both are equally
likely to be taken
Equiprobability bias
b. Andy is a football
player
Base-rate frequency
effect
c. It is equally likely for
Andy to be a football
player or a singer
Equiprobability bias
c. Both Safran and Amel
have equal chance
sample size
a. The chance of taking
out 2 red marbles is
equal to the chance of
taking out 1 red and 1
blue marbles
equiprobability bias
c. Both are equally
likely
equiprobability bias
b. Bowl B
ratio bias
c. Both have the same
chance
equiprobability bias
a. Box A
ratio bias

Williams
(2003)
a. Andy is a
singer

a. Safran has
more chance

AfantitiLamprianou &
Williams
(2003)

Shaughnessy
(1992)

b. There is Lecoutre
more chance (1992)
of taking out 1
red and 1 blue
marbles
b. 2 heads and Abrahamson
2 tails
(2009)
a. Bowl A

c. Both have
the same
chance

Denes-Raj
Epstein
(1994)

&

Alonso
&
FernandezBerrocal
(2003)

1.1. Representativeness heuristic
1.1.1. Random-similarity
Items 1 and 8, adapted from Chernoff & Russell (2012), are different from similar
problems used in the previous research (e.g. Konold et al., 1993) in at least three ways:
1. The sequences of heads and tails presented in the problem have the same ratio,
while previous research used different ratios for some of their choices (e.g. T H H
T H and T H T T T). Cox and Mouw (1992) found that participants used the
different ratio of heads and tails as a cue to make a judgement (the appearance of
randomness). So, following Chernoff (2009), the ratio between heads and tails for
each choice in this problem is controlled (3 heads and 2 tails).
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2. The sequences also cover the notions of switches, runs and switches and runs.
Previous research (e.g. Batanero & Serrano, 1999; Falk, 1981; Shaugnessy, 1992)
found that participants made a decision about the sequences of coin flips based on
the frequent switches (between heads and tails) and longest runs of heads and
tails. So, in this problem, students who used the notion of switches, for example,
might choose H T H T H as the most likely or least likely to occur.
3. Chernoff & Russell (2012) only presented the task that asked about the least likely
sequence to participants, but in this instrument, I used both the least likely and
the most likely. The reason is that in previous research, participants tend to
choose all sequences as equally likely to occur when asked about the most likely,
but chose a particular sequence when asked about the least likely. I wanted to find
out whether this inconsistency between the most likely and the least likely
versions of the task also happened when the ratio between heads and tails is
controlled and the sequences presented cover the notions of switches, runs and
the combination between switches and runs.
1.1.2. Recency effect
Item 2 was adapted from Chiesi and Primi (2009), which is a common problem for the
recency effect. Chiesi and Primi (2009) found that most of third grade students showed
positive recency whereas almost 50% of college students exhibited negative recency
when dealing with problem similar to item 2. Based on the research on cognitive
development of students’ probabilistic reasoning, I wanted to find out whether these
findings are also true for 14-15-year-old secondary school students and pre-service and
in-service teachers.
1.1.3. Base-rate frequency
Items 3 and 9, adapted from Afantiti-Lamprianou and Williams (2003), are different from
similar tasks in previous research because they differentiate between object domains
(involving judgements about objects) and social domains (involving judgements about
people). Jacobs and Potenza (1991) found that children (first, third, and sixth graders)
tend to exhibit representativeness heuristic, by neglecting the base rate information, in
social domain rather than in object domain problems. Based on the research on cognitive
development of students’ probabilistic reasoning, I wanted to find out whether 14-15396

year-old secondary school students and pre-service and in-service teachers tend to
exhibit representativeness heuristic in social domain rather than in object domain
problems.
1.1.4. Sample size
Item 5, adapted from Shaughnessy (1992), is a typical problem for representativeness
heuristic derived from neglecting the sample size. Tversky and Kahneman (1974) found
that undergraduate students tend to be insensitive to sample size when making
probabilistic judgements, perceiving that the probability of a certain proportion in a
sample is unaffected by the size of the sample. Based on the research on cognitive
development of students’ probabilistic reasoning, I wanted to find out whether this is also
true for 14-15-year-old secondary school students and pre-service and in-service
teachers.
1.2. Equiprobability bias
Items 4 and 6, adapted from Lecoutre (1992) and Abrahamson (2009) respectively, are
typical common problems for equiprobability bias. Students and teachers might exhibit
equiprobability bias in item 4 because of misunderstanding of randomness, and in item 6
because of their inability of aggregating sample space. Based on the previous studies
showing that equiprobability bias seems to increase with education (e.g. Chiesi & Primi,
2009; Morsanyi et al., 2009), I hypothesize that there will be more pre-service and inservice teachers exhibiting equiprobability bias than secondary school students.
1.3. Ratio bias
Items 7 and 10, adapted from Alonso & Fernandez-Berrocal (2003) and Denes-Raj &
Epstein (1994) respectively, are typical problems for ration bias. Item 7 is a heuristic
problem that presents objectively equivalent probabilities against one another. Whereas,
item 10 is a nonoptimal problem that shows an objectively lower probability (but with
higher numerosity numerator) against an objectively higher probability (but lower
numerosity numerator). I hypothesize that there will be more students and teachers
exhibit ratio bias in nonoptimal problem than heuristic problem.
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2. The Instrument
For each of the 13 questions below, choose the one best answer and explain your
reasoning. Each time, also indicate how sure you are that your answer is correct by
circling the number on the scale provided. On this scale: 0 is “completely unsure” and 10
is “completely certain”.
1. Which of the sequences is the most likely to result from flipping a coin five times
(H: Head, T: Tails):
a. H H T T H
b. H H H T T
c. T H H H T
d. H T H T H
e. T H H T H
f. All sequences are equally likely to occur
Explain why:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:

Completely
unsure

Completely
certain
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2. Rony has a bag with 30 marbles: 15 green and 15 blue marbles, as shown in the
picture below.

Rony took a marble out from the bag four times without looking, each time putting
the marble back into the bag. After drawing four times, Rony had four green marbles,
as shown below.

What is more likely for Rony to draw next?
a. A blue marble
b. A green marble
c. Equal chance of blue and green marbles
Explain why:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:

Completely
unsure

Completely
certain
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3. There are 12 sweets in a bag, 4 strawberry sweets and 8 chocolate sweets. Eva shakes
the bag and takes out a sweet randomly, without looking into the bag. Eva’s favourite
fruit is strawberry but she does not like the colour brown. What is the most likely
sweet that Eva will take out from the bag?
a. A strawberry sweet
b. A chocolate sweet
c. Both are equally likely to be taken
Explain why:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:

Completely
unsure

Completely
certain

4. There are three marbles in the bag, 2 red and 1 blue. You are going to take out 2
marbles simultaneously from this bag without looking. Do you think:
a. The chance of taking out 2 red marbles is equal to the chance of taking out 1 red
and 1 blue marbles
b. There is more chance of taking out 1 red and 1 blue marbles
c. There is more chance of taking out 2 red marbles
Explain why:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:

Completely
unsure

Completely
certain
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5. In a bag, there are 10 blue marbles and 10 red marbles. Safran and Amel will take a
marble out from the bag without looking for several times.
Safran wants to have at least 7 blue marbles in 10 draws.
Amel wants to have at least 70 blue marbles in 100 draws.
Which person do you think has more chance?
a. Safran has more chance
b. Amel has more chance
c. Both Safran and Amel have equal chance
Explain why:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:

Completely
unsure

Completely
certain

6. A coin is flipped for four times. Which of the following event is the most likely result?
(H: Head, T: Tails)
a. 3 heads and 1 tails
b. 2 heads and 2 tails
c. Both are equally likely
Explain why:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:

Completely
unsure

Completely
certain
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7. Fadly has two boxes with two different flavours of sweets:
Box A
Box B

: 10 orange sweet and 90 chocolate sweets (100 sweets in total)
: 1 orange sweets and 9 chocolate sweets (10 sweets in total)

Fadly will draw a sweet without looking from one of the boxes.
Which box give him a higher chance of drawing an orange sweet?
a. Box A
b. Box B
c. Both have the same chance
Explain why:
------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:

Completely
unsure

Completely
certain

8. Which of the sequences is the least likely to result from flipping a coin five times (H:
Head, T: Tails):
a. H H T T H
b. H H H T T
c. T H H H T
d. H T H T H
e. T H H T H
f. All sequences are equally likely to occur
Explain why:
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:

Completely
unsure
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Completely
certain

9. A reporter interviewed 4 football players and 8 singers. One of his interviewees was
Andy.
Andy earns a lot of money. He likes sports a lot. He exercises every day and he is wellbuilt. He likes working as a team and he sticks to his daily schedule. He goes to bed
early at night and he avoids smoking and drinking alcohol.
Which of the following statements is the most likely?
a. Andy is a football player
b. Andy is a singer
c. It is equally likely for Andy to be a football player or a singer
Explain why:
------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:

Completely
unsure

Completely
certain
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10. Erika has two bowls with two different colour marbles, as shown in the picture below.

Bowl B: 8 red & 92 white marbles
(100 marbles in total)

Bowl A: 1 red & 9 white marbles
(10 marbles in total)

Erika will draw a marble without looking from one of the bowls.
Which bowl give her a higher chance of drawing a red marble?
a. Bowl A
b. Bowl B
c. Both have the same chance
Explain why:
------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------Please indicate how sure you are that your answer is correct:

Completely
unsure

Completely
certain
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Appendix E
Student Worksheets
Used in the Pilot Study

Overview of The Activities
Activity

Goals/Objectives

Concepts

Mixing
Juice

• Understand the concept of ratios and
use ratio reasoning to solve problems.
• Analyse proportional relationships
and use them to solve real-world and
mathematical problems.
• Develop students’ reasoning about
comparing ratios.
• Understand part-part comparisons
and part-whole comparisons in
comparing ratios
Coin
• Use probabilities to predict what will
Tossing
happen over the long run
• Understand the concept of equally
likely
• Collect data from experiment or
simulation
(experimental
probability)
• Introduce some probability words
such as trial, event, outcome, and
relative frequency
• Understand the connection between
experimental
and
theoretical
probabilities
River
• Understand the concepts of possible
Crossing
and impossible events
Game
• Understand the concept of unequally
likely
• Understand the concept of sample
space and its relation to probability of
a compound event
• Understand that randomness does
not imply uniformity (equiprobability
bias)
Flipping • Understand the notion of fairness
Out
• Introduce the use of tree diagram for
determining sample space
• Overcome
representativeness
heuristic associated with coin flips

Comparing
ratios, partpart
comparisons,
part-whole
comparisons

• Apply proportional reasoning in
solving
probability
comparison
problems
• Overcome ratio bias (nonoptimal and
heuristic problems)

Proportional
reasoning,
probability
comparisons

Marble
Game
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Experimental
and
theoretical
probabilities,
equally likely
outcomes

Unequally
likely
outcomes,
sample
space,
compound
events

Possible Informal
Conceptions

None

Negative and
positive recency
effects

Equiprobability
bias

Fairness, tree
diagram,
sample space Representativeness
heuristic

Ratio bias

ACTIVITY 1
Mixing Orange Drinks1
Learning goals:
• Understand the concept of ratios and use ratio reasoning to solve problems.
• Analyse proportional relationships and use them to solve real-world and
mathematical problems.
• Develop students’ reasoning about comparing ratios.
• Understand part-part comparisons and part-whole comparisons in comparing ratios
Description of the activities:
This session will be started with a discussion. Teacher will introduce the task briefly to
the students. Teacher will show them a picture of orange juice and soda commonly used
in Indonesia such as Sunquick orange and Sprite Soda, to help students familiarise
themselves about the problem and its context. Teacher also shows them a video of how
to make a fizzy orange drink by mixing orange juice with soda.

Think of a time when you mixed orange juice and soda to make a fizzy orange drink. Think
about how the drink tasted if you put in too much soda or not enough soda.
Some possible questions to be discussed with students:
• Have you ever made a fizzy orange drink from mixing orange juice and soda?
• What do you do if the drink taste too much orangey?
• What do you do if the drink taste less orangey?
Following this discussion, teacher presents the task to the students and read out the
question.
Individual think time
Before working in a group, students will be given about 10 minutes to think about the
task individually. It will give time for each student to think about their ideas and
strategies to solve the task before working in a group.
Working group: discuss your ideas and strategies with your group.
Teacher asks students to work in a group consisting of 3 or 4 people. Students then work
collaboratively within their groups to solve the task and create a poster that shows their
1

This task is adapted from Mathematics Assessment Project (2015)
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answer and strategies. Teacher informs students to make sure they answer the following
questions in their poster:
• How did you compare the mixtures?
• Which mix will make the most (least) orangey drink?
• What strategies do you use to determine which mix is the most (least) orangey?
During this activity, teacher make a note about students’ approach to the task,
particularly the similarities and differences among students’ approaches.
Gallery walk
After working with the task in their groups, students hang their posters on the wall, and
then have “a gallery walk” - walking around the classroom to explain each other’s posters,
think about their strategies and solutions to the task and ask each other question. Teacher
explain the following rules to the students:
• One person for each group stay next to their poster to explain their solutions and
strategies to the visitors. Students within the group take turn to do this so that
everyone has a chance to visit the posters from other groups.
• The other persons for each group visit the different groups, look carefully to their
work and ask 1 question about their solutions.
Whole-class discussion:
After having a gallery walk, teacher then conducts a whole-class discussion. The purpose
of this whole-class discussion is to discuss various strategies and solutions that come up
from the working group with all of the students in the classroom. During this activity,
teacher should not give the correct answer to the students. Teacher may ask the following
questions during this activity:
• Does any group notice the similarities of their strategies/solution with other
group? Can you explain to the class about what the similarities are?
• Does any group notice the differences of their strategies/solution with other
group? Can you explain to the class about what the differences are?
• Did you change your answer? Why or why not?
• Which strategy/approach do you like best? Why?
• Does anyone find the strategy/solution that is difficult to understand? Can you
explain that to us?
• Which mix will make drink that is the most “orangey”? Which mix will make drink
that is the least “orangey”?
• How do you order the mixtures? What strategy do you use?
Questions for further discussions:
1. Candra thinks that Mix A and Mix B are the same.
Candra says:
They are both the most ‘orangey’ since the difference
between the number of cups of soda and the number of
cups of orange juice is 1
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Is Candra’s thinking correct or not? Why might he think that? Explain your
reasoning.
2. Fitri thinks that Mix A and B are different.
Fitri claims:
In the mix A,

3
4

of the whole mixture is orange juice,

whereas in the mix B
different.

2
3

is orange juice, so they taste

What do you think about Fitri’s reasoning? Is she right or wrong? Why?
3. Rini and Fajar used fractions to express their reasoning.
• Rini: 5/7 of Mix C is orange juice
• Fajar: 5/12 of Mix C is orange juice
Do you agree with either of them? Explain your reasoning.
Common issues - Suggested questions and prompts:
Common Issues
Additive vs Multiplicative
Relationships
For example: students might
say that Mix A and Mix B taste
the same because both
mixtures contain one more cup
of soda than orange juice.
Focusing on the orange juice
only
For example: Mix C is the most
orangey because it has the
largest number of cups of
orange juice.
Focusing on the soda only (as
diluting ingredient)
For example: Mix D is the least
orangey because it has the
largest number of cups of soda.

Suggested questions and prompts
• If you’ve only thought about the amount of soda,
how might the amount of orange juice added affect
the taste of the mixed drink?
• Can you check that adding one cup of orange juice
and one cup of soda to the drink has no effect to its
taste?
• Do you know how many cups of soda in all four
mixtures? What can you say about it?
• If I have 5 cups of fizzy orange drink made by
mixing 4 cups of orange juice and 1 cup of suda,
would it taste less orangey than Mix C?
• Do you know how many cups of orange juice in all
four mixtures? What can you say about it?
• If I have 7 cups of fizzy orange drink made by
mixing 1 cups of orange juice and 6 cup of soda,
would it taste more orangey than Mix D?
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ACTIVITY 2
Coin Tossing2
Learning Goals:
• Use probabilities to predict what will happen over the long run
• Understand the concept of equally likely
• Collect data from experiment or simulation (experimental probability)
• Understand the connection between experimental and theoretical probabilities

Description of the activities:
This session will be started with a discussion. Teacher will introduce the context of the
task briefly to the students and have a short discussion about it.
Some possible questions to be discussed with students:
• Have you ever used coin tossing for making decision about things in your daily life,
for example when playing games?
• Can you tell us your experience about it?
The teacher then encourages students to work on the task.
Individual think time
Before working in a group, students will be given about 10 minutes to think about the
first question in the task individually. It will give time for each student to think about their
ideas and strategies to solve the question before working in a group.
Working group: discuss your ideas and strategies with your group.
Teacher asks students to work in a group consisting of 2 people. Students then work
collaboratively within their groups to solve the task and complete the worksheet that
shows their answer and strategies.

Whole-class discussion:
After finishing the task, teacher then conducts a whole-class discussion to discuss the
question 5, 6 and 7 with the students. During this activity, teacher should not give the
correct answer to the students. Some possible questions for discussion:
•
•
•

Do you notice certain pattern about the number of heads and tails in question 5?
If we continue to toss the coin 100 times, what will happen with the number of
heads and tails?
1
The theoretical probability of tossing a coin is 2. Do you see any connection of this
theoretical probability with the experiment or simulation that you have done?

2

This task is adapted from Lappan et al. (2005)
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ACTIVITY 3
River Crossing Game3
Learning goals:
•
•
•
•

Understand the concepts of possible and impossible events
Understand the concept of unequally likely
Understand the concept of sample space and its relation to probability of a
compound event
Understand that randomness does not imply uniformity (equiprobability bias)

Description of the activities:
This session will be started with a discussion. Teacher will introduce the context of the
task briefly to the students and have a short discussion about it.
Some possible questions to be discussed with students:
• Have you ever played a game using two dice?
• Can you tell us your experience about it?
The teacher then encourages students to work on the task.
Individual think time
Before working in a group, students will be given about 10 minutes to think about the
first question in the task individually. Students can also try to roll the pair of dice to get
the experience. It will give time for each student to think about their ideas and strategies
to solve the question before working in a group.
Working group: discuss your ideas and strategies with your group.
Teacher asks students to work in a group consisting of 4 people, forming 2 teams. Each
team consists of 2 people. Students then work collaboratively within their groups to play
the game and complete the worksheet that shows their answer and strategies.

Whole-class discussion:
After finishing the task, teacher then conducts a whole-class discussion to discuss the
results of the game and patterns that students find in their data. During this activity,
teacher should not give the correct answer to the students. Some possible questions for
discussion:
•
•
•

3

Which labels (1 to 12) are the most likely to win? Why?
Which labels (1 to 12) are the least likely to win? Why?
What is the best arrangement for the 12 counters to win the game?

This task is adapted from Shaughnessy and Arcidiacono (1993) and Nilsson (2007)
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ACTIVITY 4
Flipping Out4
Learning goals:
•
•
•

Understand the notion of fairness
Introduce the use of tree diagram for determining sample space
Overcome representativeness heuristic associated with coin flips

Description of the activities:
Teacher will remind students that this activity is similar with the previous activity where
they tossed a coin. However, in this activity, students will toss two coins instead of one.
Teacher may have a short discussion about the context of tossing two coins.
Some possible questions to be discussed with students:
• Have you ever played a game by tossing two coins?
• Can you tell us your experience about it?
• If you toss two coins, what are the possible results?
The teacher then explains about the rules of the game and encourages students to work
on the task.
Working group: discuss your ideas and strategies with your group.
Teacher asks students to work in a group of 2 people. One of them is the player 1 and the
other is player 2. Students then work collaboratively within their groups to play the game
and complete the worksheet that shows their answer and strategies.

Whole-class discussion:
After finishing the task, teacher then conducts a whole-class discussion to discuss the
results of the game and patterns that students find in their data. During this activity,
teacher should not give the correct answer to the students. Some possible questions for
discussion:
•
•
•
•

4

What are all the possible outcomes for tossing 2 coins?
Is the game fair? Why?
What are all the possible outcomes for tossing 3 coins?
For the game of tossing 3 coins, what are the rules so that both players have
equally likely chance to win the game?

This task is adapted from Degner (2015)
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ACTIVITY 5
Marble Game
Learning goals:
•
•

Apply proportional reasoning in solving probability comparison problems
Overcome ratio bias (nonoptimal and heuristic problems)

Description of the activities:
This session will be started with a discussion. Teacher will introduce the context of the
task briefly to the students and have a short discussion about it.
Some possible questions to be discussed with students:
• Have you ever played a game using marbles?
• Can you tell us your experience about it?
The teacher then explains that the game is about finding the box that has a higher chance
of drawing a white marble and encourages students to work on the task.
Working group: discuss your ideas and strategies with your group.
Teacher asks students to work in a group of 4 people. Students then work collaboratively
within their groups to play the game and complete the worksheet that shows their
answer and strategies.

Whole-class discussion:
After finishing the task, teacher then conducts a whole-class discussion to discuss the
results of the game and patterns that students find in their data. During this activity,
teacher should not give the correct answer to the students. Some possible questions for
discussion:
•
•
•
•

Compare the number of white marbles that you observed from the experiment
with the number you predicted. Is it different? Why?
What do you think about Andy’s opinion?
What do you think about Sherly’s opinion?
If you try the experiment by drawing a marble with replacement for 100 times in
each box, how many times do you expect you will get a white marble from the two
boxes? Why do you think so?
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ACTIVITY 1
MIXING ORANGE DRINKS1
Every year during the Ramadan time, the Grade 8 students at Al-Fityan
School have an event called Iftar party. In this event, everyone pitches
in to help with preparing meals and clean up.
This year, Anisa and Bayu were in charge of making orange drink for the
people coming to the iftar party. They wanted to make something
different, so they planned to make the fizzy orange drink by mixing
Sprite soda and Sunquick orange juice. As this is the first time for them
to make fizzy orange drink, they do not know what kind of mix that
would taste best. So, they decided to test some mixtures.
Mix A
3 cups of orange juice

4 cups of soda

Mix B
2 cups of orange juice

3 cups of soda

Mix C
5 cups of orange juice

9 cups of soda

Mix D
4 cups of orange juice

•
•
•
•

8 cups of soda

Which mix will make juice that is the most “orangey”?
Which mix will make juice that is the least “orangey”?
Can you order the mixes, from least orangey (on the left) to most orangey
(on the right)?
Explain your thinking!

ACTIVITY 2
Learning goals:
•
•
•

1

Use probabilities to predict what will happen over the long run
Understand the concept of equally likely
Collect data from experiment or simulation (experimental probability)

This task is adapted from Mathematics Assessment Project (2015)
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•
•

Introduce some probability words such as trial, event, outcome, and relative
frequency
Understand the connection between experimental and theoretical probabilities

Coin Tossing2

Althaf always has a drink for breakfast. He likes Milo Chocolate so much
that he wants it every morning. Althaf’s mother wants him to drink
Indo Milk at least some mornings because it is more nutritious than
Milo Chocolate.
Althaf and his mother have found a fun way to choose which drink he
will have for breakfast. Each morning in October, Althaf tosses a coin.
If the coin lands on heads, he will have Milo Chocolate. If the coin lands on tails, he will
have Indo Milk.
1. Predict how many days in October Althaf will drink Milo Chocolate (coin lands
on heads). Explain your prediction.
2. Work in a group of two people. Conduct an experiment to test your prediction.
Toss a coin 30 times (one for each day in October). Record your results in a table
such as the one shown with 30 rows:
Day / Toss Number

Outcome (H or T)

1
2
…
30
3. Record the total number of Heads and Tails
Outcome

Total Number

H
T

2

This task is adapted from Lappan et al. (2005)
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4. Compare the number of heads that you observed from the experiment with the
number you predicted. Is it different? Why?

Whole-class Discussion
5. In a table similar to the one shown below, we will record the results from all the
groups in class about how many heads each group observed in their 30 tosses
of the coin.
Number of Heads

Tally

Frequency

0
1
2
…
30
6. Based on what you found for October, how many times do you expect Althaf to
drink Milo Chocolate in November? Explain your reasoning.

7. Althaf’s mother tells him that the chance of a coin showing heads when he tosses
𝟏

it is 𝟐. Does this mean that every time he tosses a coin twice he will get one head
and one tail? Explain.
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ACTIVITY 3
Learning goals:
•
•
•

Understand the concepts of possible and impossible events
Understand the concept of unequally likely
Understand the concept of sample space and its relation to probability of a
compound event
Understand that randomness does not imply uniformity (equiprobability bias)

•

River Crossing Game
Part 13
Aim of the game
The first team to remove all his counters on the board wins the game.
Rules
•
•
•
•
•

The two teams are each given 12 counters (boats).
The two teams place their counters on each side of a river labelled 1 to 12.
The arrangement of the counters is completely up to the two teams. The teams are
separated when working out their strategies.
The two teams take turn rolling a pair of dice and add the scores.
If either team has any counters corresponding to the sum of the dice (the scores),
one of these counters can “cross the river” and be removed from the board.

1. Before you start the game, put down the best arrangement of the 12 counters
on the board that you predict will win the game. Copy this arrangement in the
worksheet provided. Why do you predict this? Write down your reason.

2. Work in a group of 4 people, each team consists of 2 people. Play the game by
following the Rules. Record the results in the worksheet provided.
Explain your results. Are they different from what you predicted? Why is this?

3. Try to explain any patterns you find in your data.
•
•
•
•
•

3

Does the outcome vary very much each time you roll the dice?
Which labels (1 to 12) are most likely to win? Why?
Which labels (1 to 12) are least likely to win? Why?
Could the finishing order of the coin tossing have been predicted?
What is the best arrangement for the 12 counters to win the game?

This task is adapted from Shaughnessy and Arcidiacono (1993)
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Part 24
Aim of the game
The first team to remove all his counters on the board wins the game.
Rules
Four different dice set-up:
1) The yellow setting - The faces were marked with one and two dots, distributed as
(111 222) and (111 222).
2) The red setting - Included two different dice, each with a distribution of two
outcomes among the faces as (222 444) and (333 555).
3) The blue setting - Similar to the yellow setting, but the dice now had four sides
marked one and two sides marked two, that is (1111 22) and (1111 22).
4) The white setting - These dice were a mix of the red and the blue setting. The dice
displayed the distribution (2222 44) and (3333 55).
•
•
•
•
•

The two teams are each given 24 counters (boats) for the first two settings, and
36 counters (boats) for the last two settings.
The two teams place their counters on each side of a river labelled 1 to 12.
The arrangement of the counters is completely up to the two teams.
The two teams take turn rolling a pair of dice and add the scores.
If either team has any counters corresponding to the sum of the dice (the scores),
one of these counters can “cross the river” and be removed from the board.

1. Before you start the game, put down the best arrangement of the 24 counters
(or 36 counters) on the board that you predict will win the game. Copy this
arrangement in the worksheet provided. Why do you predict this? Write down
your reason.

2. Work in a group of 4 people, each team consists of 2 people. Play the game by
following the Rules. Record the results in the worksheet provided.
Explain your results. Are they different from what you predicted? Why is this?

3. Try to explain any patterns you find in your data.
•
•
•

4

Which labels (1 to 12) are most likely to win for the red setting? Why?
Which labels (1 to 12) are least likely to win for the white setting? Why?
What is the best arrangement for the 24 counters (or 36 counters) to win
the game?

This task is adapted from Nilsson (2007)
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ACTIVITY 4
Learning goals:
•
•
•

Understand the notion of fairness
Introduce the use of tree diagram for determining sample space
Overcome representativeness heuristic associated with coin flips

Flipping out5
Work with a partner to make a team of 2 students. Each team member
will have 1 coin to flip.
Both team members flip their coins.
Heads is denoted by H; Tails, denoted by T.
Rules of the game

5

•

Player 1 will get 1 point if both coins shows either HH or TT.

•

Player 2 will get 1 point if both coins shows either HT or TH.

•

Each pair of students continues flipping their coins and keeping track of the count
until one player reaches 20 points.

This task is adapted from Degner (2015)
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1. Predict who is going to win the game, player 1 or player 2? Explain your
prediction.
2. What would you expect for the number of tallies for each player?
3. Do the rules of the game seem fair to you? Why or why not?
4. Play until one person gets 20 points. Record the points in the tally box below:
Player 1
HH

Total points:

Player 2
TT

Total points:

HT

Total points:

TH

Total points:

Winner:
5. Think about the game you just finished playing.
a. What are all of the possible outcomes for flipping 2 coins?

b. What is the probability of having each of those outcomes occur?

c. Is this a fair game? That is, does each player have an equally likely chance
of winning the game? Explain your reasoning.

6. Did you get what you expected in question 2? If not, give a possible explanation
for the discrepancy.

7. Now, gather data from all teams in the class.
a. How many games in your class were won by player 1? __________
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b. How many games in your class were won by player 2? __________
c. If each of these players had an equally likely chance of winning, what would
you expect your answers for 7a and 7b to be?
d. What was the win margin for each team in the class? __________

8. Each team of 2 people will play a new game, flipping 3 coins instead of 2 coins.
a. What are all the possible outcomes for flipping 3 coins?

b. What is the probability of having each of these outcomes occur?

9. Use your probability model from question 8 to determine the rules for this new
game so that player 1 and player 2 each still have an equally likely chance of
winning the game. Write your rules below.

10. How does using 3 coins make the rules of the game more complicated than
using 2 coins?
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ACTIVITY 5
Learning goals:
•
•

Apply proportional reasoning in solving probability comparison problems
Overcome ratio bias (nonoptimal and heuristic problems)

Marble Game
Part 1
The game consists of two identical boxes containing two different coloured marbles.
Box A : 20 white marbles and 80 black marbles
Box B : 2 white marble and 8 black marbles

1. Predict which box do you think give a higher chance of drawing a white marble.
Explain your prediction.

2. If you draw a marble from each box for 50 times with replacement (i.e. after
drawing a marble, you put it back into the box and shake it), how many times
do you think you will get a white marble from box A and box B? Explain your
prediction.

3. Work in group of four people. Conduct an experiment to test your prediction.
The procedure:
Draw a marble for each of the boxes. Record the result in the table provided. Put
the marbles back into the boxes and shake the boxes. Repeat this process for 50
times. Record your results in a table shown with 50 rows:
Draw number

Box A

1
2
…
50
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Box B

4. Record the total number of black and white marbles for each box.
Outcome

Box A

Box B

White marble
Black marble
5. Compare the number of white marbles that you observed from the experiment
with the number you predicted. Is it different? Why?

Whole-class discussion
6. Andy says:

There are more chance to draw a white
marble in the Box A than Box B because
Box A has more white marbles than Box B
What do you think about Andy’s opinion? Explain your reasoning.

7. Erika says:

Box A and Box B have an equal chance of
drawing a white marble because Box A and
Box B have an equal ratios, which is 1 : 4.

What do you think about Erika’s opinion? Explain your reasoning.
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Part 2
The game consists of two identical boxes containing two different coloured marbles.
Box A : 2 white marbles and 3 black marbles
Box B : 5 white marbles and 9 black marbles

1. Predict which box do you think give a higher chance of drawing a white marble.
Explain your prediction.

2. If you draw a marble from each box for 50 times with replacement (i.e. after
drawing a marble, you put it back into the box and shake it), how many times
do you think you will get a white marble from box A and box B? Explain your
prediction.

3. Work in group of four people. Conduct an experiment to test your prediction.
The procedure:
Draw a marble for each of the boxes. Record the result in the table provided. Put
the marbles back into the boxes and shake the boxes. Repeat this process for 50
times. Record your results in a table shown with 50 rows:
Draw number

Box A

Box B

1
2
…
50
4. Record the total number of black and white marbles for each box.
Outcome

Box A

White marble
Black marble
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Box B

5. Compare the number of white marbles that you observed from the experiment
with the number you predicted. Is it different? Why?

Whole-class discussion
6. Ryan says:

There are more chance to draw a white
marble in the Box B than Box A because
Box B has more white marbles than Box A
What do you think about Ryan’s opinion? Explain your reasoning.

7. Sherly says:

Box A has more chance to draw a white
marble than box B because box A has less
black marbles than box B

What do you think about Sherly’s opinion? Explain your reasoning.
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Appendix F
Scatterplots of Students in Five Classes

Scatterplots showing the relationship between percentage accuracy and
percentage confidence for each of the five classes of students
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